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Ricaarp R. GOoLDBERG (¥)

Convolution Transforms of Almost Periodic Functions. (**)

In this paper we present necessary and sufficient conditions that a function
be a convolution transform (with kernel in a certain class) of a function almost
- periodic in the sense of BOHR.
We first recall some facts of convolution transform theory only in such
detail as we shall need in the proofs to follow.

Let {ak}k . be a sequence of real numbers such that zl/ak< oo, let
k=1

{b,}2., and b be real numbers with
(b— b)) = O( Zl/ak as n — 0o,
and let

B(s) = & TI{1— (s/ay) }e'™, Pu(s) =& TI{1—(s/ax) }eT* (n=1,2,..),
k=1 k=1

fo . i
1 [ e 1 [ ¢ Pys) '
Gmngmﬂs QM—QJIM)@ (n=1,2, ...
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Then the following statements hold:

1) : Gn(t) >0 (n = 1, 27 )
(2) fGn(t) dt =1 (n =1, 2, ..,
P.(D) G(t) = G, (n=1, 2, ...; —oo<Ti<< o0).

Here D stands for differentiation and e () is defined to be h(z + a). Also if

fla) = | Glo—1) plt) &t

—_—

for some function @(t) essentially bounded on — co < t< 60, then

(3)  PuD)f@) = | Gulo— g & (1 =1, 2, .; —oco< < co)

—

and

(4) lim P,(D) f(x) = p(x) almost everywhere (— co<< << co).

n—>c

All the above may be found in [3].
We next recall some definitions and results from Bomr’s theory of almost
periodic functions (see [1]).

(5) Let B®)eC (—oo<<@®<Coo). The real number = is called a
translation number for f(z) corresponding to & >0 if | ﬂ(;c +T)—pl@)|<e
for — co<< << co. Such a 7 is denoted 7 = T4(e) -

(9) The function B(z) e C (— co<< 2 < o) is almost periodic if for every
&£ >0 there exists an L = L(s) such that every interval A <@ <4 + L. of
length L contains a 7,(e) .

(M) Thus, if f(x) is almost periodic and the continuous function y(x) is
such that every ty(e) is a 7,(¢), then y(x) is almost periodic. We then say
that y(z) is dominated by B(z) . ‘ ‘
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(8) An almost periodic function is uniformly continuous and bounded
on —oo<< < co.

(9) It {fu(@) } ., are almost periodic and uniformly convergent to f(«)
on — co < @< oo, then f(x) is almost periodic.

We now state and prove our representation theorem.

Theorem. Let G(t), P,(t) (n =1, 2, ...) be as above. Then necessary and
sufficient conditions that f(x) € C° (— co<< &< co) be representable in the form

o) o) = [Go—Dg @ (—oo<a< oo,

awhere p(t) is almost periodic are that the functions {P,,(D) f(z) };‘;1 be uniformly
dominated by some almost periodic function, and be uniformly bounded .
Proof.

Suppose first that f(#) has the form (10) for some almost periodic ¢(¢) .
Denote P,(D) f(z) by f.(x). Then by (3), for n =1, 2, ... and any z,

(11) folz) = f Gz —1) @(t) At = f G(t) plw—1t) df .

Given ¢ >0 let 7 =7_(¢). Then

@

fol® + 7)— falz) = f G.(t) [ple—1t + 7) — @z —t)] dt,

so that, using (1), (5) and (2),

| fal@ 4 7) — fal2) | < TG,,(t)[tpm——t—}—) plo—1)] dt < efG,,(t)dt:s.

— @ —_—

Hence 7 = 7, (¢). Thus for each » =1, 2, ..., f.(@) is denominated by g(z) .
By (8) we may choose M such that | (p(m) | < M for — oo < &< oo, so that
from (11)

| falw) | < M fG,,(t) dt

-

Il
=
B
Il
l—‘
~.l.\D

ey — o0 B 00) .

The necessity of our conditions is thus established.
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To prove the sufficiency of the conditions we again set f,(z) = P,(D) f(z)
and assume that the f,(#) are uniformly bounded, and uniformly dominated
by the almost periodic function f(x). [The f,(z) are then almost periodic by (7 )1

We first show that there exists a subsequence of the fa(2) which converges
uniformly on —co<<@ << oco. By (8) f(w) is uniformly continuous. Hence
given & >0 there exists a § >0 such that

(Ple+1)—pBl)|<e for |7|<6 (— oo < 1< oo),

so that | 7| < & implies 7 = rﬁ(é). Since each f,(x) is dominated by B(x) it
follows that | 7 | < § implies 7 = r,n( ¢) for n =1, 2, ... . This may be expressed as

[l +1)—fule) | <e for |7]<d (m=1,2,..; — co<<a< o),

“which shows that the family {/.(»)}s, is equi-uniformly continuous on
— oo @< co. A well-known theorem (see [2, p. 59]) says that if the functions
of asequence are uniformly bounded and equi-uniformly continuous on acompact
interval, then there exists a subsequence converging uniformly on that interval.
Hence there exists a subsequence of the f,(z), say { () }, which converges
uniformly on —1 <2 <1. Since the f°(z) are uniformly bounded and equi-
uniformly continuous on — co<C # < oo, and hence on — 2 <z <2, there
exsists a subsequence of the f’(z), say {f®(x) ) }, converging uniformly on
—2<x<2. Foreach k =2, 3, ... we thus define {{¥(z)} as a subsequence
of { 1%~ Y(2) } which converges uniformly on —k <@ <k. It is then clear
that the sequence {/(w) )} converges uniformly on every finite interval.
But since cach () is almost periodic and dominated by f(#), uniform con-
vergence on every finite interval implies uniform convergence on — oo < # << oo .
To show this we choose, given ¢>>0, an L such that every interval of length L
contains a vy(e/4) . [L exists by (8).] Now seb g,(2) = f™®(@). We have shown
that the g.(x) converge uniformly on every finite interval so that we may
choose N such that, for a, m > W,

| gu(®) — goul@) | < /2 O<e<I).

For any real y we may choose 7 = T4(e/4) such that —y<r<—y + L.
- But then 0 <y + v < L and so :

guy +7)—guly ~7)|<e/2  (n, m>N).
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Since f{x) dominates ¢,(z) for all » then v =1, (8/4) =T, (8/4 . Thus
IgnJ + 1) — ga(y) | < /4, | gy + 7) — guly) | < /4.

Combining the last three inequalities we have
[ 9x(y) — guly) | < e (n, m>N).

Bince ¥ was arbitrary we have shown that there exists a function ¢(x) such
that

1a2) lim ¢,(®) = @(z) uniformly (— co<< @< 00).

n—>ox

_Moreover, by (9), o(z) is_almost periodic..
Since the f,(x) are uniformly bounded, by a ’oheowm in [3] thele G\"IST;S a
function w(f) essentially bounded on — co<Ct<C oo such that

o

(13) flz) = fG(.»c— 1) w(t) di. (—oo<< o< 00).
By (4)
(14) lim f,(z) = w(z) almost everywhere (— oco<C @ << o0).

Since the g.(x) are a subsequence of the f,(z) (12) and (14) imply
w(@) = @(x) almost everywhere (— co<< @< o0).

But this and (13) then show that

— f”G(m——— 1) o(t) di (— co<Cw << 00).

-

Since @(t) is almost periodic, the proof is complete .
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