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Roor Nanraiw (9

Some Properties

of Generalized Laplace Transform. - L.

1. - Recently, a generalization of the classical LAPLACE transform
(1.1) ‘ @(s) =5 fe'”f(t) dt,
0

has been introduced by Varma [1, p. 209] in the form

(1.2) pls) = s [ ()P0 W, st) 1) at,

0

where W, () denotes the WHirTAKER function. When & +m =1/2, (1.2)
reduces to (1.1) by virtue of the identity

m--(1/2) o =12z
& Waisrmmm () =€ .

The relation (1.1) is symbolically denoted by

(*) Address: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.
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and we denote the relation (1.2) symbolically by
pls: ky o) == W[ft); &, m’].»

As in the case of LApLACE transform, we call @(s: k, m), the image of f(t) and
f(t) the original of @(s: &, m).

The object of this paper is to extend certain results of LAPLACE transform
to this generalized LAPLACE transform. The results have been given in the form
of theorems.

2. — Tt is possible to obtain the original of certain funetions, by interpre-
tation, which can be expanded in descending powers of s. Whe shall illustrate
this by the following examples.

(a) If, ink(1.2) (1,
w — Dy
p(s: ky m) = s72. 1, { 'u; —bs‘ﬂ} =y (e (= B)
v

oS £7 I

Py

- B
g (ot} )’

then, on interpreting the right hand side term by term with the help of the
known generalized LAPLACE transform [2, p. 382]

Tyelv + 1 - m =m) .
8
I'(v + 3/2 +m—Fk)

(2.1) W[t's &, m] =

Ry +1 +m -+ m)>0 and RK(s) >0,

I'(o -+ 3/2 r o= k) (— biB)r _
)y I'(@ + 3/2 4 pr 4 { skyom| = QlFII'u;-—[)S"ﬂ ’
1+ frdom ) ! 1 v

>0, Ro+1+m£m)>0 and H(s) > 0.
(b) If, in (1.2),

p(s: k, m) =s7° c—‘blm_ﬁ-WM(bs”ﬁ),

(1) Thesymbol («), denotes I'(a + 1)/ I'(), and Ty, (& :}: B) denotes I'(a- BY I'(ot — f3).
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then, since [3, §§ 16.1, 16.11 and 16.41]
s7C -0 Y, (bs™F) =

D) c—By1le— 4 e A —
D) (s 7D sToF V2= s —bsTh L,
/2 +u—2 b 1—2u 7

= 2

By~

where the symbol > denotes that to the expression following it a similar expres-
= p

sion with g and — x interchanged is to be added, we get, on interpreting the
Tight hand side with the help of (2.2),

I'(2u) - (btf)12 ~n
o ¢ \ T2 ifp -
(2.3) w {t s (F(1/2—2.+m

Hiy — o

3 (12 + /'.’——— whyI'lo -+ 3/2 — Bu + p/2 4 pr + ;7’7’—]“') (— b’t’ﬁ)r <k ,,;) o
A U, Tale ~ 1— P + B2 4 Br + B

m o= m) r!
=g ¢ 0—(b!2)s—ﬁ- TV)_,”([)S—/}),

Rlo +1 +B2 4+ m-+tm-pu)y>0, Hs)>0 and 2u is not an integer
or zero.

3. - Theorem 1.

If
p(s) = W['-k(®); k, m], h(s) = W[f(@); L, n]
and |
S 2 g), >0,
then |
(3.1) o) = [ 90)- (s, 0 &,
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where (2)

@

(3.2) s, 1) =pu f{e““ -1
14
e 0, —2m, » - 3/2 + n—1
Gya (— 2+ de
s v +1, v 1420 b—m—1/2

provided R(A -+ pn o= oum) >0, Ry + 2 + m - on 4 m 4 n) > 0,
R(s) > s, > 0, the Laplace transform of | g(&) | ewists, the generalized

Laplace transform of | f(t)]| ewists and the integral in (3.1) is absolutely
convergent.

Proof.

We have
(3.3) @(s) =s J (sp)m=r2 gmsei2 W, (s) - 2 () du,

0
(3.4) hz) = xf ap)nV2 sz nrt o{zm) f(2) d
1]
and
(3.5) AT = 2 [ e=t-gtt) at.
a9

Substituting the value of f(z) from (3.5) in (3.4) after replacing z by z*,
we have

h(@) = ux ‘ “w)nt)z g el2 Y, () 2R J =gty dt dz .

