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K. K. GOROWARA (*)

General and hyper Darboux lines. (*¥)

The object of this paper is to define and study some properties of «gene-
ral DARBOUX lines » and « hyper DARBOUX lines » in a Buclidean space of three
dimensions. Some of the known results of DARBOUX lines have been dedu-

_ced from those general DARBOUX lines as particular cases.

1. — Rectilinear congruence.

Let the coordinates of a point P on the surface of reference of 8 of recti-
linear congruence be given by z'= zi(u!, w*) (i =1, 2, 3) and the direction
cosines of the ray of the congruence through z' by A== A%u!, u?) (i =1, 2, 3).
Since in general the rays of the congruence are not normal to S, we have

a-1) A= p®al, + qa
and
(1-2) Mdi=1,

where: p® are the contravariant components of a vector in surface at P; w"
(e =1, 2) (}) are the direction numbers and denote convariant differentiation
of & with regard to »* based on the first fundamental tensor

(1-3) Jap= T.q T
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of the smrface S; and ¢ is a positive scalar function, such that if 0 is the angle
between the normal to the surface at a point P and the line of the congruence
through P, then

(1-4) g = AX? == cos 0
and )
(1-3) PpPg,p==sin® 0.

A DarBoUX line in Euclidean 3 space has been defined asa curve on § which
has the property that the osculating sphere at any point P of the curve is tan-
gent to the surface at P. The differential equation of DArRBOUX lines is find to
be ([4], p. 356)

(1:6)

where d*z‘/ds® is a vector normal to the radius vector of the osculating sphere.
A general DARBOUX line (G.D. line) at a point P on the surface in a Euclidean
three space is defined as a curve which has the property that the line of the
congruence through P passes through the centre of the osculating sphere of
the curve at P. Analytically its equation will be :

A3
(l * l) )u ‘(]*:,;” = 0
2, — ¢. p. lines.
We know that
da? ort dus
ds ~ ou% ds '
dzat 0% dut duf | fuf d2us
ds*  Juduf ds ds | u* ds?
dda? Pt dus duf dur 0%t d2u* duf | Owt dPue

A qu'dubour ds ds ds ousgubf ds® ds ' out dsb
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Hence the equation of ¢.D. lines takes the form

e Pt dwr duf dur 3%t A2t dud Bad dPue
(2.1 (p7a, + qX7) i al B e T e
I \61&“6:13810/ ds ds ds du“ou? ds* ds ous ds®

But ( [IJ, p. 215)

. Fat (g 1
2.9 7 o e o
I

(2-2) ‘ Y0 Guagui T Bur L=

With the help of GAuUss’s equation

L:{xp B duﬂ X
equation (2-2) reduces to
‘ ot y o’ f ) 1
2.8y I 5
(2-3) dusgus oy A7 g

Differentiating (2-3) with regard to »” we have

Pt 7] P & 0%t J ozt 9 b} 1
T g ) XP ot dog—— + o s .
dusdubur dur - f “Fgur T quraud | u B o aur |« B |

Hence equation (2-1) takes the form

d 90Xt 0%xt J’ 1)
2.4 & b, b [ —— b !
(2-4) e m+ 4 [( ([“ﬁ At d“/] ou? durou’ I o f }

i 3 [ ) du“ duﬁ du? owt [ & AZut duf  Pat dBus
o — +3(d,p X+ i il I
auour | wp [l ds ds ds “ Tt B ) ast ds ous ds?

Equation (2-4) on simplification is

. o [..._ . , [0 . 2 [ & ]\ du*duf dwr N dousl

(2-5) P [( (l"/’)d:’"’+ 2 /6] 1(7. /3} Y08 G ouy 15: ﬂf ds ds ds Gopu ds3 |
; 7 . f o 1)\ du~ dzeﬁ du v d2ue duf o
N q (’a‘l;; daﬁ T /61 ﬂ J') N (q(laﬁ '{_ p [(p7 “ﬁ]) ds? g =0

Thus (2-5) is the required differential equation of the G.D. lines.
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The equation of G.D. lines can also be written as

; dat A3t
9. . Pot L g X ).
(“ 6) ?) ,v,q) dss i q " ds3 O

From this we get the result that if the vector p”’mf(p is orthogonal to dsxzi/ds?,
then, since ¢ is not in general equal to zero, the equation.of ¢.p. lines reduces to

whic is the equation of . lines. Hence we have the result that:
If the vector p"’qux ¢ on a swrface is orthogonalio d°x*/ds® the G.D. lines reduced
to D. lines.
From (2-6) we also have:
_If any two of the following conditions are satisfied, the third is also satis-

fied:
(i) The curve be G.D. lines (for which q 5= 0).

