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Sharp asymptotics for the porous media equation

in low dimensions via Gagliardo-Nirenberg inequalities

Abstract. We prove sharp asymptotic bounds for solutions to the porous media
equation with homogeneous Dirichlet or Neumann boundary conditions on a
bounded Euclidean domain, in dimension N =1 and N = 2. This is achieved by
making use of appropriate Gagliardo-Nirenberg inequalities only. The generality of
the discussion allows to prove similar bounds for weighted porous media equations,
provided one deals with weights for which suitable Gagliardo-Nirenberg inequal-
ities hold true. Moreover, we show equivalence between such functional inequalities
and the mentioned asymptotic bounds for solutions.
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16 GABRIELE GRILLO and MATTEO MURATORI [2]
1 - Introduction

We consider weak solutions to the homogeneous Dirichlet and Neumann pro-
blems for the porous media equation posed on an Euclidean domain @ ¢ RY, where
N =1 or N = 2. More precisely, the Dirichlet problem reads

u = A(u™) in Q x (0,00),
(1.1) u=0 on 02 x (0,00),

U =1 on Q x {0}.
In problem (1.1) we might also consider the case 2 = RY, in which of course no
boundary condition is assumed. The Neumann problem reads (in this case we shall
also assume that Q is a regular bounded domain)
u = A(u™) in Q x (0,00),
ow™)

on

U =1 on Q x {0}.

(1.2)

0 on 92 x(0,00),

Notice that we define as usual, here and throughout the paper, " := |u|"™ 'u. We
refer the reader to [25] as the general reference concerning this equation.

Our goal will be to prove sharp bounds on |ju(t)||., for short times and then to
study the long-time behaviour of the solutions as well (Section 2). This has been done
in dimension N > 3in [11], improving on previous results given in [2, 4]. The method
of proof used in such paper strongly depends on the validity of the Sobolev inequality
on Q, and fails to produce the correct short-time behaviour in lower dimension. In
fact, consider for simplicity the Dirichlet problem with |Q| < co. By exploiting the
methods of proof of [11] and using the Sobolev inequalities associated to the di-
mension of the space, namely

o], < Cp) [IVo]l, Yo e Wk (Q), Vp € @,00), 2C R?

and
vl <C Vol Yo e W,2((a,b), (@b CR,

it can only be shown that the solution u(t) corresponding to L! data satisfies the
estimate ||u(®)||, < C, t~w—¢ for any ¢ > 0and t € (0,1] in the case N = 2, whereas
it satisfies the estimate |Ju(®)||, < C = for any t € (0,1]in the case N = 1. On the
other hand, the correct time behaviour of solutions corresponding to such data is
t~% when N =2 and ¢ #7 when N = 1. Indeed this is exactly the short-time
behaviour associated to the well-known Barenblatt solutions (see e.g. the mono-
graph [24]).
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Our first main result will recover the correct low-dimensional estimates by using
a purely functional analytic approach involving, for the Dirichlet problem, suitable
Gagliardo-Nirenberg inequalities which follow from the well-known Nash inequality

1 2

(13) Iflly < CODIVFIEEIAIT ¥f € CRRY),

valid in any dimension N > 1. Such an approach is standard in the linear case, and it
has been successfully adapted in some nonlinear setting in [18]. An entirely similar
discussion holds for solutions to the Neumann problem too. For the detailed state-
ments see Theorem 2.1, which deals with the case N = 1, and Theorem 2.2, which
deals with the case N = 2. Notice that in higher dimensions our approach would yield
nothing more than what we proved in [11], since for N > 3 the standard Sobolev
inequality is equivalent to the Nash inequality corresponding to the same dimension
(see, for instance, the results of [3]).

Having at our disposal a strategy of proof depending only on the validity of
appropriate functional inequalities, we generalize the results of [12] and [11] to
discuss the asymptotics of weighted porous media equations, as concerns both
the Dirichlet and the Neumann case, under the sole assumption that a suitable
weighted Gagliardo-Nirenberg inequality holds true (Section 3). We refer to
[15, 16, 9, 10, 19, 21, 7, 8, 22, 23, 14, 20, 11, 12, 13] and references quoted
therein, without any claim for completeness, as general references to weighted
degenerate diffusion equations. Given two weights p,, p, which are positive and
sufficiently smooth in Q (but having possible degeneracies or singularities at the
boundary), we shall consider weak solutions to the weighted Dirichlet problem

P, Uy = diV(pﬂ V(u’”)) in Q x (0,00),
(1.4) u=20 on 92 x (0, 0),

U = U on 2 x {0},

and to the weighted Neumann problem (in this case under the additional hypothesis

that p, € L1(Q))
Py U = div(pﬂ V(um)) in Q x (0,00),

(1.5) ow™) _
Pu"on ~
U = Up on 2 x {0}.

0 on 922 x (0,00),

Notice that the case of unbounded €, in particular Q = RRY, can be considered as
well. Weak solutions to problems (1.4)-(1.5) are defined precisely in [12, Sect. 3], and
are unique provided a suitable condition holds: we refer to such solution as to the
weak energy solution to the problems considered. In fact, since non-uniqueness is-
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sues may occur, additional assumptions on the solution must be made: for the
reader’s convenience we recall briefly the situation in Section 3. In the latter section
we shall also prove that suitable bounds on the L* norm of the solutions are
equivalent to certain weighted Gagliardo-Nirenberg inequalities which naturally
generalize the Nash inequality (1.3). Actual examples of weights for which such
weighted Gagliardo-Nirenberg inequalities do hold are given in Section 4. We re-
mark that these examples are produced by choosing appropriate samples of the well-
known Caffarelli-Kohn-Nirenberg inequalities [6].