0 0
Changing the order of integration, we get

(3.6) hw) == uar+2 | g(t) f I UEASY pmaimslal Y, (2 de At
i} o

(?) For the behaviour of G;;j(;"(a:

Qe ey @ ,
bl ”) , see [4, p. 212].

15 e by
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" Substituting the value of A(x) from (3.6) in (3.3), we obtain

ow
gls) = pus [ (sw)ymie =27 on T () - IR

[}

© ® .
[t af2) 4 fem 2z
'f.(/(f) ’ P (uf2) 4+ A1 8”*"'”“2-W,,n(z"a!) dz dt d»

0 0
and on changing the order of integration, this becomes
@ w

—u{)+i-1
(37) (P(S . /lS”""HIoJ.(] ngln i)+ A 1()/ 2t
0

o

@ exp [ (s 4 #)w/2] Wi n(s) - W (2 ) do d dt.

o

Now, evaluating the ax-integral with the hAelp of [5, p. 411]

“Lexp [— (o + B)2/2] Wi () - Wy (P} diw =

S8
&

— pe. (,2,2 ﬂ 12 +m, 1/2—m, 1 —1+ o
- 124240, 1/2—n+ 0, k)’

a -+ B) >0, Re +1 4 m 4 n) >0,
we obtain

[ee]

@

’ oo [2F 0, —2m, v -+ 3/2 +n—1
(]7(3) = / g(t) fe_zt zl——,lt——/u'—-l_G:.;:g (__ m, v 4+ 3/2

° o

4+ 1+ 20,0+ 1, F—m—1/2

) dz dt,

s
on making use of the transformation [4, p. 209]

a.
azr(e|y) = ene

The change of order of infegration in (3.6) and (3.7) can be justified as
follows. '
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In (3.6), the z-integral converges uniformly and absolutely if >0 and
KA -+ pn - un) >0, the t-integral converges uniformly and absolutely if
the LAPLACE transform of | ¢(t) | exists and the repeated integral is absolutely
convergent if the generalized LapLAcE transform of | f(¢)| exists. Hence the
change of order of integration in (3.6) is justified by DE 1A VALLEE PoUSSIN'S
Theorem [6, p. 504]. V

Now, we have to justify the change of order of the ¢-integral and x-integral
in (3.7). Here the ax-integral is uniformly. and absolutely convergent if
Ry -2 +m -0+ m -+ >0 and R(s) > s, > 0, the t-integral is wuni-
formly and absolutely convergent if the LaAPLACE transform of | g(t)| exists
and the repeated integral is absolutely convergent due to the absolute conver-
gence of (3.1). Therefore, the change of order of integration is justified.

Next, we have to justify the change of order of w-integral and z-integral
in (3.7). The z-integral is uniformly and absolutely conimrgenf it R+
4 un 4= pn) >0 and ¢ >0, the @-integral is uniformly and absolutely conver-
‘gent if R(r +2 +m -+ n 4+ m ¢ n) > 0, R(s)>s,>0 and the repeated
“integral 18 dbsolutely “c‘(’)l:wérgem:; T VA T ) >Eorand 00 Hence
the two changes of order of integration in (3.7) are justified.

3.1. — Asymptotic behaviour of &(s, ?).

1t can easily be seen that 5(.9, t) = O(1) for small {. To determine the asym-
ptotic behaviour of w(s, t) for large £, we make use of Warsox’s lemma
[7, p. 236]. We observe that

it
<8

is expressible [4, p. 208] as a sum of two hypergeometric functions of the type
5 Fs, if 2n is not an integer, and hence is an analytic function of 2 save for a
branch-point at the origin. - Also it satisfies all the conditions of WATSON’S
lemma.

Further [4, p. 212]

A= ter—1
2 ] . )

2,2
8,3

0, —2m, v 4+ 3/2 +n —1 )

v+ 1, v+ 1420 kb —m—1/2

0, —2m, v + 3/2 +n—1
v+ 1, v+ 14+ 20 k—m—1/2

Al i
g —ar—1, 22 (7 . A Llqpndpun
g1, G313 (ws ) = O(# )

for small z. Hence, by the lemma,

~

6()(3, Z') = O(t‘/."‘.“":f:,un)

for large i.
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3.2. - Corollary.
Puftting ¥ +m =1/2 and 1 + » ==1/2 in the theorem, we arrive at a
known result of LAPLACE transform due to BosE [8, p. 127].