(ii) The curve be D. line.

(iii) The wvector p”’a:fq, be orthogonal to the vector dxifds®.

Particular cases.

(a) If A is normal to the surface, p”= 0 and ¢ = 1, then the @.D. lines
become D. lines (DARBOUX lines) and the equation reduces to

o r d Lo S 1\ dus duf dur Y dzue duf
S qur Yap T Y ), gl) ds das ds af dst ds

(b) If A*is tangent to the surface then p? is a unit vector on 8 and g == 0,
so that the equation of G.D. lines becomes

( ‘ 5 . ? S 1\ oud duf du?
(2-8) p”Kmdaﬂdwv[vJ, Wﬂ{a 5} *gwa_u"r{a 1)

s) T & @
o a2 duf dPus
+3lpy @l =5 = A Gpugm | =0

We call these curves as «tangent DARDOUX lines» (T.D. lines).
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3. — Condition that the ¢. ». lines be parametric.
We now find the condizions that the G,D. lines be the coordinate curves
u*== const., ' == const..
We have, for coordinate curves 2= const.,

ds?= gy, (du’)?.

Therefore

d2ut dul d [dut\ dut a1 dut\2
ds® ds ~ ds

T TE\G) s Ty @)=

1 9gy/out (dul)z 1 9gy,/0ut (du1>3
T2 as )" T2 \as /-

. 2 (g)7 \ds Gy ds
Also
dt  d2 1 df8 1 aw]  d — dgy,/ew 19 agyfout dqw
ds? T ds® 4/g T ds |ow! Vi, 45 Tds 2092 T 20w (g2 ds

_ (=201 /0()2){g11) 4241, * (B, [O0)? dul _ (—0%01,/0(w)*)gyy+ 2(8gy, /0u?) dut\s
o 2(g30)* ds 2(gy4)? ds )’

Similarly for the coordinate curves u'= const. we have

d®u? du?  — 3g,,/0u? <du‘-’)3

ds® ds  2¢,, s )’

d3u2 — (_ 82922/6(”’2)2) 922 + 2(8922/871/2)2 duz 3
s 2(g20)? ds /°

Hence in order that the coordinate curves u® — const. be G.D. lines we must
have from (2-5)

é
‘(3'1) p?| — dud,,+ [, 15]{11} +

L

« 9 [0 (— %032/ (u)2) g3+ 2(3gy, /But)?
T s o’ {11 } T In 2(gy)* ' +
-2 0 — gy fout
” q(é? a4 dys {11 }) +3 (qdn + qu[(p, 11]) —-—:2-;1—— =0,

20. -~ Rivista di Matematica.
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Similarly in order that the coordinate curves #'= const. be &.D. lines we have

Y ] i v \ (S i
(3 2) 1 pYl— (lzg(lsrp—r- [(p, 2(3] {22 } -

1y ~8__ o 1 1y (_‘ a2g22[a(u2)2)g22 -+ 2(0y/0u?)? .
TS 2(0.0)° |

. P B . Bgoa/au
g a4 - 3(qde + [, 22]) —5 e =
+q (aug oy + o { 09 }_—r 3(qds: + P"[op, 22]) 20 0

In particular, if ¢.D. lines reduce to D. lines the condition that w?== const. is -

a D. line becomes

7.(111

3.5 . ? 1 2 1 3dy; - a(]u/au’ s
(3-3) ” é};?‘z}l"}“(lll{ll} ; (llg{llj“ B = {0

which is the same as obtained by F. SemMix ([4], p. 358). Similarly the condi-
tion that «'= const. is a D. line is

=0

a 1], g (2] 3 (3g5a/0002)
(34) auz(z. 21 22 T ‘2? 22 - 20ne

which is the same as obtained by F. Smaax ([4], p. 358).

4. — Condition that the G. D. lines coincide with lines of curvature.

If a family of lines of curvature are parametric then
diz= gr= 0.

Therefore condition (3-1) that the &.». lines are the coordinate curves uz ==
‘= const. reduces to

. 1 l 2 .
W i o () ()

-1 J 1 9%
-+ 3 In 0 log g1 — e = fu+ gu( - log .%1) } -+
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Lol 1 a 1 0
- Pt (/11 02 Ju EWE

l d d 0 .0 i
(/n 10 2 e ‘—10" -3 J'.u EY g'“a“l‘bg Juajf +

2 1 0 '
- q St dyy + 5 sy = Tt sJog g | +

1 0 ] 1
- 3 |gdy -+ —plgu F log ¢y — = p~Ju log I\~ 51 log i) == 0.