As concerns the long-time asymptotics of solutions, we collect the relevant results
in Sections 2.1 and 3.1 for the unweighted and weighted problems, respectively. The
proofs of such estimates require less essential modifications w.r.t. the ones given in
[4, 11, 12]. The resulting bounds will be particularly significant in the Neumann case,
for which it is known (see [2, 4, 11]) that, as £ — oo, solutions to (1.2) converge to the
mean value % of the initial datum, which is conserved along the evolution. The time
rate of such convergence is polynomial when %, = 0, exponential otherwise, a fact
which can be proved by using a Poincaré-type functional inequality. In fact, the sharp
results given in [11] also hold when N = 1,2 with an analogous proof, and can be
readily adapted to the weighted case as well.

2 - The unweighted case

In this section we shall prove L*> regularizing estimates for solutions to the
unweighted problems (1.1) and (1.2), by means of Gagliardo-Nirenberg inequalities
which are consequences of the Nash inequality (1.3) for N = 1and N = 2. Subsection
2.1 is then devoted to improving such estimates for t — oc.

In the proofs of the forthcoming results, we shall often make use of the following
well-known properties of the solutions u to (1.1) or (1.2). First, the L” norm of u is
non-increasing:

(2.1) [u®l, < lluoll, V¢>0, Vpell,co].

Moreover, if u and v are solutions to (1.1) or (1.2) associated to the initial data uy and
vo respectively, the L!-contractivity principle

2.2) [ult) — v@)|l, < |luo — voll; VE> 0

holds true.

For notational simplicity, in the sequel we shall often denote inessential positive
numerical constants (possibly changing from line to line) by C, without any further
comment.
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Theorem 2.1 (N=1). Assume that Q2 is an interval. Let u be the solution to
the Dirichlet problem (1.1) starting from an initial datum uy € L1(Q) N LP(Q),
with py > 1. Then the bound

2pg
2pg+m—1

23) Juy).. < ¢l g -

t2p0+m—1

holds true.

Assume that Q is a bounded interval. Let w be the solution to the Neumann
problem (1.2) starting from an initial datum uy € LP(Q), with py > 1. Then the
bound

2pg
2py+m—1

U
24) i, < ¢ | Lol gy, | veso

thO +m—1

holds true.

Proof. Let us consider first the Dirichlet problem (1.1). We start from the
Nash inequality (1.3) corresponding to N = 1. Notice that this is a Gagliardo-
Nirenberg inequality of the form considered in [3]: the parameter q associated to it,
as defined in equation (3.1) of [3], can be readily calculated and is equal to —2. Hence
Theorem 3.2 of such paper is applicable in our situation. As a consequence, the family
of Gagliardo-Nirenberg inequalities

(2.5) I£1l, < CUNFIRIAL ™ v € W@ n LA(@)
. . . d 1-49 1 .
is valid provided 0 < s < 7 < oo and 4 are related by 5= s Notice that

we adopt the symbol || - ||, even in the case s € (0,1) (here we do not need that
such a functional is a norm). In particular one can choose » = co and get that, for
any s € (0, 00), the inequality

2 _s_ s
(2.6) 1 fllo < CIVAIREILIE?  Wf € WyP(@) N L¥(Q)
holds true. Equivalently, (2.6) reads

I £II52
ClIfI

Now take po > 1 and uy € L1(Q) N L>*(Q). Fix t > 0. Multiplying (1.1) by «?~! and
formally integrating by parts in 2 x (0,%) (this can be made rigorous by a standard

2.7 V£l > Vf € WA(Q) N LAQ).
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approximation procedure) we get

t

2.8) 4po(po — Dm JJ V

(po+m — ) 00

po+m—1 2
: )] dedr < fJuo|2 .

m—

Using (2.7) applied to the function f = u(, r) ylelds

p0+m 18+2

2.9)

5 dr < Jluollj-

pot+m—1

C(po+m—1) Hu(r Z

¢
4po(po — Dm J ‘
3
0

Thanks to the monotonicity in time of any LP norm (provided s(py + m — 1)/2 > 1
— recall (2.1)), from (2.9) we infer that there holds

(s+2)(pg+m-1)
4po(po — Dm ||u(?)
@1 e e e <l
pO u0||s([)()fm—l)
2
Upon choosing s = A (2.10) reads
po+m—1

||u(t)||2p0+7n71

Ct < luollp, ,
luollp, e
or equivalently
|| 0H2p0+m 1
(2.11) lu®)]. < C 7
t2p0+m 1

which is exactly (2.3). However, recall that for the previous computations to work we
needed to assume py > 1 and ug € LY(Q) N L>(Q). The first condition can be re-
moved as follows. Write (2.11) in the time interval (¢/2,t), use the inequality
[£1le < ||f||f‘)’g’1||f||1 and the fact that ||«(?)||; is nonincreasing to get

@12) ol <o) 2 i, a= 2
' =\t > ol 2pp+m—1"
Tterating (2.12) k times one arrives at
k-1 p k-1
PRIECT zggmﬂ)[a(po—l)] xZ[a(m oy

(2.13) Jlu®ll < /252707 g,

-1

gz [e(po—1)1"
h=0
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Letting k¥ — oo in (2.13) one easily sees that the multiplicative constants above
remain bounded, the exponents to which ¢! and ||uo||, are elevated tend to 1/(m + 1)
and 2/(m + 1) respectively, while the one to which |[u(t/2%)|| < ||luol| . is elevated
tends to zero. This gives (recall, up to relabelling constants)

2.14) ol < eI,

m+1

which is (2.11) when py = 1. Finally, we are left with removing the hypothesis
up € L) NL>(Q). In order to do so (see also [11, pp. 2270]), take ug €
LY(Q) N LP(Q), choose a sequence {ug,} C L(2) N L>(Q) which converges to u in
LY(Q) N LP(Q) and exploit the fact that, for the corresponding sequence of solutions
{un (-, 1)}, one has u,(t) — u(t) in L(Q) by the L! contraction principle (recall (2.2))
but also u,,(t) — u(t) in the weak* topology of L>(Q), for any fixed ¢ > 0. Hence,
formula (2.3) for the solution associated to an initial datum uy € L1(Q) N LP(Q)
follows from the weak* lower semicontinuity of the > norm.