If

@ls) == 0(t),  M(s) == (D)

and
81_;'+”'f(8‘u) = g(t), u>0,
then
(3.9) gls) = [g®)-wls, 1) dt,
where
(3.10) (s, 1) = us Ty + 2 )J em=t (s + 24TV A de,

0

provided R(s)>s,>0, H(A) >0, K(v +2)>0, the Laplace transforms of
1ty | and | g(8) | ewist and the integral in (3.9) converges absolutely.

3.3. — Particular cases.

@) If
@(s) = W[t h(t); &k, m], W) = W[fEt); I, n]
and ‘
$*7H(s) = g(t),
then

[+

@(s) :ft"““l-(ﬁﬁ(st

L]

—y—2n, —v, (3/2)—k +m ’
A—v—1, 1, 1 + 2m, —v—(1/2) +l——n) g(t) d,

under the conditions of the theorem.

19. — Rivista di Matematica.
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This follows from Theorem 1 with p =1, the known integral [5, p. 419]

@

e s (s ooes _ (e le ay, o, @
am e PG g | T T d = TG (S T T
s bys woes by AR byy vy b, )7
0
p o+ g << 2(m 4+ n), | arg z| < {m + A= P)2 )2 }’z, | arg gl< /2,

RKbj—o0 +1)>0 (=1, 2, ..., m),

and the transformation [4, p. 209]

a’r. —_ Q" |y ! 1"_1)5
b, @\ | l—a)”

(i1) Putting 7 + »n = 1/2, the theorem reduces to:

T v

Gt (!I)”l

If
p(s) = W[t ht); E, m], R(s) = f(1)
and
S F g0, 50,
then
P(s) = ﬁq(t%&?(s, 1) dt,
2
where
S 0 < A [ [P T e

0

under the conditions of the theorem.
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(iii) Putting @ = 1, the above case reduces to a result of RarmIr [9, p. 134]:

If

p(s) = W[ h(t); k, m], h(s) = f()

and
7 f(s) = gl),
then
P) = s GO B, v+ 2, v H 2 E 2w v £ B2 b ks st L,
[

under the conditions of the theorem.

(iv) Putting &k -+ m =1/2, the theorem reduces to:

If
P =R, h(s) = W) 1, o]

and

S 5) == (1), | n>0,
then

Pls) = [ 9t)- s, 1)

0
where
(s, 1) == I fe—”zi"l‘””“”-E(v + 2, v 42 4 2050 -+ B2 - a—1; 2s) da,
0 ;

under the conditions of the theorem,
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(v) With g =1, the above case reduces to another result of RATHIN
[2, p. 388]:

If

() =1 (1), h(s) = W[f(t); I, n]

and

§* Hef(s) = g(1),
then

w©

@(s) = f R Cr (st

o

—, —y—2n

121, — v — 12 J|_l~_7b>.g(t) dt,

under the conditions of the theorem.

3.4. - Example.
Let, in Theorem 1, g¢(t) = 1%, then

) = Do 4 1)~ oD R + 1) >0,

therefore,

) wI’(oc—}- Iy { gt (}——oc——])—}—n +n} L=t s
= '{pt(A—a—1) +1/2 +n—1}

H

R —oa—1 + un | un) >0,
and then

p(s) =

_ DPla 4 1) rf{pt(A—a—1) +n £na} - I{v+2—pt- (/—oc——l)-l—mj:m}
 r{pt }.—oc~1)+1/9+72-—l} I{v+5/2—pt(A—a—1) 4 m—k}

G (A1) —y—1
.s# ,

{v+2—prA—a—1) +mEm}>0.
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Hence, by the theorem, we have
jt“-a(s, {) dt =
0

T+ e Dy{pt-(A—a—1) +2 tn}Ie{v+2—pt(d—a—1) +m+£ m}.
- r{pt(A—a—1) + (1/2) + n—1} - P{v + (5/2) —p* (l—a—1) + m—k}

.Sy"‘-(l—rx—])——v-—-l,
>0, R(s) >0, R+ pn 4 un) > (e +1) >0,

Kr+2+mtntm 4+ n)>0 and R{v+2—pt-(A—a—1)+m 4 m}>0

__ofs, 1) being given by (3.2).

4. — Theorem 2.

