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Raym KUMAR (%)

Some Theorems

Connected with Generalised H an k e 1-Transform. (**)

1. - Acarwar [1] gave a generalisation of the well-known HANKEL-
transform, viz.,,

(1) @) = [Yayd (xy)-9y) dy
1]

by means of the integral equation

2) (@) = (L2) [ (wy)** - THty?/4) - g(y) A,
[}

where J%(x) is BESSEL-MAITLAND function defined by the series

(3) | ) = 3 (1> 0)
g St T+ A4 pr)
For y =1 1(2) reduces to I(1). ‘
He gave the inversion formula (AGARWAL [1]) and some theorems
(AcARWAL [2]) for this generalised transform. Writing 1(2) in the conve-

nient form

(4) fl@) = [ (ey)"T5(ay) - g(y) dy

(*) Address: Mathematics Department, D. S. B. Government College, Naini Tal,
India.
(**) Received February 12, 1956.
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we have (AGARWAL [1]) that, under suitable conditions,
(5) 9(y) = (1/w) f )R R g —a(y) e () Qo

The object of this paper is to give two theorems connected with this gene-
ralised transform 1(4). The importance of these theorems lies in their ap-
plication to evaluate integrals involving BESSEL-MAITLAND function easily.

2. - Theorem 1. If

fle) = [ (zy)"-Ti(ay) -gly) dy

[

and
y—[(/'.+1)l‘z¢]+1'+1.g(y) — f i e_(w)llﬂ '(/)(t) dt,
then

f(.’l?) — vafzn—-[().—bl)ly]e_x/c w(t) dt,
1]

provided (2) >—1 and the integrals involved comverge absolutely.
Proof. We have ‘

) fw) = [ (@y)- Ty gly) dy =

= [ (ay)"-J4( W) ylorvld=r— f t e (r) At dy =

4] 0

v

— t) dat J‘ y[(i.+1)l.u]-10——wt)‘”‘.Ji_f(w,y) dy =

Sy
~
-1

=o' u ft—-[(i-+1)//d+n 6—x/t.,lp(t) dt

1]

on expanding J4(xy) in the form of the infinite series and integrating term by
term, a process easily justifiable.
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It only remains to justify the change of the order of integration in- 2(1).
Now, we know that (Wricar [3])

i) as |@

.
Ti(@) = Ofa~" U+ exp { cos(ak) - (ua)/(uk) } (b =1/(1 + ),
and - ‘ ‘ |
(i) as x—0,
JHz) = 0(1) .

Therefore, both the t- and y- integrals in 2(1) converge a-bsolutely and the
double integral exists under the conditions stated and hence by virtue of DE 1A
VArLrte Poussin’s Theorem the change in the order of integration is justified.

Hence the proposition. ‘ '

3. — Evaluation of Integrals.

" The theorem established above can be written in the following form
which is more useful for practical applications:

If
(1) flo) = [ (y)”-Jiey) gly) dy
0
and
(2) : :I/—(/'.-%-l)-i-y'(r—%‘l)’g(yy) — ‘LL .“ t(n-{-l),u—’l ehyt?lp(t‘l‘) dt,
. 0
then
(3) f(a) = J L D} -n2 em=toy(1/8) dt,

0

provided R(A)>—1 and the integrals involved converge absolutely.

From 3(2) and 3(3), it is evident that knowing the operational forms of
FrFDe=toyqiy - and AR 1), we can find g(y) and f(#) and hence
the value of 3(1). o s RN

We shall now evaluate some integi‘alé by the help of the a_;bqve,,i;héoferﬁ.