We now consider the Neumann problem (1.2). For simplicity we shall assume
that |Q| = 1: this constraint can be easily removed by a standard scaling argu-
ment identical to the one given in [11, pp. 2270]. To begin with, we claim that the
inequality

(215) £l < CUNFI + IFI=IFIE ¥F € WH2(@)

holds true for all s € (0, 00). In fact, this can be proved starting from (2.6) (with
Q=R) as follows. Given f c W'?(Q), consider the extension operator
P : WH(Q) — W'2(R). As it is well-known, there exists a positive constant C such
that [ fllz«@) < 1P|y < Cllfllzs for all given s € (0,00] and ||Pfl|yrzg) <
C|lf|lwr2)- Applying (2.6) (with Q = R) to Pf and using the above properties of
the operator P, we get:

1712 < Clf el F Iz

In order to prove (2.15), just notice that the usual norm on W'2?(Q) is equivalent to
the norm given by || Vf||, + || f|l;, since @ is bounded: this is an immediate con-
sequence of the validity of the Poincaré inequality in W'2(Q). It is convenient to
rewrite (2.15) (upon relabelling C) as

I£II552
ClfIE

Lett > 0. Inequality (2.8) can be proved to hold exactly as in the Dirichlet case. Given
po+m—1

Po € (1,00)N[m —1,00) and ug € L¥(2), we can apply (2.16) to f = u(-, 1) 2

(2.16) Ivr15 = —IFIf ¥f € WH(Q).
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in (2.8) to get

¢ ( p0+m 1)8+2 ¢
4po(po — Dm Hu T ~ 0+m 1 2
luolty > PP =20 e jHu(r)
(po +m —1) OCH (7)
S
t (p0+m 1(s+2) t
4p0(p0 B 1)m ||u(T)|| ( ) Potm— 1d
( + m— 1)2 s(pg+m—1) 1) ||u T HP()H'VL 1
o 0 C||%(T)||s<p0»2mm 0
-2z
p0+m 1)(s+2)
4]00(]00 - l)m ||u(t)|| H%(T)||p0+m 1 dr
(p + m— 1) s(pg+m—1)
0 C||u0||s(]10+m 1) 0
(p0+m 1)(s+2)
4p0(p0 — l)m ||7/L(t)|| ||’?/L ||po+m 1
(po + m — 1) s(p(];m 1) 9
C ||u0 ||s( po+m—1)
2

where we also exploited (2.1) and used the fact that |Q| = 1 and py > m — 1 to bound
14CO (py+m—1)/2 With [[u(D)]], . If we set s = 2po/(po + m — 1) the previous inequality
becomes

2ol

>t 41’0(170 —1m ||u(t)||§§0+m ' Hu ||po+m 1 ’
(po+m—1% \ Clluolly

or equivalently (upon relabelling C)

Zpo

ol on“’ ot Y e
m—
Jutt)].. <C + lo 2 <ol Mol ™y |,

t2p0+m 1

which is our claim. To extend such result to general values of py (other than
po € (1,00) N[m — 1,00)) one can proceed similarly to the Dirichlet case, when we
proved the validity of (2.3) down to py = 1. We omit details and we limit ourselves to
pointing out that, with respect to the Dirichlet case, there are slight technical difficulties
that can be dealt with following closely the procedure given in [11, pp. 2268-2269].
Finally, the methods to remove the hypothesis u € L>°(£2) are identical to the
ones we exploited for the Dirichlet problem. |

Theorem 2.2 (N=2). Assume that Q2 1is a domain of IRZ. Let u be the solution
to the Dirichlet problem (1.1) corresponding to an initial datum ug € LN(Q)NLP(Q),
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with po > 1. Then the bound

p0+m 1
(2.17) Ju@®)|, < cw
tp(){m 1

vVt >0

holds true.

Assume that Q is a bounded regular domain of R Let u be the solution to the
Neumann problem (1.2) corresponding to an initial datum uy € LPO(Q), with py > 1.
Then the bound

P
u potm—1
(2.18) Ju®)]. <C ('0”+ ||u0|po) V>0

tp +m—1

holds true.

Proof. Let us consider first the Dirichlet problem (1.1). Again, we start from
the Nash inequality (1.3). In the case N = 2, thanks to Theorem 3.4 of [3] (here the
parameter q defined in equation (3.1) of [3]is equal to o), (1.1) implies the validity of
the following family of Gagliardo-Nirenberg inequalities:

(2.19) 171 < CoINFI I v € WoP(@) 0 LA@)

forall s, rsuch that 0 < s < r, where C, is a positive constant depending continuously
on 7. Since in the sequel the parameter r will be constrained to lie inside a bounded
interval, we can assume C, < C for a given C independent of 7.