If
p(s) = W[f(t); k&, m]
and
MWD DT um s W, (s = Wg(x, 1); k, m],
then
(4.1) 8T p(s") = W[Tf(m)-g(m, t) dz; k, m],
0

provided Riee +1 + m 4= m) >0, where f(t) = O(*) for small ¢, f(t) is con-
tinuous for t >0, R(s) > s, > 0 and the integral

-

J‘] e_,zs_u mk-&-m—(llZ)_f(w) ! d.’(;,
B

where B is large, converges.
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Proof.

We have

©
(4.2) mm-—-(IIE)SV—-(yle)-%-_um pmxstelz . T;Vk’m((l’s!") S “ (st)m——(l/z) e—stiz, TVk’m(st) '!](-’lf', t) dt
0
and
o
gls) =5 [ (sm)" OB emsele W, (52) () da
1]

Replacing s by s* in the last equation, multiplying by s"~# and asing (4.2),
we get

T p(s) = s [ fw) [ (st)" TR 0wV, (st g, 1) At du .

0 0

Changing the order of integration, we get (4.1).
The change of order of integration can by justified as follows. Let

Oa) = flo)- [ (st)™ = o202 T, (st) g, 1) b — f(o) ),

0

say. From (4.2), F(x) == O(x™*™) for small . Hence @(x) is continuous for
2> 0, it Ko 4+ m 4 m) >0, where f(a) is O(=") for small x and continuous

a

for @ > 0. The integral J O(x) dw, where 0 < ¢ << @ <C oo, converges as ¢—0,

it Rx +1 +m 4 m)>0.
Further, from (4.2) and the asymptotic expansion of W rm(®); we have

F($) — 0{ {l;k+m—(1/2) (;_m;;}

for large values of z.
Again, consider the integral

I = [ f(m) [(st)"~4 c=st W, (s1) (s, 0) dt da,

B A
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where 4 and B are large. For large values of ¢,
‘ I { \J‘I f L) ‘ [ Sl’r - 1/>L)_st/, W; ,,,(St) 7, t) } dt] d’b,

which tends to zero as B and B’ tend to co, if R(s) > s, >0, the integral

(>
H st gt m =1 g | dz
B

being supposed to be convergent.
Thus the inversion of the order of integration is justified under the condi-
tions of the theorem.

4.1. ~ Corollary.

On putting & + m = 1/2, we get the well-known result of LAPLACE trans-
form [10, p. 20].

If
@(s) = 1(1) and 8" e = glx, 1),

then

8 (s") f f(2)-g(w, 1) dz,

provided Rl + 1) >0, where f(t) = O@") for small 1, ft) is continuous for
1>0, B(s) >8>0 and the integral

J] em=st () | da,

where B is large, converges.
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4.2. - A particular case.

When p =—f, where >0, g(x, t) can be determined. With the help of
(2.3) it can easily be seen that

(@, 1) — I'(2m) i (12 +Ek—m),-I'(3/2 — v + Br + m.—k) (— wtB)r ‘
B0 = e =+ me & (=2 Tull —v 7 fr - m ) TR

. D~ 2m)- (xtf)2m = (12 +k +m),-T(3/2 —v —28m -+ fr +~ m— k) (— xtb)r
T2 —k—m)t 5 (L 4 2m),  Fo(l — v —2Bm + Br - m -£ m) r!

-

with &1 —» +m + fm - m + pm) >0 and 2m not an integer or zero.

3. —~ Theorem 3,

1

(5.1) e = W0 E ),

(5.2) G DT et 12 W (s) == W(g(w, 1); E, m]
and

(5.3) wis) = W[OW; , m),
“then

(5.4) [1(e)- 6@) do = [w=41p(u)- Ow) a,

; :
where
5.5) 6o) = [ 90)-glo, 1)

]

provided R(s) >s,>0, R(x +1 + m 4 m) >0, where f(t) is 0@y for small
t, f(2) is continuous for ¢ >0, the integral

@

/

B

P mk+m—-(1/2)_f(m) [ dll'z‘,
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where B is large, conver qe.s and the integrals in (5.4), (5.5) and (5.6) are absolulely
convergent.