22, — Rivista di Matematica.
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Example 1. Let us take (1) =¢t and u =1/2; then, from 3(2),
.(/("/:17) — (1.f2)21/}.~(r'!2)+(1/2) f Q_!,/ iz ((,_‘,r[j;vz.) a
0

4

V7 2 q 1
L 11/" A (pj2y- {1/ —1/2 ] e )( 1/ i
5 (LY ayrPe [/ Py '/)J D

where n is any positive even integer (including zero) and @(x) is the errvor
function (1), and from 3(3)

(2) = (1/2)a" [ 7" emet o=Vt f = gr~?Fw2-a2 g (2,
2ptn—1 l

o
provided (22— n)>-—1 (M. 128). Therefore, from 3(1),
?y"H—l Jll?‘(l? ) 1d e {I/”"‘ 1= i ‘}‘9‘14(4!1:}} dy =
] yay) U 2y '
/2y +1 s —
— (____ 1)11/’ ]:7 I,(n;-)*/.—-'(l/Z). If_z;‘_l_"_l(zl/'m)?

provided &(4)>—1 and » is any even positive integer (including zero).

Example 2. Let us take y(t) = @(1/t) and u = 1/2; then, from 3(3),

w

" . 1)2A—n 2i—n pa2f4 2\
flw) = (1/2)2" / A D(t) et A = =D x” d [g {1 — @(-4)} }

2 da—n | g
0

(M. 128), where 24— is any positive integer (including zero), and from 3(2)

o«

yh-vram f et gl BT At =

0

B}
N
I
DO}
o

qui—172-

L=/ R Y12 f a2\ iy L
’/ (— 1) dy(n—v/’zl (I —e==lo) ]y S

(1) Cf.: W. Macxus and F. OBERHETTINGER, Formulas and theorems for the
special functions of mathematical physics (translated by J. WLR\ITR) Chelsea
Publishing Company, New York 1949; cf. p. 128.

I+t shall be hereafter referred to as (M. 128).
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(M. 128), n being any positive odd integer. Therefore, from 3(1),

@
" s, B 1 d \e—ni2 "
N ST L £ — o2y 2 Ly —
] ¥ T (H/) (” d”) LI eyt tdy =
i
, - A ]' J'l i
= Dn-1072(_ 7 = @u-1)2 y ;J, 4 1P| ‘“,‘ A
1) At i( 1 p(2>J’ g

Example 3. Let us take w(t) =1/(1 ) and x ==1/2, then, from
3(3), '

ool
flx) = (1/2)e" [ £H7m4 {eya o2 lat =
0
- (e l)'zl.*mé-:! . qzé-n+2 . - .
= 5 Rl gy (sin - Ci & — cos 2-si ),
2 H i Lt .

where 24— n - 2 is any positive integer (including zero) (M. 124) and Cizx
and sixz are the cosine- and sine-.integrals (M. 97). Also, from 3(2),

!/(Vﬁ”}) — (1!/2):1/).4:'!2)-%(1/'?») ' eﬂ,z{tm—u;z/(l -+ 1) }dt —

0

¢ ol 1Y/ A= Ly T ;
— (1/_)).1((“, . ])’!_3) Y rf2)—(n DA oy W —(n D4, (=] (.,/)’

provided §R(In)>m 1 (M. 124). Therefore, from 3(1), we get

@
J ye/.-(n—‘l)/‘z J;-!(:m/) .61/':‘-’- . n”—(n—.‘—l),’;,(:wn,} (y?.) d/y —
0 . .

(_,_ 1)‘.’.].—11~{-2 d‘.’ﬂ—n-}—‘l

== —— (sin - Cix— cosa-six
I((n 4 1)/2) da2éoni2 ( )

provided &#(2)>--1 and 24 —n + 2 is any positive integer including zero.
In particular,

(i) when 21—n +2 =0, ie, n=214+2, we get

@ .

" A—al2 f2r . Lt 1 74 w2y A

’ YT @y) ¢ W ey nay?) Ay =
0

= (sin z-Ci & — cos w-si@)/1'(A -4 (3/2))
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provided &H(2) >-—1, and

(i) when 2i—mn 2 =1, ie, n=21+1, we get

. v
f yh T a@y) e e W s (W%2) dy = — (cos @+ Cia 4 sin@-si @)/ (A +1),
0 .

provided H(4)>-—1.