Take pg > 1and uy € L'(Q) N L>*(Q). Fixt > 0. In order to obtain (2.17), we shall
proceed by a Moser iteration technique (see also [1]). Given two increasing se-
quences of positive numbers {p;} and {t;}, to be defined later, let us multiply by
uP+~! the equation (1.1) satisfied by » and formally integrate by partsin Q x (¢, t.1).
We obtain:

(220) @N”*ijWQmw ) dwde < juolt;

_ 1)
(pr +m—1) Do

Writing (2.19) in the form

A

e < Vf 5 Vf € W) N LA(Q)
Cllfls

(2.21)
and applying it to f = u(., r) - 1n order to bound the Lh.s. of (2.20), one gets

4pi(pi — m tJ o™= =
T s

(2.22) L dr < ||ulty )||

T’k’”11s

S
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Letussett, = (1 — 27%)t,sothatty = 0,1 — t;, = /281 and hm 1, = t. Exploiting
(2.1), we have that (2.22) implies

(pr+m—1)
4pr(pr, — m ||u(tk+1)||z<m+km D

S 1
(P +m — D26 C |ty )||2<p(kp+kﬂ+zml> )

(2.23) < [l

2pye
pr+m—71
deduce that, upon relabelling C (notice that by construction {s;} is a bounded
sequence), the bound

If we choose s =s;, = so that g(pk +m —1) = pg, from (2.23) we

e prtm—1) ZkC Ptk pptm—1)
(2.24) el iy < —— lu@llp, ™

holds. From now on it will be convenient to set » = r, = s + 2. By that, {r;} is
also a bounded sequence. Moreover, we require {p;} to satisfy the recursive
relation pr.; = 2pr +m — 1. We can therefore rewrite (2.24) as

o
(2.25) [, < || @y

tT’k+1

Iterating (2.25) and using the fact that p;,; = (po +m — 1281 +1 — m, we get:

Hu(tlﬁ—l)||pk+1 <2 = o]l 7’k+1

i k+1
Pk+1 Z 2/ (e=h) pk+1 22 z
t

k
2l (k1) 1
=0 S it 2ftlpy
h= m—12k+1 11— —_—
< 2(!7()+m—1)2k+1+1—m <€>(m+m R MH ||(Po+”7 D+ 1om
2kt
(po+m— 1)zk+1 +1-m

- ¢ Il

ok+1_1 ?
Hpg+m—12+ T+ 1-m

where C'is again a suitable positive constant which can be taken to be independent of
k. Noticing that p; T co and ¢, T t as k — + oo and exploiting the monotonicity of the
LP norms (2.1), in the limit k¥ — oo we obtain

_Po
. . . Hu()”p()wn po+m—1
@26) )l = Jim o), , < Gminf o), <O 2R
that is (2.17). However, recall that the proof above is valid only for p strictly larger
than 1. Nonetheless, in order to extend (2.26) to the case po = 1 as well, we can
proceed exactly as in the proof of the bound (2.3), namely by using interpolation
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inequalities and exploiting (2.26) recursively. Also the relaxation of the assumption
uo € L1(Q) N L>*(Q) works just as in the mentioned proof.

Let us now consider the Neumann problem. As in the corresponding one-di-
mensional context we shall assume, with no loss of generality, that |Q2| = 1. First of
all we claim that the inequality

(227) 171l < GO s + 1A ¥ € WH@)

holds true for all s, » such that 0 < s < . This fact can be proved similarly to the case
N =1, that is applying (2.19) (with Q = R?) to the extended function Pf and ex-
ploiting the properties of the extension operator.

Afterwards we start an iterative procedure which is similar to the one outlined in
the Dirichlet case. Fixed t > 0, given pg € (1,00) N [m — 1, 00), uy € L*>°(2) and two
increasing sequences {p;} (to be defined later) and {t;} = {(1 — 27%)¢}, multiply
equation (1.1) by «”~! and formally integrate by parts to obtain again (2.20). Writing
(2.27) in the form (let us relabel C)

[Fls ) 12
(2.28) IVFIE > L A2 v e W)
Zeonas

and applying it to the function f = u(., r) - 1n (2.20), we get:

2r
r—s

t/c+1 pk+lm—1
4 ( _ l)m Hu(f p+m—1 2
PP J = @™ | de < ol
(pr +m — 1) ; CH P/ﬁ””
k S
that is
(ppt+m—1)
4 -1 [[u()]l5,
(229) PulP ' e ¢: Nt | de < ol
(pe+m—17 ) \ cluzm oD e "
$(pr+m—1)

Since (pr +m — 1)/2 < py, (recall that pg > m — 1 and {p;} is increasing) and (2.1)
holds, (2.29) implies

Zpr+m—1)
4py(pr. — m <|%(tk+1)lz(plﬁm D

(P +m — DP2\ Cluttlls 5" D

(2.30) ¢ — [t B 1) < [lutp)|b:

2py;

Choosing s = s, = —————,
& F pr+m—1

r =1, =8, +2 and letting py.1 =2pr +m —1 we



26 GABRIELE GRILLO and MATTEO MURATORI [12]

have that, for another positive constant C, there holds

—L(pp+m—1)
||u(tk+1)||7k(p +m—1)
ke (ptm e (pyetm—Ty+m—1
<C<| (tk)”gc o (P +lw (tk)”pk , Petm—1)+m— >’
which reads
@31) futte 0l < (@ + o).

In order to handle (2.31) we assume the additional constraint |juo|,, <1, so that
|uttp)ll,, <1 (recall (2.1) and that |2 = 1), which in turn implies [J(t)|2<™ " <
Hu(tk)||2p *. This allows to deduce from (2.31) the following inequality:

Zpk

(2.32) [t Dllp,,., < Pt O (£ + 1)”“||%(15k)||2'2+ E

Notice that (2.32) is the same as (2.25) provided one replaces ¢! with ¢! + 1. So,
proceeding exactly as in the proof of the Dirichlet estimate (2.17), we get

Py

(2.33) Ju®|l, < Ct" + 1)Po+'~ "o 207

However, recall that (2.33) has been obtained under the hypothesis |Juo],, < 1. In
order to deduce from it an estimate that works for any (bounded) initial datum, it is
enough to apply (2.33) itself to the rescaled solution 7i(-, ) = ||uo|| (-, ||luo||’."™t),
which starts from the initial datum u/||uo]| .., Whose L>(€) norm is equal to 1:

(2.34) [, < ClE + D ag .

