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On (w)topological spaces (**)

1 - Introduction

In [1], we introduced the notion of (w)topological spaces. There we defined and
studied some notions of separation axioms ((w)Hausdorffness, (w)regularity and
(w)normality) and compactness ((w)compactness, local (w)compactness and
(w)paracompactness). It was proved that a (w)Hausdorff (w)paracompact space is
(w)normal. In this paper, we introduce (w*)normality which is stronger than
(w)normality. We show that (i) a (w)Hausdorff (w)paracompact space is (w*)normal
(Theorem 3.1), and (1) if a space is (w*)normal, then every point finite (w)open cover
is shrinkable (Theorem 3.3). As promised in [1], a (w)topological version of Michael’s
theorem— a characterization of (w)paracompactness (Theorem 3.2) is given.
Theorems 3.4 and 3.5 together reflect the celebrated Stone’s theorem on para-
compactness.

2 - Preliminaries

We denote the set of natural numbers by N. The following definitions were in-
troduced in Bose and Tiwari [1].
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Definition 2.1. If {J,} is a sequence of topologies on a set X with
Tn C Tns1 for all n € N, then the pair (X, {J,}) ts called a (w)topological space.

In the sequel, the (w)topological space (X, {J,}) is simply denoted by X. The
closure of a set A C X with respect to a topology 7 on X is denoted by (7)clA.

Definition 2.2. Any set G € U, J,, 1s called a (w)open set. A set F is called
(w)closed if X — F is (w)open. A set is (cw)open (resp. (dw)closed) if it is the union
(resp. intersection) of a countable number of (w)open (resp. (w)closed) sets.

Definition 2.3. X 1is said to be (w)Hausdorff if for any two distinct points
x,y of X, there exists an n such that for some U,V € J,, wehavex € U,y € V and
unv=0.

Definition 2.4. X 1is said to be (w)regular if given a (w)closed set F and a
point x € X with x¢ F, there exists an n such that for some U,V € J,, we have
xeU FcVand UNV =.

Definition 2.5. X is said to be (w)normal if given two (w)closed sets A and B
with AN B = (), there exists an n such that for some U,V € J,, we have A C U,
BcVandUNV =0

Definition 2.6. A collection C of subsets of X is said to be (7 ,)locally finite if
each x € X has a (J,)open nbd intersecting atmost finitely many sets € C.

Definition 2.7. X is said to be (w)paracompact if every (w)open cover of X
has, for some n, a (Ty)locally finite (J,)open refinement.

In [1], (w)paracompactness was defined for (w)Hausdorff spaces. We require the
following theorem [1].

Theorem 2.1. If X 1is (w)Hausdorff and (w)paracompact, then X 1is
(w)regular.

3 - (w)paracompactness

We introduce the following definitions.

Definition 3.1. X is said to be (w*)normal if given two (dw)closed sets A and
B with AN B = (), there exists an n such that for some U,V € J,, we have A C U,
BcVand UNV =0.
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It is easy to see that X is (w*)normal iff for any (dw)closed set F' and any (cw)open
set G with F' C @G, there exists an » such that for some (7,)open set U, we have
FcUc(JnelU cQG.

Obviously (w*)normality is stronger than (w)normality.

Example 3.1. The (w)topological space (N,{T,}), where T, is the topology
generated by the base

{0, N} U{U}_ {{even integers < i}, {odd integers < i}}}

18 (w)normal but not (w*)normal.

Definition 3.2. A (w)open cover U = {U,|a € A} of X is shrinkable if there
exists a (w)open cover V= {V, | a € A} such that for each a € A, there exists an
ng € N such that (J,,)clV, C Uy. In this case, V is said to be a shrinking of U.

Definition 3.3. A (w)open coverU of X is said to be point finite if each x € X,
belongs to finitely many sets € U.

Theorem 3.1. If X is (w)Hausdorff and (w)paracompact, then it is
(w*)normal.

Proof. LetA and B be two disjoint (dw)closed sets. Let x € A. Then« ¢ B, and
so there exists a (w)closed set F' such that B C F' and « ¢ F'. Therefore by Theorem
2.1, there exists, for some n, € N, two disjoint (7, )open sets U, and V, such that
x € Uy, F CV,. Theset X — Ais (cw)open. Suppose X — A = UpcnGy, Where Gy, are
(w)open sets. Then the family U = {U, | x € A} U{Gy | k € N} is a (w)open cover of
X. Since X is (w)paracompact, there exists, for some 7, a (J,,)locally finite (7, )open
refinement C of Y. Let U=U{G €C | GNA # 0}. Then U € 7, and A C U. For
each y € B, there exists a (J,,)open nbd W, of y that intersects only a finite number
of sets Ui(y),....Ur(y) € C with U;(y)NA#0, i=1,2,...,k. Let Ui(y) C U,
i=1,2,...k and H,=W,n ("% ,V,). Then y€H, and H,€J, where
I = max (n, Ny, , Ny, ..., Ny,). Also U N H, = (. Suppose X — B = UpenDy,, where Dy,
are (w)open. Let & be a (7,,)locally finite (7, Jopen refinement of the (w)open cover
W={H, | yeB}U{Dy | ke N}. Let W=U{E €& | ENB # 0}. Then W is
(Tm)open,BC Wand UNW = (. Also U,W € J,, » = max (m,n). O

Now we provide a (w)topological version of Michael’s theorem (Michael [3]) on
(w)paracompactness. We call a collection C of subsets of X, o-(J,)locally finite if
C = U2, Cy, where each Cy, is a (J)locally finite collection.
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Theorem 3.2. Suppose, for each n € N, (X,J,) is a reqular topological
space. Then the following statements are equivalent.