Proof.
By virtue of the relations (5.1) and (5.2), it follows from Theorem 2 that

(5.6) §'rg(s) = W[ [ f(2)-gl, &) dz; k, m],
0
under the econditions of Theorem 2.
We know that [11, p. 27] if

pu(s) = W[fi(t); &, m] and @a(s) = W[ft); k, m],

then

(5.7) f(pl(u) folte) - u~t du == &qug(u) fylw) wt du .

=6 ™~

Ndwv, using the relations (5.3) and (5.6) in (5.7), we get

(5.8) f’t&"—”'l;(p(?lr“)' ydu = f P u){ff(x (w, w) do }u~t du =

1]

a} f (w)-g(m, 1) -1t du dz ﬁJ flz)- G(x) dx .

0

The change of order of integration in (5.8) can be justified by DE LA VALLEE
Poussin’s Theorem.

5.1. - Corollary.

On putting ¥ + m = 1/2, we arrive at a known result of LAPLACE transform
due to Bose [12, p. 91]. :

If

@ls) == 1(®), e g, 1)
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and
y(s) = O(1),
then
(5.9) Tf(.’l))'G(;’l;) dw == fu"”““l-(p(u")-@(u) du,

where G(z) is given by (5.5), provided HR(s)=s,>0, Sz +1)>0, where
f(t) is O(t%) for small t and is continuous for t> 0, the integral

f] et f(x) | da,

where B is large, converges and the integrals in (5.9), (5.5) and rf(’v) g(z, 1) do
are absolutely convergent. °
6. - Theorem 4.
If
w(s: k, m) = W[f@); &k, m] and  +/3-f(1)s) = W[g(t); k, m],
then

P(s®: k[2 4 1[4, m[2) = W[A/m 2~ Y2=%=" . gq2/4); &, m],

provided R(s) > s, >0, and the generalized L aplac e transforms of | y(t)|
and |t-git2/4) | ewist.

Proof.
We have

(6.1) pls2: by m) =s* | (s2)m TR gm el W, (s%0) - f(w) d.
[}
Also,

A5 f(1]s) =

()" M otz W (st) - g (1) .

g
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Replacing s by 1/z and substituting the value of f(z) in (6.1), we get
p(s2: by, m) =
©

(s2) " D o=l YT, (s2) a1 J (tfm)m WD =V YL i) - g(t) At de.

0

"
i
@
15

@ e,

Changing the order of integration and evaluating the a-integral by a known
integral [3, p. 412]

L]

f wz-exp [—{ (zfa) + (B/@) 1121 Wi l@)o) - W (Be) Ao =

[
= /7 297 (@)t exp [— (B W yjm,em [2(B100) V2],
Rle) >0, . R(P)>0,. .
we geb

p(s?: Kk, m) = \/J:i § QT HEE™ ( (St)zm—“/e) e W qim,am (s1) - g(22/4) dt.

I3
Replacing k by k/2 + 1/4 and m by m/2, we get the result.

The change of order of integration is justified by pE LA VALLEE PoUSSIN'S
Theorem.

6.1. - Corollary.

On putting & + m = 1/2 in Theorem 4, we obtain a known result of La-
PLACE transform [10, p. 18].

If
p) = 10)  and  A/5-(L]s) == g(),
then
@s?) = (W/m[2)t- g(t2[4),

provided R(s) > s, > 0 and the Laplace transforms of |g(t)]| and
| ¢-g(t2/4) | ewist.
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7. — Theorem 5.
If
WIft)s & m] =@(s: &k m)
and

WA/ (@))%, m); &, m]=gls:k m),
then
WHE); &y m] = 292F%0m( f5)=1e g((s2/4): Rj2 + 1/4, m/2),
provided H(s) > s, >0 and the generalized Laplace transforms of §{0) | and

RN

~ The proof of this follows exactly on the same lines as those of Theorem 4.

1. - Corollary.

On putting % + m = 1/2, the theorem reduces to a known result of La-
PLACE transform [10, p. 19].