Evaluating (2.34) at time t||u0||2”<f1 in place of ¢ yields

1
(235) ||u(t)||oo < C(t 1+ ||u0Hm 1) potm— 1|| H;)O(:)er 17

which holds for any uy € L*>(Q). Of course (2.35) is not a regularizing estimate any
longer, since on its r.h.s. there appears |juy|,.. Our technique to remove the de-
pendence on || ||, is not particularly complicated, but it involves long and tedious
computations. The idea is to use (2.35) in the time interval (t/2"+1,¢/2"), that is

/2. < € (/27 + /2D ) e 2

1
< C) (t_l + |‘u(t/2n+l)||ﬁfl)p°+m o120 T ’
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and apply it recursively. This allows to reduce the dependence of (2.35) on |juo]| ., in
the sense that it will appear as ||u0||go, where 0 = 0(n) gets smaller as n gets larger.
Then it can be shown that starting from data whose L”° norm is larger than 1, one can
obtain a true regularity estimate similar to (2.33), but with different powers.
Combining such regularity estimate with the improved (2.35) (through the recursive
procedure sketched above), one infers that (2.18) holds for any 1y € L>*°(Q) (provided
Po € (1,00) N [m — 1, 00)). We omit the technical details and refer the reader to [11,
pp. 2267-2268], where thorough computations are given in an similar context.
Finally, as concerns the methods to remove the hypotheses uy € L>(Q) and
Po € (1,00) N [m — 1, 00), the same comments of the one-dimensional Neumann case

apply.

2.1 - Long-time estimates

The aim of this section is to improve the results of Theorems 2.1 and 2.2 for
t — oo. In particular, we shall see that, at least when |Q| < oo, the rates of decay of
solutions to the Dirichlet problem (1.1) given by (2.3) or (2.17) can be sharpened.
However, the most important improvements will be made for the Neumann problem
(from which we therefore start this section): indeed, either (2.4) or (2.18) give no
information for ¢ large. As shown first in [2], and later improved in [4, 11], as t — oo
solutions to (1.2) converge to the mean value % of the initial datum, which is con-
served along the evolution. The time rate of such convergence is polynomial when
uy = 0, exponential otherwise. In [2], as concerns the case %y # 0, this was proved for
N = 1only, whereas a similar result in higher dimensions was shown to hold for data
which are strictly bounded away from zero. The latter assumption was later removed
in [4], while sharp rates of convergence have been recently established in [11].
Moreover, the results given in [4, 11] also hold when N = 1,2 with an identical proof,
and read as follows.

Theorem 2.3. Let u be the solution to the Neumann problem (1.2) corre-
sponding to an initial datum wy € L' (Q), with uy # 0. There exists a positive
constant C such that the following estimate holds:

I

(2.36) u(t) — | < Ce % VE>1,

where Cp is the best constant appearing in the Poincaré inequality

J f)da

(2.37) IIf —]_0”2 <Cp|Vfly Yfe W@, f = QT
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Proof. One just replicates the proof of [11, Th. 4.3]. Indeed, in order to do
that, one only needs the validity of the Sobolev inequality || f — f|| ¢ < Cl|Vf]lg for
some ¢ > 2, which here readily follows from (1.3) and (2.37). O

Notice that (2.36) is sharp in any dimension, as shown in [11, Prop 4.5]: there
always exist initial data for which a matching lower bound holds. As for solutions
corresponding to data such that %y = 0 we have the following result.

Theorem 2.4. Let u be the solution to the Neumann problem (1.2) corre-
sponding to an initial datum uy € LP(Q), with py > 1 and uy = 0. Assume that
N = 1. Then for some positive constants Cy, Cs the following estimate holds:

o 1
(2.38) lu®)]| < Cyt T V> 0.

(Czt—|— Hm”;m-m)W

Assume instead that N =2. Then for another positive constants Ci,Co the
Sfollowing estimate holds:

1 1
(2.39) lu@®)]] < C1t T m Vi>0.

(Czt—|— Huoll,l,;m)m

In particular, in both cases the absolute bound
(2.40) Ju@®)]| < Cst™ 1 VE>0

holds true for some Cs > 0 (independent of ).

Proof. The proof proceeds along the lines of the one given in [11, Th. 4.1],
exploiting both the Poincaré inequality (2.37) and the regularizing estimates (2.4)
when N =1 and (2.18) when N = 2. O

The absolute bound (2.40) is sharp, in the sense that in [2] the authors also prove,
for solutions corresponding to wuy € L>*(Q) with %y = 0, a lower bound of order
t_l / (m—l).

The results of Theorems 2.1 and 2.2, for ¢ large, can be improved for the Dirichlet
problem too provided |Q| < co. Notice that the bounds contained in the following
result also recover the short-time behaviour of the solutions.

Theorem 2.5. Let u be the solution to the Dirichlet problem (1.1) corre-
sponding to an initial datum uy € LP(Q), with po > 1. Assume that |Q| < oo. If
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N =1, for some positive constants Cy, Cy there holds

2.41 @)l < Oyt T 1 ‘ VE>0.
00 2pg

(Czt+ ||u0||;;m>m

If instead N = 2, for another positive constants Cy, Ce there holds

o 1
(2.42) lu®|, < Cyt wm - vt > 0.