Example 4. Let us take y(f) = cost and u =1/2, then, from 3(3),

o
[ ) C1g, €OS (1/1)
B) = — | emet PATNTOR —dt =
fz) 3 u/ i
0
V= PR Qeé-nta (] an o
P sy e 0 TR as 11D
= (—1) o LAuAonTal» \ Vi “ cos f2m e

(M. 127), provided 24— n -+ (1/2) is zero or any positive integer. Also, from

3(2),

o

y 1 fram | cos IT
{/(}/;?/) = y;.—<j/~>+u,_) /e‘yftnl-’ e dt —
: ;
V= PR dniz TN
= *:j" (”“‘ 1) ey a‘-’/—-’—'——é (.1/ 1/e ¢ 1/(41))’

where n is any positive even integer including zero- (M. 127),

7T i) 1lisp . /
: _21_/‘24‘?]/. i) )iz Iy (‘1 /(gy))
when = ==—1/2 (M. 126). Therefore, from 3(1),
/' Y T () - ! i)n'lz [e-vawd )y dy =
P\ ag, A
[

) - L deRentam (] . o
= (= 1)Pm bl g <- eV cos ]/200) ;

dp?—n+a/2 \V5
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provided 24— n 4 (1/2) is zero or a positive integer and » is zero or.an even
positive integer, and i

w

R o . . /5 . 24+ 1 - —
f g TV wy) - e I ,(1/(8y?)) dy = l/% (— L)%+t FpCyEs (-— (ﬂ’zx-cosr}/Z:v) ,

E
0

provided 24 + 1 is zero or a positive integer.

Example 5. Let us take (f) = sint and u == 1/2, then, from 3(3),

sin (1/t
331.(—_./_)_(“:

o
,'f(7) . z / et 12).—714-(1;'2)
e Vi

]

T

y

(____ ] )2/’.‘—71—{-(1;'2)“1,3'

Jer=etaiy /] L
_ e~ Vi .gin Vou
T \ 7z ¢ e-sin 2w,

r2]

provided 24— -+ (1/2) is zero or a positive integer (1. 127).  Also, from

3(2),

@
~

(/(]’I}) — y;.—(v~1>/2 / e—ut g—D/2. gin l/f at =

[S-RAt

0

) i din—1ie o
[T B Y STo T E TP St Ul VY P YR LR VI )
- ( ‘l) ! ¥ dv,/(n~1\,-’2 (!/ e )7

where n is any positive odd integer (M. 126},

— 2"],1//‘_‘2;I//'.—~(n‘/2)c—l,”(Su).I];‘I(l ;f(Sg/))
when # = —1/2 (M. 126). Therefore, from 3(1),
co ' o \w-vr
22+1, rif2 JZ g, — U 3.,
/ Y wy) (y dy) [y=e ] ay =

J
_ PALSRUET 9 )ex'.+m;’é)+1
- = o daRi—nta/2

CdeA-ntam 1 YET e 5=
7 ¢V sin ’/Qm) ’
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provided # is any pesitive odd integer and 24 —-n - (1/2) any positive integer
including zero, and

[ o TRy -7 1y (1(8y9) dy =

9
Ry g, AEEL L
== ‘ o (‘- ]) m‘l r;. el 511 l ..)J' ,

wovided 24 -1 is any positive integer including zero.
» = b

4. — Theorem 2. If

p o ,
(1) gly) = | ST T ) ) e
and
(2) a7 fla) = [ e lp(t)
0
then
' | ;o i
(3) g(!/) - I;;?/[(A+1),/l]~(v.]) / " [ D} e~ Lt l/)(t) d(,
0.‘

provided HR(A)>-—1 and the integrals involved converge absolutely.
The proof of this follows easily, if we proceed on the same lines as in
Theorem 1.

5. — Evaluation of Integrals.

As before, this Theorem also can be used to evaluate a large number of
integrals, but the form convenient for pratical application is as follows:
If

w©

1 S0l 4 j
(1) ) = / (ay) A=Y TR (@) f@) de

[
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and
(2) a7 f(w) == f i emrlog(t) dt,
4
then
(3) g(]l/l) — :l/i.+1~;t-(1'+1) “#.—-/z-(r.%l) C*—yt'l/)(t“‘u) dt,
. 0

provided (1) >-—1 and the integrals involved converge absolutely .
Example 1. Let us take 9(f) = (1 4 )™ and u = 2, then, from 5(2),

o

.. S — - R AT e
fle) = a” } et 1) A =)a (~—1)":c"-<é;) a2 ex-{] — ) }],
J ;

provided n is any positive integer including zero (M. 124), and from 5(3)

