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Combinatorial interpretations
and enumeration of particular bijections

Abstract. Let n be a nonnegative integer. We call widened permuta-
tion a bijection between two (n + 1)-sets having n elements in common.
A widened derangement is a widened permutation without fixed points.
In this paper we determine combinatorial interpretations of these func-
tions in the context of the theory of species of Joyal. In particular, we
prove that the species of the widened permutations is isomorphic to the
derivative of the species of permutations. Looking at the generating
series we obtain enumerative results, which are also obtained in a di-
rect way. Finally, we prove that the sequence of widened derangement
numbers turns out to coincide with the integer sequence A000255 of the
On-Line Encyclopedia of Integer Sequences.
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1 - Introduction

In this paper we consider and investigate a generalization of permutations,
namely the functions that we call widened permutations. We also define the
particular case of widened derangements in analogy with classical derangements
(i.e. fixed-point-free permutations) which are extensively studied [1,7].

The formal definition is the following;:

Received: June 23, 2015; accepted in revised form: July 19, 2016.
This research was partially supported by MIUR (Ministero dell’Istruzione, dell’Universita
e della Ricerca). The first author was funded by PALSE Mobility Project.



162 FAIROUZ BEGGAS, MARGHERITA MARIA FERRARI, NORMA ZAGAGLIA SALVI 2]

Definition 1.1. Let n be a nonnegative integer, A an n-set and u, v dis-
tinct elements that do not belong to A. A widened permutation (w-permutation
for short) of A is a bijection f: AU {u} - AU {v}.

The function f can be represented by the sequence

U(f) = (u, fu), f2), .., fP7H(w),0),

where h is the minimum positive integer such that f h(u) = v, and a permutation
©(f) on the set A\ {f(u), f*(u), ..., f""'(u)}.

For instance, if A =1{1,2,3,4,5} and uw = 6 and v = 7, then the function f
represented in two-line notation

123456
) (274351)

can be decomposed into the sequence I(f) = (6,1,2,7) and the permutation
7(f) = (3,4)(5).

The particular case in which I(f) contains all the elements of A has appli-
cations in a coloring problem related to the direct product of two graphs [3].

Recall that a derangement of a finite set A is a permutation of A without
fixed points [1]. In a similar way, we call widened derangement (w-derangement
for short) a widened permutation without fixed points.

This paper is organized as follows. In Section 2, we determine combinatorial
interpretations of the w-permutations in the context of the theory of species of
Joyal. In Section 3, we derive similar results in relation to the w-derangements.
In Sections 4 and 5, we consider the exponential generating functions and obtain
enumerative results which are also obtained in a direct way. In Section 6, we
prove that the sequence of widened derangement numbers turns out to be the
integer sequence A000255 of the On-line Encyclopedia of Integers Sequences [6].

2 - A combinatorial interpretation of widened permutations

It follows from Definition 1.1 that a widened permutation f : AU {u} —
AU{v} can be decomposed into a sequence I(f) = (u,y1,- -, Yk, v), where k > 0
and @ = {y1,...,yx} € A, and a permutation 7(f) on A\ Q.

We recall some particular species and some related notions, referring the
reader to [4,5] for further details. A linearly ordered set (or a linear order), is
a set [ together with a linear order relation (i.e. a reflexive, antisymmetric and
transitive relation in which all elements are comparable) [7].

Let Lin be the species of linear orders and Perm the species of permutations.
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The cardinalities of Perm and Lin are the same exponential generating
functions
th1
1 —t

The species of widened permutations, denoted W Perm, is defined as the
species which associates to a finite set A the set W Perm/[A] of all the widened
permutations of A.

Note that giving a structure of species W Perm on a set A is equivalent to
giving a linear order [ on a subset A; of A and a structure of permutation on
As = A\ A;. At the beginning and at the end of [, we insert the elements u
and v respectively. Therefore the species W Perm is the product of the species
Lin and Perm

gen(Perm;t) = gen(Lin;t) = Li>ok!

W Perm = Lin.Perm.

Recall that the derivative of the species Perm is the species Perm’ defined
for every finite set A by

Perm/[A] = Perm[A + 1],

where A+ 1 denotes the set obtained from A by the addition of a new element,
denoted .

Let m € Perm[A + 1]. By removing the new element *, we obtain a subset
S of A having a linear order, obtained from the cycle C' which contains * and
the permutation on A\ S, obtained from 7 by removing C. In other words

/ .
Perm' = Lin.Perm.

Then the species W Perm and Perm’ are isomorphic. In particular they are
equipotent. Since the cardinality of the derivative of the species Perm is the
derivative of the cardinality of Perm, we obtain:

t?’L n

t
gen(Perm’;t) = D(Enzgnlﬁ) =Y,>0(n+ 1)!5.

It follows that the exponential generating function of the species W Perm is
tn
gen(WPerm;t) = Sp>o(n + 1),
= n!
and, denoted by w,, the number of widened permutations of an n-set, we obtain
(2) wy, = (n+ 1)L

We can also determine (2) from the product of the species Lin and Perm
which consists in the species defined by

Lin.Perm[A] = ¥ 4,4+ a,=aLin[A1] X Perm[A;],
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with respect to every partition (A, Az) of A.

Recall that the product of species is preserved when taking cardinalities.
Thus, considering the cardinalities of the previous species, we obtain the car-
dinality of W Perm:

(3) gen(Lin.Perm;t) = ﬁ%
1
= ()
tk tk
= (EkEOk!g)(EkZOk!g)
ik

= EkzoCkH>

where

k
=3k, <T>r!(k ) =(k+1),

which coincides with formula (2).