(Cot + o, ™)™ ™"

In particular, in both cases the absolute bound
(2.43) Ju@)||,, < Cst™ 71 VEt>0
holds true for some Cs > 0 (independent of ).
Proof. The proofis not very different from the one of the Neumann case when
up = 0, butitis simpler. Hence, we sketch it. Exploiting the fact that |Q2| < oo and the

consequent validity of the gap inequality || ||, < Cg||Vf]|, for all f € Wé’Z(Q), from
(1.1) one easily gets (let py > 1)

d Po 2 ]0+m 1 2
s = - Q4m@1>WMm—WW@® )
mpo(po — 1
= (po +m - ) C2 Pl
( )Wm@o ) )t
poFm—1 =

po+m—1

= —C(lusy) ™

The claims follow by integrating the above differential inequality in the time interval
(t/2,t) and using the regularizing estimates (2.3) (when N =1) or (2.17) (when
N = 2) in the time interval (0,¢/2). The limiting case py = 1 can be recovered in a
standard way. We omit details and again refer the reader to [11, Th. 4.1]. O

The sharpness of estimates (2.41)-(2.43) is a consequence of the fact that, for ¢
small, the well-known Barenblatt solutions behave like the r.h.s. of (2.41) or (2.42),
whereas for ¢ large the time behaviour predicted by (2.43) coincides with the one of
separable solutions to (1.1) (see the monographs [24, 25]).
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3 - The weighted case

We shall briefly consider here the weighted problems (1.4) and (1.5), for which
suitable analogues of Theorems 2.1, 2.2, 2.3, 2.4 and 2.5 can be established providing
that the weights p,, p, involved satisfy certain functional requirements.

In the sequel, it is understood that the measures v and u are defined as
dv = p,(x)dx and du = p,()dw, respectively.

For suitable concepts of weak solution to (1.4) and (1.5) we refer the reader to [12,
Sect. 3]. Here we limit ourselves to commenting that the standard running as-
sumptions on the weights will be inner positivity and regularity. More precisely, we
shall ask:

py €CYAQ), p, € CoHQ), p@),p,@) >0 Ve,

loc loc

so that possible degeneracies or singularities of p,(x), p,(x) on 022 are allowed.

As it is well-known, non-uniqueness issues can occur for the problems (1.4), (1.5).
Referring to [12] again for details, we point out that in the Dirichlet case uniqueness
is restored, for example, by requiring that

m

51((0,T);V(;n’+11(9; v, 1), V™) € LA, Ty [ILA@2; wIY) VT >0,

31) wu"elL
where Vé’ (2; v, 1) is defined as the closure of C2°(£2) with respect to the norm
(32) Hf”p,z;v”u:: H f||p;v+va||2;/l7

where ||-[|,,., and ||-||;,, are the norms of the weighted Lebesgue spaces LP(2;v) and
L2(Q; i), respectively. In the Neumann case, uniqueness is restored by imposing that

(3.3) w € L0, T); L"™(Q; v))

(however, unlike the Dirichlet case, stronger requirements are asked directly in the
definition of weak solution). Existence results under such conditions are also proved
in [12]. Both in the Dirichlet and in the Neumann case we shall refer to the solution
satisfying the above conditions as the (unique) weak energy solution of the problem
considered.

As concerns regularizing and long-time estimates, the methods of proof of the
results of Section 2 can be readily extended to the weighted case provided appro-
priate Gagliardo-Nirenberg (and, for long times, Poincaré) inequalities hold true in
the weighted Sobolev spaces Wé"Z(Q; v, 1) := VEQ;v, 1) or WH(2; v, ), the latter
being the space of functions f for which || f|ly5, ,< cc. Notice that the weighted
analogues of formulas (2.1) and (2.2) hold true in the present context as well. They are
used in the proofs given in [11], which we generalize below.



[17] SHARP ASYMPTOTICS FOR THE POROUS MEDIA EQUATION ETC. 31

The following is an extension of the results valid, in the unweighted context,
for N =1.

Theorem 3.1 [One-dimensional-like cases]. Assume that Q is a do-
main of RN. Suppose that, for some s > 0 and q < —2, the functional inequality

—7 _s .
(3.4) 1f Nl < CIVFISAIS I Y € WoP(@2sv, 1) N LA )

1s valid. Let u be the solution to the Dirichlet problem (1.4) satisfying condition (3.1)
and starting from an initial datum ug € L(Q;v) N LP(Q;v), with po > 1. Then the

bound

_ G-2py
|| H(q 2)py+q(m—1)

(3.5) lu®| < C ”"7‘ Vi >0
D =D
holds true.
Suppose instead that, for some s > 0 and q < —2, the functional inequality

36 Wl S C(IT e+ 11, ) TIAIT ¥ € WH@v 0

1s valid and that v(2) < co. Let u be the solution to the Newmann problem (1.5)
satisfying condition (3.3) and starting from an mitial datum uy € LP(Q2;v), with
po > 1. Then the bound

H O”(q z<;110?5(9n 1)

(3.7) [u®] < C p°72+||%0\|pw vi>0

t(q—Z)po +q(m—1)

holds true.

Conversely, assume that v() < co. Suppose that the bound (3.5) holds, with
po =m, for any solution wu to the Dirichlet problem (1.4) starting from
uy € L™(Q;v). Then the functional inequality (3.4) is valid. If instead the bound
8.7) holds, with py =m, for any solution u to the Neumann problem (1.5)
starting from uy € L"™(Q;v), then the functional inequality (3.6) is valid.

Proof. Estimates (3.5) and (3.7) can be proved using exactly the same argu-
ments given in the proof of Theorem 2.1. As for the converse one can proceed, both in
the Dirichlet and the Neumann case, along the lines of the proof of [11, Th. 5.3] (one
puts formally ¢ = q/2 there). Notice that the finiteness of the measure is used there
to ensure the validity of the crucial inequality (5.7) of that paper (which is proved in
[12, Ths. 4.3, 5.6]). O
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Remark 3.2. The results of Theorem 2.1 here correspond to the case N =1,
py=p,=1land qg=—2.

Similarly, one can generalize the results valid, in the unweighted context, for
N=2.

