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R. 8. M1sHRA (%)

Congruences of Curves

in a Subspace of a non-Riemannian Space. (**)

In this paper I have considered a set of m — n congruences of curves in a
non-Riemannian space, which are such that through each point of a subspace,
a curve of each congruence passes. With the help of these congruences the
generalisations of the generalised equations of Gauss and CopaAzzr have been
established in a non-Riemannian space.

1. - Notation (%).

Let us consider a space V, referred to the coordinates Y (e =1, ..., m)
and coeffiicients of symmetric connection Lj, and a subspace or a sub-variety
V, defined by

(1.1) WYLy ey ym) =0 (0 =n-+1, ..., m).
Let us further put

(1.2) o= Yty vy Y™), T =@,
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(*) 1n what follows Latin indices take the values 1, ..., n; the letters at the beginning
of the Greek alphabet the values 1, ..., m and those at the end the values 2 1, ..., m.
The indices on the left of the solidus (/) indicate the particular tensor and on the right
the contravariance or the covariance of the tensor.
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where the functions ¢ are arbitvary functions, except that the Jacobian of the
@’s is not equal to zero. The equations (1.2) define, then, a coordinate system
of which ¥, is defined by #°=0. The covariant vectors ¢’/, in V,, defined by
(1.3) 0%/ = 0’| Cy" = da"[Cy",

are the covariant pseudo-normals to ¥,. The components of a contrav-
ariant vector tangential to the curve of parameter 2°at a point are given by

(1.4) v,/ = dy*/8a°,

for a given value of o. In consequence of (1.3) and (1.4) we have

(1'5> ?)c/oc ’l”r/a = 6: b
and

o 3 a. — 0
(1.6) vl 5

If a semi-colon (;) followed by Latin indices indicates repeated tensor deriv-
atives with regard to the induced symmetric connection L}, in V,, and comma
(,) followed by Greek indices denotes tensor derivatives with regard to the
induced connection Lg, in V,, the following relations obtain (BISENHART
[2], p. 173)

(1.7) | Y= Wy 0%
. oy« oyb
(1.8) W57 Vap 37 307 -

2. — Congruences of curves.

Let us consider a set of m — n congruences of curves in V,,, which are such
that one curve of each congruence passes through each point of the subspace 7, .
Let 2,/ be the components of a contravariant vector in the direction of a curve
of a congruence through the point y* of the subspace. The vector with comp-
onents 4,/* is not, in general, in the direction of »,/* and, therefore, it may be
specified by

) ' « W g
2.1 ‘ A=t o el
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where

(2.2) &)= 2J" ",
and

(2.3) ' tft=1 /“

az/“ )

Tensor derivative of (2.1) with regard to the induced connection in V,,
is given by

9y

@4 A=l o S L o S

Now (BisexmART [2], pp. 173, 175)

(2.5) v = I,/i’a“‘; + Ui v /%
where

a .i
2.6 L :
( 6) . / /Z ayi\
and
(2.7) l:/i = ’l)v/;az' ?)T/a:

By virtue of (1.7) and (2.5), the equation (2.4) assumes the form

a

(2'8) A’/ A_T/:—a—l—;—r‘pt/lv/7
- where

(2.9) pli=1t .+ L]
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and
(2.10) pilie=t]" whit el 4 o] Ll
Tensor derivative of (2.8) again yields

a aya @ 4 @ ¥ a
(2‘11) 2’:/: ii:pr/;;j 5‘,’; _ll_p'z/: y; 15 +pr/i;jvv/ +])t/i,01'/;1' =
v aya 1 3 2 ¥ ] 73 ¥ «
== (pt/:'; ;‘+ pr/l lv/j) 6:1:’ T (pz/'i; 1 + ?}1/71; w /” _F pr/l ly/ﬂ') ,”1'/ -

Applying the conditions of integrability to (2.8), we get, by virtue of (2.8)
and (2.11),

8 7 oy

a » oy
(212) Bﬂyé Z’tl ﬁa i p /i 1+7)/ /almpt/:l,zmpt/ilv/xl)m“:'

+ Pl s s Wi + DY G — Dl o Doy W e — DL ) v, [f =0,

where ngs are the components of curvature tensor of V,, .
If these equations be multiplied by 92"/0y* and v*/, and be summed, we have
the respective equations

Ay 6J5 Part

(213)  Bhs A)7 o 5 i Pl Dol e+ DU L5 — 02 LI =0,

oy oyd

v 2
amlax)lv/a_}—p/l] lpr/w/ll+p/z/9

(2-14) [iy«, }’r/ﬂ
— (D¢ + Pls Whe + DY LJ) =0

The equations (2.13) and (2.14) are the generalisations of the generalised equa-
tions of Gauss and Codazzi in a non-Riemannian space (EISENHART [2],

p. 176).
From (2.8), we have

(2.15) . Aelfi Vo= DY
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and

(2.16) Mo 2 i

: Bl/“

Therefore:

The equations (2.13) and (2.14) are the equations giving the erpressions for
Y defined by (2.15).