Similarly the condition (3-2

) that the G.p. lines are the coordinate curves w' —
= const. reduces to R

(4-2) pl'[_'; gu'gu—IIngln'gI‘;}; log g1, —

S

1o 2 N |
31 Ju 10:: ./11 Ewry 10:':’» Goz — 5 Ju 'a‘l;; E) log g )| +

, 1 2 3 18 |
+ 3 gy — lgu o Oé J11+ p a2 EE 10g ¢os 3 5w log .(/22) =0.

If the ¢.p. lines become ». lines the condition (4-1) reduces to

0 1 F) 3 5
51—;1- du‘;‘ 5 dn 51—5 (.(/21 IOg‘ i) — é‘ dn 5771— log Ju="0
or
. 8
(4 ’3) aul dll dll log fr1= 0.
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Similarly if the ¢. D. lines become D. lines the condition (4-2) reduces to
(4-4) —— gy — @ Lza - 1og goe==0.

From (4:3) we get the known result ([4], p. 361) that: For a developable sur-

face the curves u*= const. are the lines curvature and Darbouws  lines.
Also from (4-4) we have: If the surface is a doubly developable surface then

the coordinate curves u'== eonst. are also the lines of curvature and D. lines.

5. — Another form for G. p. lines.
We know that

d2wi

RSN JVC N T - 1
- 'mds'-’»k == Q ‘/I'.,‘u t kﬂz_ 5

where k, is the normal curvature of the surface in the directions of the curve
C: a'=%s) and p"is the curvature vector of the curve €. Therefore

st 2%t duf o d X! dub

bl S T ~7,, k, =
i g @ @ TGOt At ks o

X qub

e L du? d
:{daﬂX’—Fw:y{ v H gl g e X ko T

a f Ba ds
Hence

d3z? . quf d
Xl. zdaﬂg -(tl-;-"f"—"k",

ds® ds

3zt d o duf
i ! e % — .
In,!p as® ' [(P7 “ﬁ]g d ey grpa ds 0 k"dﬁ'p as °

The equation of the &.D. lines ¢an then be written as
d -’ dub

aduﬁ , a s
(5-1) p“”'{[% %Blo® =+ Yga' gy € Fndlpy 5 I

‘ LAuf o d
+§l'{daﬁ 5t a;k»}zo-
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Particular cases.

(a) If A% is normal to the surface; then p¥=0, ¢ =1 and the equation
(6-1) reduces to

v duf d
d J—— — = 0
ap @ ds + ds k !
or
duf d
daﬁ /n»g Y2 E - (i; by ==
or
, d
(5+2y Ty ke a"kn =200
Since
duf
== (1 f— )
Ty afi pd as

where 7, is the geodesic torsion. Equation (5-2) is well known form of the dif-
ferential equation of D. lines in Buclidean 3 space ([4], p. 359).

(b) If A*is tangent to the surface, then ¢= 0 and p? is a unit vector. The
equation of 1. D. lines is then

=, 7. a Elil/f . -i a___k (_1_11;5 e
(D 3) 4 {[(p? “ﬁ]g as T Yoa ds @ 7"'71 dﬂ(p =0.

8

Since for a straight line on a surface both geodesic curvature and normal cur-
vature vanish, therefore, for a straight line the differential equation of the
G. D. lines are satisfied. Hence:

Any straight line on a swrface is a G. D. line.

We have obtained that the equation of T. D. lines is

. . Quf a duf
Pf.{[% fle B + a3 @ —k, dg, E;} =0.
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We suppose that these ave not straight lines. If the 1.n. lines are geodesic on
the surface this becomes '

. L duf
p’)k,,dmﬂ =0
or
du
g —
p da(p -1 """"" b
or
o du! du?
pd,, ~—— + pPd, ,— =0
Pty ds %A qs

~If these are the parametric curves u?= const. and «'~= const. we have
Py + pidy== 0,
D,y -+ prdyy = 0.
Elimination of p* and p? gives
Ayl 2= 0.
Hence we have the result:

If the ©.p. lines are geodesic and parametric curves on a surface, the surface
is of zero Gaussian curvature i. e. it must be a developable surface.

6. — Hyper Darboux lines (u. p. lines).