Theorem 3.3 [Two-dimensional-like cases]. Assume that Q2 is a do-
man of RY. Suppose that, for all 0 < s < 7, the functional imequality

18

(3.8) I NI, W € WhA@v, 0 N L@ )

< GVl

by < 2

1s valid for a positive constant C, depending continuously on r. Let u be the solution
to the Dirichlet problem (1.4) satisfying condition (3.1) and starting from an initial
datum ug € LY(Q;v) N LP(Q;v), with py > 1. Then the bound (2.17) holds true upon
replacing ||uol|,, with |[uo|l,,.,-

Suppose instead that, for all 0 < s < r, the functional tnequality

-
B9 Wl < C(IVF o 1) I ¥ € W@

1s valid for a positive constant C, depending continuously on r, and assume that
Q) < oco. Let u be the solution to the Neumann problem (1.5) satisfying condition
(3.3) and starting from an initial datum ug € LP(Q;v), with py > 1. Then the bound
(2.18) holds true upon replacing |[uol|,,, with |[uol|,,.,-

Conversely, assume that v(Q) < oo. Suppose that the bound (2.17) holds, with
po = m and ||lugl|,, replaced by |lu|l,,,.,, for any solution w to the Dirichlet problem
(1.4) starting from wy € L™(Q;v). Then the functional inequality (3.8) is valid. If
instead the bound (2.18) holds, with po = m and |uel|,, replaced by ||u|l,,,.,, for any
solution u to the Neumann problem (1.5) starting from ug € L™(Q2;v), then the
SJunctional inequality (3.9) is valid.

Proof. The regularizing estimates can be proved using the same arguments
given in the proof of Theorem 2.2. As for the converse one can proceed, both in the
Dirichlet and the Neumann case, again along the lines of the proof of [11, Th. 5.3]
(one puts formally ¢ = oo there). |

3.1 - Long-time estimates

Similarly to what we did in Section 2.1, here we aim at improving the results of
Theorems 3.1 and 3.3 for t — oo. As for the Neumann problem (1.5) we shall see
below that, under the additional hypothesis that the weights p,,p, satisty the
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Poincaré inequality
| f@@)p,(x)da

(310) Hf _fHZ;\r < CPHVfHZ;,u Vf € WLZ(Q; Vv, ﬂ)v f = QT y

the long-time estimates of Section 2.1 work in the weighted context too.

Theorem 3.4. Let u be the solution to the Newmann problem (1.5) satisfying
condition (3.3) and starting from an initial datumug € LY(Q;v), withiy # 0. Suppose
that either of the Gagliardo-Nirenberg inequalities (3.6) or (3.9) is valid. Moreover,
assume that the weights p,, p, satisfy the weighted Poincaré inequality (3.10), with best
constant Cp. Then there exists a positive constant C > 0 such that (2.36) holds true.

Proof. It suffices to notice that the validity of either of the Gagliardo-
Nirenberg inequalities (3.6) or (3.9) and of the Poincaré inequality (3.10), which to-
gether imply the validity of the Sobolev inequality || f — f||.. < C||Vf ll2.,» is exactly
what one needs in order to reproduce the proof of [11, Th. 4.3]. O

Theorem 3.5. Let u be the solution to the Neumann problem (1.5) satisfying
condition (3.3) and starting from an initial datum wy € LP0(Q2;v), with py > 1 and
uo = 0. Assume that the weights p,,p, satisfy the weighted Poincaré inequality
(8.10). If the fomily of Gagliardo-Nirenberg inequalities (3.6) is valid for some
q < —2, then for some positive constants Cy, Ce the following estimate holds:

1

(811)  ul®) < Crt oD V> 0.

(q—2)p

0
(Czt + ||u/0||11)0,1,?7,) (m—=DI(g—2)py+q(m—1)]

If instead the family of Gagliardo-Nirenberg inequalities (3.9) is valid, then for
another positive constants Cy, Ce the following estimate holds:

“hpm-1 1
(812)  [u]|. < Gyt Ao e
(Cot + ol )™

In particular, in both cases the absolute bound

(3.13) u@)||,, < Cst 71 V>0

holds true for some Cs > 0 (independent of wuy).
Proof. Just notice that the validity of the regularizing estimates of Theorems

3.1, 3.3 and of the Poincaré inequality (3.10) allow to reproduce the proofs of [4,
Cor. 1.3] and [11, Th. 4.1]. O
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Regarding the Dirichlet problem (1.4), the analogue of Theorem 2.5 can be es-
tablished upon requiring v(Q) < cc.

Theorem 3.6. Let u be the solution to the Dirichlet problem (1.4) satisfying
condition (3.1) and starting from an initial datum ug € LP(Q;v), with py > 1.
Assume that () < oco. If the family of Gagliardo-Nirenberg inequalities (3.4) is
valid for some q < —2, then for some positive constants Cy, Ce there holds
1

(3.14) Ju@)|| < Crt T D VEs 0.

(g—2)pgy

(Cgt+ ||uo||;;?l)m

If instead the family of Gagliardo-Nirenberg inequalities (3.8) is valid, then
for other positive constants Cy,Cy there holds

T 1
(3.15) [u®)| < Cyt A __ wse
(Cat+ llly )™

In particular, in both cases the absolute bound
(3.16) lu@)||,, < Cst™ 71 V>0

holds true for some C3 > 0 (independent of uy).

Proof. Upon noticing that the Gagliardo-Nirenberg inequalities plus the
finiteness of the measure ensure the validity of the L?-gap inequality | f o, <
CellVf g, Yf eWé’z(Q; v, 1), the same arguments of the proof of Theorem 2.5

apply. 0

4 - Examples of weighted Gagliardo-Nirenberg inequalities

In what follows, we show explicit examples of weights for which one-dimensional-
like (Section 4.1) or two-dimensional-like (Section 4.2) Gagliardo-Nirenberg in-
equalities hold. We shall make use of the well-known Caffarelli-Kohn-Nirenberg
inequalities [6], and for simplicity we restrict ourselves to examples on real intervals,
which can anyway be constructed so that also what we called two-dimensional-like
weighted Gagliardo-Nirenberg inequalities hold.