@

g2 =y e (@ ) dt =
0

di—2n—1

a1 — No(y)]

T 5 S
. (_ﬁ 1)/.——211—1 1 A2y —1
2

provided 2 -—2n—1 is ;uiy positive integer including zero (M. 124) and H (z)
and N,(z) are STRUVE (M. 40) and NEUMANN (M. 16) functions. Therefore,
from 5(1),

-]

o ‘1 d\n .
(4) [{n"nf(l;f“_n;._,(ﬂ;g/) . (—; é;) [etes {1 — D(x) }] do =

0

A—2n—1

=@ (— 1) 2t ey { Hy(y) — Noly) }

provided that # and A—2n-—1 are any positive integers including zero.
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Example 2. Let us take y(t) = cos (1/f) and u =2, then, from 5(2),

@

gy p——

6,

ol gy
vt

dn-{-(l{ﬂ) .
-1 el ST
57 eV cos ) 2),

R Y sl RCTE ¢ Vi MU .
f“ Jz ( ) 1) @ dgn+ai (

where n -~ (1/2) is any positive integer including zero (M. 127), and from

5(3)

,(](11/2) — :1//1-2v—-1 J‘ 8‘_yt‘t/‘.—2n——’.’._cos t2dt —
0

&

e ;——_L___[ Y Y | G G (=)t
= ‘ 2( 1) Y dy+—2n-2 cos 4 12 8 Vo= Sln‘4 12 C ]»’Q}?)[ } ’

where 4-—2n-—2 is any positive integer including zero (M. 126) and C(x)
and S(z) are « FRESNEL Integrals» (M. 96). Therefore, from 5(1),

w; 12 Ldyram o 5
(5) @ Jalonl@y) |~ o= — e7V2cos |20 ) dw =
.0 Ce o . .

e @mEme2 i 1 Iy 1 iy2 J’l Y ’[
o DM VPG R Y [ I S 1% Ay S o B
=2 v s e T {8 (i) oo 5 6 )il

provided A—2n—2 and n -+ (1/2) are any positive integers (including zero).

>

Example 3. Let us take y(f) = sin (1/f) and u = 2, then, from 35(2),

sin (1/¢
fl@) = m”fcf“t’.‘f‘,"z’ EEV(T*J“) dt =

]

e, T v e
= (1) e ey (;I/ TP s ];—-{Lr),
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where n -~ (1/2) is any positive integer including zero (M. 126), and from 5(3)

gly?) = y*~ 1 f eV T gin 12 AF =
1 A—2y—1 LA 1—i
:511/ 'D—l 3 :l/ 'D“l 5 J/
when A—2n—2 = —1, e, n -+ (1/2) = A/2 (M. 125),
i‘:z i—9on—9 R T

= |/ oy
dien—e y* [1 (./) ey 1 (y)l
d]/;"z""': [CGS{{ 15““(} *]75):*: }“r S}.n:L 15*—*—8 72:'7'; J} -

when A-—2n—2 =0, 1, 2, 3, ... (M. 126). Therefore, from 5(1),

(6) a e JY (wy) - LAVR e in (03, Az —
oo\ ¥Y) N\ an) 56 sin (J2z) | dz =

o

20/n—1 . L+ 1—i
== ('—1)"/2'D—-1( ;- ?/)'Dﬂ( 5 Q’/)a

Vr

provided A is any even positive integer including zero, and

x do

o " 1 dyr+amyyp =)
(7) f @t T2 pl@y) ( ——) (; e V2. gin (V:Zm)) de =
0

, A~—2n-2 y? 1 i) y2 1 oy
ow (e T U B (_i_> can I g __-L) 1]
= 20 (—1) T [cost 5 ¢ Tam - sin 12 S (\1’:2'5 [l

provided # -+ (1/2) and A— 2n—2 are any positive integers including zero.
My best thanks are due to Dr. R. S. VArMA for his helpful suggestions in .
the preparation of this paper.
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