We now find the equation of . . lines. . D. lines in Euclidean space of
3 dimensions (PRaVANoOvVITCcH [3]) are defined as the curves on the surface which
have the property that A7 lies in the plane of dzi/ds and

o lde ;
S
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where: g is the radius of eurvature, T the torsion of the curve, f* and ¢ being
the direction cosines of the unit vector along the principal normal and bynor-
mal at point P(x%) of the curve. Hence A’ must satisfy a relationshship of the

form
da? “1de |
3. ‘,‘A::: e —“l'—b" T oyt .
(6-1) / “& (9/3 T 'dsy>
Now we have
Azt 1 .
lx,‘ ==,
ds? 0
A 1 dg Ioder =
ast o* ds o ds 0

Multiplying both sides of (6-1) by d%¢/ds® we obtain-

) .. Bzl dat @z , dus @Bt

N R lYi il / A £ It
(YJ "’,u i q ) ds? a ds ds? a['“ ds ds® !

or

A3t [ du” , Bt
o, o 0 ) s g

Multiplying both sides of (6-1) by d*/ds we obtain

o, duf
« i .0 i
P Wy =

B

or

o OuB s duf
& =17 ga/fﬁ?:’p “(i:.

Hence the equation of ®. D. lines assumes the form

: daa:"< duf dut a) _d3a;i. :

6-2 of —
( ) *¢ ds8 Ps ds ds
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In particular if the congruence is formed by the normals to the surface the
H. D. lines reduces to D. lines. The H. D. lines also reduce to ». lines if the vector
!, is orthogonal to the vector dszf/ds®. The H. D. lines also reduce to D. lines

if the vector
,.‘ ( duf due N
Ya'\Pogy T T

is orthogonal to dsaé/dse®.
We therefore have the following results:

If any two of the following conditions are satisfied the third is also
satisfied:

(i) The curve be a H. D. line {g #0).

(il) The curve be D. line.

: duf dus. BT ot
G The weetor i (e Q8 due o\ . ’ &
(iil) The veéetor @, (29 & 4 ) 18 orthogonal to o

From equation (6:2) we have that the ¥. D. lines coincide with . lines along
the directions given by

; 4%t
(6-3) Zagw =Y
or
duf dus «
(6-4) — =0,

pﬂq-s— ds

7. —~ Curvature of a m. n. line.

By definition of H. ». line we have

i

. da? o 1de |
1) pe o et S,

Multiplying both sides of (7-1) by d=z/ds we have

dub

. dxt
7.2 T il
(7-2) @ =1 o

a,.,i i\ nd duf « duf.
@ = Pt Xl =0 g o =0 o



GENERAL AND HYPER DARBOUX LINES 313

Let y be the angle between the line of the congruence and the vector

i 1 dg i
er T EG?
Multiplying both sides of (7-1) by
i 1de i
ST ds
we have
) . lde | .
(7-3) 1"(9 ﬂ“‘“; T V') = bI*,
. . . 1de .
where R is the magnitude of the vector ¢ fi— A

Bquation (7-3) gives us R-cos v ==bR? or

cos y
b o= — .
R

Hence (7-1) takes the form

duB dat cosy o 1de )
I ) ,y: .
T ds

7.4 i B
(7-4) Y= w TR

If % is the curvature of the H. D. lines we have form FrRENET'S formulae
s

de . cdot ) ) dat
PR :__:,},1X“s_s:y1 ot I

TR-sec duf dx? cosy . } dzt A%
—_ 7 B8 . -+ Q ﬁz_,_q lt e
do/ds ds ds R ds ds?

Dropping out vanishing determinants we have

R-secy. [ . dat dz?
(7-5) e (= I
do/ds ds ds?
Tl sec p ST
== g Wt eX ala Qb X0 =
wB-seoy v sec y

LY wy _ wATRRvY s 1. ip
Tojds L 0w O Ea P 0y W] = — = Gl — R p
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Also the union curvature of the curve is given by (C. B. SPRINGER [5])

. 1
- 5’%6 ' [qo® —k, p°].

Hence
~ 1. Tk see W
(1’6) /v ----- —*“**az)/d—s— q]"u;
or

1 dlog ¢ cosy
(7-7) e = Y

P

If #. D. curve is also a union curve, then either

(i) log g that is g is constant, i. e. it is a curve of MONGE; or

(ii) cos ¢ = 0 which shows that b = 0, therefore A‘= a-dai/ds, i. e. A¢
are functions of a single parameter which is impossible; or

(iif) R is infinite, i. e. it is a plane curve; or
(iv) 7 is co whiceh is not true.

Hence if any of the above results hold then 1. D. lines are union curves.

8. — Torsion of H. p. lines.