4.1 - One-dimensional-like inequalities

Below we list choices of explicit weights (on real intervals) for which the 1-di-
mensional-like inequalities (3.4) and (3.6) are valid, so that the conclusions of
Theorem 3.1 hold true.
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The Dirichlet case

Let ¢ < -2, € (—1,1) and s, be such that 0 < s < 7. The inequalities

@ L\
R
(r—s)

T 2rs—q) . '()é:{il)
YSRNCINNY |f@))’
< c<j|f @)al dac) (Jrgmﬂ de|

R R

valid e.g. for any f € C*(R), are special cases of the aforementioned Caffarelli-
Kohn-Nirenberg inequalities, at least for s > 1. If instead s € (0,1) their validity
follows e.g. using once again the results of [3]. Let us set p,(x) = |ac|7%(17/j)71 and
pula) = |x\ﬁ . Since identical inequalities hold trivially also for any f € C°((0, c0)),
(4.1) implies that

(4.2) 11 < CUVFIIg LIS Vf € WoP((0,00);v, 1) N LA(0, 00);0),

q(r —s)
r(s—q)
inequality (3.4). Hence (3.5) holds true for the solution % to the Dirichlet problem
(1.4) associated to the weights pv(ac),pﬂ(ac) given above. Moreover, since p,(x) =
|x|7%<17ﬂ ~lig locally integrable in [0, 00), also estimate (3.14) holds if we restrict, for
instance, to the interval (0, 1).

having set J = —

By the results of [3] we infer the validity of the functional

The Neumann case

Consider again (4.1) but restricted to the space X of functions belonging to
C>([0,1 + ¢]) and vanishing at 1+ ¢, ¢ > 0 being a fixed parameter. As above let
g<-2,p€(—1,1) and s,r be such that 0 <s < 7. Set p,(x) = |:)c|’%<1’/’))’1 and
p(x) = |x\ﬁ . It is easy to prove, for example considering appropriate cut-off functions,
that X is denseinthe space Y of functionsin W2((0, 1 + ¢); v, u) vanishing at 1 + &. This
ensures that (4.2) is valid for any f € Y. Let P be the extension operator P :
W12((0,1); v, u) — Y. Following considerations analogous to the ones we made along
the proof of Theorem 2.1 (after formula (2.15)), we conclude that there holds (J is as
above)

(4.3) 1l < CIF 320 IFIRS Y € WH2(0,1); v, 0).

It is now necessary to show that

3
11 < C(IVF Nl + 1F1,) W17 ¥ € W20, 135w, 0.
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To this end, notice that the Poincaré inequality (3.10) here does hold. In fact, this can
be proved through a standard argument by contradiction, using the compactness of
the embedding of W'2((0,1);v, ) into L?((0,1);v) (for these special choices of
weights), which is shown for instance in [17, Sect. 7.10, ii)]. In this regard, see also the
examples listed in [11, Sect. 5.1], where we used the results of [5].

Hence the functional inequality (3.6) holds as a consequence of the results of [3].
Thanks to the validity of the Poincaré inequality as well, we have that for the choices
of weights above the solution # to the Neumann problem (1.5) satisfies estimates
(3.7), and (2.36) or (3.11).

4.2 - Two-dimensional-like inequalities

Below we list choices of explicit weights (on real intervals) for which the 2-di-
mensional-like inequalities (3.8) and (3.9) are valid, so that the conclusions of
Theorem 3.3 hold true.

The Dirichlet case

Let o > —1 and s, 7 be such that 0 < s < 7. The validity of the inequalities

: 3(1-%) G
(4.4) (j|f<x>|’"|x|“dx>sc,~(j|f’<x>|2|x|dx> ( j If(x)lslxl“dx>

R R R

<=

for any fe C*(R) is again a consequence of the Caffarelli-Kohn-Nirenberg
inequalities and the results of [3]. Notice that this corresponds to choosing ¢ = co
in (4.2). Letus set p,(x) = ||” and p,,(x) = |a|. Reasoning as in Section 4.1, we deduce
that (4.4) yields the validity of

18

(4.5) 11y < ColIVE llgy

that is (3.8). Hence (2.17) holds true (with |ul|,, replaced by ||uol|,,.,) for the so-
lution u to the Dirichlet problem (1.4) associated to the weights p, (%), p,(x) given

UL, ¥ € WE2(0,00); v, 1) N LA(0, 00); v),

above. Moreover, since p,(x) = |x|*, for o > — 1, is locally integrable in [0, co), also
estimate (3.15) holds if we restrict, for instance, to the interval (0, 1).

The Neumann case
Let « >—1 and s, be such that 0 <s < r. Set, as above, p (r)= |x|[* and
p,(x) = |x|. Proceeding exactly as in Section 4.1, one can show that there holds

Hf”r;v < C"" ||f|

1

2,2;1'44”‘](‘”;;1! Vf € W1’2((07 1)7 Vs ﬂ) .
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To prove that also

-
11 < Ce (19l + 1) I ¥ € WH2(O, v, 0

is valid, we use again the fact that the Poincaré inequality (8.10) holds for the present
choices of weights. However this cannot be shown through compactness, since for
such weights the compact embedding of W'2((0,1); v, ) into L2((0,1);v) fails (see
again [17, Sect. 7.10]). Nevertheless we can use [5, Th. 1.4], which gives the required
Poincaré inequality (actually more — see also the examples of [11, Sect. 5.1]).
Hence, for the choices of weights above, the solution u to the Neumann problem
(1.5) satisfies estimates (2.18) (with [|uol|,,, replaced by [uol|,,.,), and (2.36) or (3.12).
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