In case the vectors with components 2,/ are in the direction of v %, we
have from (2.15) and (2.16)

p1/1 l/“ pz/izlt/: )

and the equations (2.13) and (2.14) assume the forms:

ayy aya Dt ) .
Ll +ULLE—ULLE =0

&% | Jo—
Bré t/-a—:,l—;fgg;‘éygj—t/i;i T

and

oyr oy’ . v . , .
ﬁya r/ﬁ dat a.l" Vg + 1 /z 7_lr/j;i + l,/ﬁ- w /zy”*‘l,/j w /Li +

+Z”/ l,u/7 I“h / =0

which are the generalised equations of Gavss and Copazzr (EISENHART [2],
p. 176).

Let us now congider the case when m =n + 1. ¥, will then reduce to a
hypersurface and the equations (2.13) and (2.14) will assume the forms

s 9y7 61/‘S ot i . s
LEY‘S afrz aql 31/ +p?;f—~7)ll';f +p7171~—p7l)::0
and

« 50y 3y

Bro M5 5;;;?),,4— Dy — Pyt Phwy— P W+ P li—pi i =0,



240 R. 8. MISHRA

where A* are the components of a contravariant vector in the direction of a
curve of a congruence of curves, which are such that one curve of each con-
gruence passes through each point of the hypersurface and

Qul aye a,}ﬁ
i . .
Pe= A v, Vi =Ny Wis == TVyp 5 25

v, being the components of the covariant pseudonormal to V, .

3. - Fundamental equations.

Substituting the values of 4,/% p./; and p/; from (2.1), (2.9) and (2.10)
in (2.13) and (2.14), and using the relation

— A fr = —1t ! B

vl 5t 1451

1!h

ol i

we get after simplification and re-arranging the terms

oyf oyr oyd dxt
(31) t,/l [Ba Y Y Yy X

R
B9 gut du' dai dye W0 L tu} —{_,

s Oy 81/" ol . s )
+C /l: '5 " aal aJ] 6_/ + ‘V/'L i / +l‘:'/il;t/ﬂj—l‘:/jlp/,i =0

and
o aJﬂ aJy al/ » ¥ ¥ 7 v
(3.2) t/’[ Byé Ve 5 a0t dai al., + Wy, —w iy e+ Z,u/i w' /lz_lu/i'w”/lz‘ +
el 5w, Oy
_i_ct/[ ﬁyts,uy/ﬂ,v a‘a-;;% /1,; [Ll] 1,’T‘

"%“ ‘wr/lj Zy/f. - TUjl/li Z’,u/; -+ Zf‘/i l;/j— ZZ/J l;/ll =9

Since the equations (3.1) and (3.2) hold for arbitrary 4,/¢, they hold for
arbitrary values of ¢’/ and 1, /% Hence the expressions within- parentheses of
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the equations (3.1) and (3.2) are identically zero. We, therefore, have
fundamental equations for V,:

dyB 9yr oy® But .

(3.3) B’ll” == %‘7(5 5ol 307 3 B_I/; = l,./;f W~ W,
. @ ayﬁ ot ih il B ih 122 ih
(3‘4) B /JU / a,), a), 81/ +Zvji;) v/;' i _Jf_l / lu /5 Zv/J l{u/i ==0

dyf ayv Ayd

(3.5) 8760 [ 301 207 307 F W s W s U Wt — U w =
R ay? 31/ . P
(3.6) Bj.s ’U#/ﬂ’v la 5 34 oa F il — Ui +

241

the

Ly l/c/ Wl f; + 80— ) =0.

TThe four equations (3.3, (3.4, (3.5) and (3.6) are the generalised equations
of Gauss and M ainardi-Codazzi for a subspace V, embedded in «a
non-Riemannian space V, first oblained by Voss and Ricci (EISENHART

[1], p. 168).

It may be mentioned that these equations have been obtained here in a

different buft simpler way.
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