3 - A combinatorial interpretation of widened derangements

In this section we determine combinatorial interpretations of w-derange-
ments again in the context of the theory of species of Joyal. The species of
widened derangements, denoted W Der, is defined as the species which asso-
ciates to a finite set A the set WDer[A] of all widened derangements of A.
In [2], the authors investigated another particular type of derangements again
in the context of the theory of species.

Recall that the geometric species, or uniform species, U is the species defined
by U[A] = {x} for every set A.

The cardinality of U is the exponential generating function

tTL
(4) gen(U;t) = Enzog =e.

Note that giving a structure of species W Perm on a set B is equivalent
to giving a w-permutation without fixed points on a set By C B and a set
By = B\ By of fixed points.

Thus the relation

(5) W Perm = W Der.U
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is satisfied. The product of the species WDer and U is the species defined by
WDerU[A] = X 4,4 4,—aW Der[A;] x U[Ag]

with respect to every partition (A, As) of A.
Considering the cardinalities, we obtain the cardinality of W Der.U.
By (3) and (4) we obtain that the exponential generating function of W Der is

gen(W Der; t)

1 —t
(6) = (1_t)2.e
= (2 1 'tn by 1 nt”
= (Znzo(n + )ﬁ)( n>0(—1) E)
tn
:En>02n_7
= n!

where z, is the number of widened derangements of an n-set; we obtain

o =20, (Z) (=) (n — h+ 1)

(7) :n!(n+1—ﬁ+2—_!+---+(—l)"—).

The generating function of the species of widened derangements (6) can also
be represented as
1 et

®) (N

This function suggests another combinatorial interpretation of the widened
derangement numbers. Note that the first factor is the generating function
of the linear species while the second one is the generating function of the
derangement species.

Indeed giving a structure of species W Der on a set C' is equivalent to giving
a linear order on a subset C; C C and a derangement on Cy = C'\ C;. Thus,
denoted by Der the species of the derangements, we obtain the relation

9) W Der = Lin.Der.

In other words, the species of widened derangements turns out to be the
product of the linear species and the derangement species.



166 FAIROUZ BEGGAS, MARGHERITA MARIA FERRARI, NORMA ZAGAGLIA SALVI l6J

4 - Widened permutation numbers

In this section we obtain the same enumerative result concerning w,, with-
out using the notion of species. The number of widened permutations of an
n-set A can be obtained directly in the following way.

Let @ be a k-subset of A; then we have k! linear orders with the elements of
Q@ and (n —k)! permutations of A\ Q. Since w,, denotes the number of widened
permutations on A, we have

wy =57, (Z) kl(n — k)!

(10) = (n+1)

as in (2).

5 - Widened derangement numbers

In this section we determine directly the widened derangement numbers and
some of their recurrence.

Let A be a fixed n-set. Denote by A;, 1 < i < n, the set of w-permutations
of A fixing an element ¢ and A/ the complementary set of A; with respect to
W Perm[A]. From (2) we have w, = (n+1)! and since A; can be interpreted as
the set of widened permutations of an (n — 1)-set, then | 4; |= n!. By a similar
motivation, A; N A; can be interpreted as the set of widened permutations of
an (n — 2)-set; then | A; N A; |= (n — 1)! and so on. By Sylvester’s formula
expressing the inclusion and exclusion principle, we obtain

2=l AjNA, NN AL

=wp — 81+ 82—+ (=1)"sp,

where s; is the number of widened permutations of an n-set having one fixed
element, so is the number of widened permutations of an n-set having two fixed
elements and so on. Then,

2= (n+ 1) — (T)m + (Z)(n T (—1)"(Z>1!

n n—1 1
— nl I .. _1\n
=nl(n+1 TR +(-1D)"—)
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which coincides with (7).
Recall that the number d,, of derangements of an n-set is

dn:n!(1—1_+l—---+(—1)n1).

n!

1! 2!
Then
2y — dy,
n—1 n-—2 1
— _ | _ _ _ _1\n—1
=n(n 1)(n 1+1 T +(—1) (n—l)!>
= NZp—1-

An immediate consequence is the following recurrence.
Proposition 5.1. For every positive integer n > 1, we have
(11) dy = 2 — NZp_1.

n

By applying (11) to the well known recurrence d,, = nd,—1 + (—1)", we
obtain the following recurrence for the widened derangement numbers

(12) Zn =n(2zp—1 — (n— 1)zp—2) + (—1)™.

6 - An integer sequence

The first values of the sequence of widened derangement numbers are
1,1,3,11,53,309,2119, ...

that coincide with the first integers of the sequence A000255 [6]. This sequence
is obtained from the recurrence

Gp = Nap—1 + (TL - l)aTLan

with the initial conditions ag = 1, a1 = 1. In the next Proposition, we prove
that the numbers z,, satisfy the same recurrence.

Proposition 6.1. For every positive integer n > 2 we have
(13) Zn =Nzp—1+ (n—1)z,_9,

with the initial conditions zo = 1 and z1 = 1.
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Proof. The result is obtained by induction on n. It is clearly true for
n = 2; the initial conditions are obtained by direct inspection in this case.

Let n > 2 and let us assume it is satisfied for every integer less than n.
By replacing (11) into the well known recurrence of the derangement numbers
dp, = (n—1)(dy—1 + d—2), we obtain

Zn—Nzp—1 =M —1)(zp—1 — (n—1D)zp_o+ 2p—2 — (N — 2)z,,—3).
By the induction hypothesis, we have that
Zn-1— (M —1Dzp—o+ 22— (n—2)2p—3 = 2p_2.
Then the result follows. O

Thus the sequence of the integers z, coincides with the integer sequence
A000255.

Proposition 6.2. For every positive integer n > 2 we have

(14) dp = (n—1)z,_2
Proof. It follows immediately from (11) and (13). O
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