From (7-1) we have

TR-sec p duf dx? cosy . )
1:‘—.‘: —— - Y - T 'J"' l”" z .
7 do/ds []),; ds ds e R b A
Therefore
dy* 4L duf dw’ = cosy . A
(8-1) a-a%aa*@Rﬂ”?f
Ly duf dwd det AP dwi duf dext
Lo|ppy — o p o —
P ds ds ds Pp ds? ds Pp ds ds*

. d prcosy ,, Qreosy dft o dX
ds R YR as ds
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where:

vk -sec y
de/ds ’

7 the torsion of the H. D. lines is therefore given by

dyt dL due? dut
v L= l ‘

cos 1/)
ds

Pogs @ e M

duf du® daf d2uf !
+ L'{pﬂ, = AN :

@ as e

dst ds
o duf @
TP ds ds?*

B ds as
dL TR

d p-cosy

(1 0 COos Y

G
i T - %)) =

ds

[ =

. fdL [ cosy _. L C duf dx d g-cosy di
p— i Tod o /'1 L ( . . —
iR {ds <Q i P ) e ds ast | ds R G ds )}
R-see wf dw pt 08 \
_ R -secy , duf da’ L cos y) it da? ar (Q cos p B 2| -
do/ds ds ds ds ds \~ R
duf Az d greosy. di
h D, —— e e S T e e .
- L (Z fas dst " ds R ds)
Dropping out vanishing determinants
o TR - sec cosy [ . da? dzf dul9 . da’ A2t
wo emmme| gy w) e o
de/ds =R - ds ds P ds ds ds?,

d

g-eos p . dat AR ) du’ di
- ¢ — L L i —
ds TR (7 ds B > ) (7 s

. R sec p
T dp/ds

cosyp [d? dwi  dAd duf dat A2’

0? — = | Lp; Al —
R \ds? ds ds ds \ ds ds?
d peosy [,  dat A2
Lo— — | A
e ds : (

du’ dat
— ——) + LA = —I.
I ds ds‘3> - (}L ds )}

ds

geosy g cosy dp
ds R

315
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Now

2 du? dZzt k do
i ds ds* ) zR-secy ds’
da' di’ PR I S > i P . ”3 ¥t
(2:- T ds) = [p"wls+ ¢ X @, /c,,{.,- e X /"y =
= e, (p° v, l/(i;) W' (MisERA [2]),

(dzm‘ dos dzé
 ds® ds as

. Y] A b v,
= €5, (00, — kn ) 0w

Hence we have

) _thsecy L Cos s o
(8-3) g/ds [ 0* —5— s, (@70, — k| po) ' u
i do duf d g-cos p ;
e E — . — K
" tR-secy ds( Pp ds Le ds R ) Les,: (271) q/u )u K
0%t s 8y v g TR-secy o duf  TR-sec w d g-cos
B R s R e # -+ - -
do/d9 Cor (€700 — Fou ft) Teds VE T Tages T ®

TR -sec y;)z s s )
. ——— vl
| ( do/ds (P, — qug,) w'"u'" .

9. — Another form of . p. lines.

We now givenanother form of the differential equation of ®. D. lines. As
before we have

A3 % o duf , d d - o 04Xt dus
R s
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Hence the differential equation of the H. D. lines can also be written as

mt . 74 i 4 5(1’!4,/7' i, d &
Ty de/a)i EE ”,y{ﬂ 5})9 a5 + @ Le

= qX’*[(déﬂ Xital, {;ﬁ}) g"%lg -+ ’1'15(—;1: g‘s+%kn-}(1’+ Fon

or
©-1) {gay{;ﬁ}ga%f%% Qd_kndaﬁ(%gf}(pﬁ %t_ﬁ%f_pa) _
- q;{dak,gs (_1&1_? ;

From equation (9-1) we conclude:
Any straight line on a surface is a H. D. line.
‘We therefore have the result:

i
i

ds

317

k,,} .

A straight line on a given surface is a G. D. line or a H. D. line or a D. line.
I am thankful to my teacher Dr. R. S. MisarA for his guidance in the

preparation of this paper.

References.

[1] L. P. EiseNuarT, An introduction to differential geometry, Princeton University

Press, Princeton 1947.

[2] R. 8. MisuraA, A problem in rectilinear congruences using tensor calculus, Bull. Cal-

cutta Math. Soc. 42, 118-122 (1950).

[3] M. PravaxovircH, Hyperlignes de Darboux apparienant & Uespace riemannien,

Bull. Sci. Math. (2) 78, 89-96 (1954).

[4] F. SmmiN, On Darboux li‘nes, Rev. Fac. Sei. Univ.‘ Istanbul (A) 17, 351-383

© (1952).

[5] C. E. SPRINGER, Union curves and union curvature, Bull. Amer. Math. Soc. 51,

686-691 (1945).