If
(&) = g(s) and (1/4/t) @(1]t) = g(s),
then

1(t2) == 2+ (y/f7s) 1 g(s3/4),

provided &R(s) > 5, >0 and the Laplace transforms of |f(1)| and | f(?)

7.2, — Example.

Uiy ooy Ofp>’ then [13’ p. 275]
4 )

If, in Theorem 5, f(t) =12 -G,’,:;'(bt p 8
Lo e

b 0 —2m, 9, o, ..., 0
pls: ky, m) = s2- G;:;2u+1( Iﬂ ' ? )
15

s ﬂqa Q+I‘A"‘"m—1/2 ’
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RKB,—o+1 + mE+m)>0 (=1, .., 1), arg (s/b) | < (1 + n— p/2—
—q/2—1/2)7 and p + ¢ -+-1<2(l +n). Hence “

1 (1 . .
\7{‘?(;{: k, m) :i"e'u’l“"G;’i;Zﬂ(bt

0—2m, 0, oy, -y
Bis s Bar 0 A+ b —m—1/2)°

therefore, again

b

A 1/ R 4 + 1/2—27"" 4 + 1/21 Q———Z‘)?I», 05 %yy ooy ap
gls: by m) = s2TE GO, (_/ )

Bis vor Bo» 0 F E—m—1/2, 0+ k—m

8§

RP;—o +1/2 +m £ m)>0 (=1, ..,10), |arg (s/b) | < (I+n—p[2 —q[2)n

and p + ¢<< 2(l + n). TUsing these in Theorem 5, we get

W [z*w gL (btz

gy vony Olp) Chom §20
y = 5% T ="
ﬂla sers ﬂa 220+ a2k m'\/n

N (f_b

ey 2y e=my e 1/2———771;, R T 7 e W
pH4,a+2 \ g1 47

Biy oes Bar 0+ Kj2 — mj2 — 1/4, 0 + k/2 — m/2 4+ 1/

KBs—o + 12 + mAEm)>0 (=1, ., D), |arg@/b)|<+n—p2—
—q/2—1)2)m, &(s) >0 and p + ¢ +1<2( + n).

8. - Theorem 6.

1f
{8.1) . pls: &y m) = W[f); &k, m],
(8.2) V5 f(1)s) = Wg(®); k, m]
and |
(8.3) w(s: k, m) = W[O(); &k, m],

then, provided the integrals involved converge absolutely,

(8.4) j?q)(tz: Kj2 + 1/4, mj2)-O@) -t dt =

= /7 27F T [t K, m)-g(2/4) at .

]
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Proof.
By virtue of the relations (8.1) and (8.2), it follows from Theorem 4 that

(8.5) P(s®: kf2 4+ 1[4, m[2) = W[ /m 275" 0R fogziay: ki, om] .

Using the relations (8.3) and (8.5) in (5.7), we get the result.

8.1. - A particular case.
Let, in Theorem 6, g(f) = ‘t”’a-J,,(iZa«\/t_), so that [11, p. 31]

Dy 41 4 2m) a\” v -1 4 2m a?

- - A L@
\/'S J(tfs) = (v + 3/2 4 m—]c)\s) 1y 1 v 3+ 32 4+ m— k7 s J ’ ;

Ry +1 + 2m) >0, R(s) >0,
therefore,

a' Iy 4 1 - 2n) "
— -, 7
1 Iy 4+ 3/2 4+ m—k) =1

j v+ 14 2m . _*21
11'-%3/2—{—1;1,——7‘:’ altj

and [2, p. 383]

a Iy + 1 4 2m)- Ty(v 4 (3/2) -+ m - i)
SHEAD P (v 4 T+ om— kL 1/4)

p(s: ky m) ==

7 Iv + 1+ 2m, v 4+ 3/2. v 4 3/2 + 2m .
3V21 v =32 =m—k,ov 2 m—k > SI7

Ry + 3/2 + m 4= m) >0, Ris) >0.

Theorem 6, then, gives

. —rez g I v+l m, v 32, 0 4 32 Lom . _ﬁl y .
(8'()’) j t :’Zleu + 5/4 4 mf2 — k2, v 4 T/4 S mj2 — 7(7/2’ 12 J o(t) dtﬁ«

0

J v-J fat) p(t: k, m) dt,

[

B A (20 + 5/2 4+ m— k)
224y I(r - 3/2)- (20 + 2 + 2m)

prodived #(» +-1 + m - m) >0 and the integrals converge absolutely.
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8.2. - Examples.

(i) Let, in (8.6), w(s: k, m) =s7""1 ¢™®" so that [14, p. 313]

Iy + 5/2 + m—£k) . y -~ 5/2 4 m—k
@(l) = ( Tz )t,+1'.f9_[ ) :"‘“‘2})['1,
Cy(v + 2 - m = m) 11J+2,v+2+2m’
Ry +2 +m +m) >0 and R(s) > 0.
The equation (8.6), then, reduces to
[>=]
e, ] y-- 1 4om, v+ 3/2,0p -"r 3/2 +m ; ma;l .
. v oo 54 4+ mj2 — k2, v 4+ T4 4 omj2 — Ej2° 2 j

—ii’bé} dt =

\/5-7’(21' 4+ 52 + m— k)-l’*(v 42 m d-m)
T 2020y (v + 3/9 ) T +5/2 + m — k)-T'(2v + 2 + 2m)

ft leexp (— 2b/t)-J (at) dt .

Evaluating the right hand integral by a known integral [5, p. 340]

303

ffz;—l exp (— 2b/x)-J (z) d J,(24/0) K, ( R(b) >

and replacing v +1 4+ m by « and » 4+ 5/4 + m/2— k/2 by 8, we get

-]

g, { w0 120 432 @
. ppr12 T E

N, et

Qg v, ¥ 427
0
«\/7 ]"’(29(—1! Ir2g)- -+ 2)

— o
(2“) -M2a)-I'(28 — v) - 1 (1, - (3/2) ) ( '\/(l[)) ab),

Ky + 1) >0, R(2o—v) >0,

KBy -+ 20 + (3/2) >R(2P) >0 and  K(b)>0

28 — v »
'Jf’:{ fms 5 — 2bt } di =
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"5, so that [14, p. 316],

(ii) Let, in (8.6), ’l)U(S: k, m) = W

Iln + 3/2 4+ m —k) " I” +3/2 + m—Fk .
o) = To(p + 1 + m + m) " 1 g+ 142m by,

K +1 +m-4m)>0 and &(s) >0.

The equation (8.6), then, reduces to

[t"‘”““’ 7 [ : v+ 14+m v+ 3/2, v+ 3/2+m . a®
S PT  e + B4 - w2 — K2, v+ T+ omy2 — k2

R;
0

f,u + 3/2 + m -—-’7.7

S 20 S .
1111 w414 2m

;wbtldt-u
I

A/ I(2v + 52 4+ m—k)- Tyl + 1 +m £+ m) . ¥1.7 (at) it
- 22a)"- L(v + 3/2)-I'(2v + 2 4+ 2m)-T'(uw + 3/2 + m — k) (t 4+ but2 )

0

Evaluating the integral on the right hand side by a known integral [7, p. 436]
and replacing v +1 +m by «, v +5/4 +m/2—Fk/2 by B, » +3/2 by
y and pu—2v—1 by 24, we get

©

" 20—1 Iy’ o, & + 1/2 . f . Iz(ﬁ + ()) . -
jt e A T R A A T R

N - I'(28) - I'(2x + 20) .
- b20. I'(2a)+ I(y)- (28 + 28)-sin (267)

S (= @)Dy 1) Q& (ab)PHI(6 + y 4 1/2)-cos{ (28 + r)m/2}
Zo I I(1—258 + 21) 5, I8 + 1+ 7/2) ’

R+ 0) >0,  RCa—y +3/2)>0, Ky + 6—1/2) >0,

K(0) >0, R(») >0, KPP >0, R@>0 and KOG >0.
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9. - Theorem 7.

If

@(s . &k, m) = W[f(t); k, m], g(s o &y m) = Wlp@[t: &k, m)\/i; k, m]
and
(s k, m) = W[O{); k, m],

then, provided the integrals involved converge absolutely,

f g4 (k2) + (1/4), m/2)-O@) 172 At = A/7 27 ™Y [t s k, m)-f(22)t1 dt.

LU

The theorem follows if we proceed as in Theorem 6 and use Theorem 5
instead of Theorem 4.

I am indebted to Dr. 8. K. BosE of the Lucknow University for his guidance
in the preparation of this paper.
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