(a) X 1s (w)paracompact.

(b) Each (w)open cover of X has, for some n, a o-(Jy)locally finite (J,)open re-
finement.

(c) Each (w)open coverU of X has, for somen, a (J,,)open refinementV and )V has
a (Jy)locally finite refinement (not necessarily (7 ,)open,).

(d) Each (w)open cover U of X has, for some m, a (T ,)open refinement V and V
has, for some n, a (Jy)locally finite (J,)closed refinement.

Proof. (a)= (b): Follows easily.

(b) = (c): Similar to the proof of the part (2) = (3) of Theorem 2.3 (Dugundji [2],
p. 163) .

(¢)=(d): Let U be a (w)open cover of X. Then by (c), U has, for some m,
a (Jn)open refinement V. Consider x € X and V, € V such that & € V,,. Then by
the regularity of (X,J,), there exists a (J,)open set W, such that
xeW, C(Tn)W, CV,. Then W={W, | x€X} is a (Jy)open, and hen-
ce (w)open cover of X. Therefore by (c), W has, for some [, a (7;)locally finite re-
finement A. For A € A, there exists a W, such that A ¢ W,,. So if n = max ([, m),
then (J,)clA C (Tn)clW, C (Twm)clW, C V,. Since A is (J)locally finite and
J1 C Ty, it is also (J,)locally finite. Thus, by 9.2 (Dugundji [2], p. 82), {(J.)clA |
A € A} is a (Jy)locally finite (7, )closed refinement of V.

(d)=>(a): Let U be a (w)open cover of X. Then by (d), it has, for some [, a (7;)open
refinement V and V has, for some m, a (J,)locally finite (7, )closed refinement W.
For each point « € X, there exists some (7,,)open nbd intersecting a finite number
of elements of W. The collection G of all these nbds forms a (7,,)open cover, and
hence a (w)open cover of X. Therefore by (d), G has, for some n, a (7,)locally finite
(I n)closed refinement F. For W € W, we define

FW)={FeF|FnW =0},
F(W) = U{F | F € FW)},
DW) =X - FW).

Then F(W) is a (Jy)locally finite collection of (7,)closed sets. Therefore by
9.2 (Dugundji [2], p. 82), F(W) is (J,)closed. Hence D(W) is (7, )open. Since W is a
cover of X, it follows that the collection D ={D(W) | W € W} is a (J,)open cover of
X. Ttisalso (7)locally finite. In fact, if B, is a (7 ,)open nbd of & intersecting the sets
Fi,Fs,....F of F, then B,ND(W) # () implies that for some i=1,2, ..k,
F;nD(W) # () and so F; N W # (. Since each F'; is contained in some member of G, it
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can intersect a finite number of members W of W, and so it follows that B, can
intersect a finite number of sets D(W) of D.

Now for each W € W, we chooseaV € Vsuchthat W c V. If r = max ([, n), then
the collection {V N D(W) | W € W} is a (J,)locally finite (7,)open refinement of V
and hence of /. Hence X is (w)paracompact. O

Theorem 3.3. If X is (w*)normal, then every point finite (w)open cover of X
1s shrinkable.

Proof. Suppose X is (w*)normal and i/ = {U, | a € A} is a point finite (w)open
cover of X. We well-order the set A andlet A = {1,2,3, ..., q, ...}. We now construct a
collection of (w)open sets V = {V, | a € A}, by transfinite induction, as follows. Let
Fy =X —U{U, | a > 1}. Since for a fixed %, an arbitrary union of (.7, )open sets is a
(JIn)open set, it follows that the union U{U, | a > 1} is (cw)open, and hence F is
(dw)closed. Also F'; € U;. So by (w*)normality, there exists an n; € N such that for
some (Jy,)open set Vi, F1 C Vi C (T )elVi C Ur. We suppose Vp has been defined
for each f < a. Let F, =X — H,, where H, = (U{Vy | f < a}) U(U{U, |y > a}).
Then F is (dw)closed and F, C U,. Therefore there exists an n, € N such that for
some (J,,)open set V,, we have F, C V, C (T, )clV, C U,. Now we show that
V={V,|aecA}is a cover of X. If x € X, then x belongs to only finitely many
elements U,,,U,,,...,U,, of U. If a =max(as,az,...,a,), then x & U, for y > a.
Therefore x € Vj for some f < a, since if & ¢ Vj for all § < a, then x must belong to
F, and hence to V,. Thus V is a cover of X and hence it is a shrinking of I. O

For x € X, A C X and a (w)open cover U of X. We write
Ste, ) =U{U |z U € U}
StA,U)=u{U | Uel, UNA # ¢}.

A cover V of X is called a barycentric refinement (resp. star refinement) (Dugundji
[2], p. 167) of U if for each & € X (resp. V € V), St(x, V) (resp. St(V,V)) is contained in
some U € U.

Theorem 3.4. IfX is (w)Hausdorff and (w)paracompact, then every (w)open
cover of X has, for some n, a (J,)open barycentric refinement.

Proof. Suppose X is (w)Hausdorff and (w)paracompact. Then by Theorem 3.1,
X is (w*)normal. Let U be a (w)open cover of X. Then for some m, U has a (7 ,,)locally
finite (J,,)open refinement V= {V, | a € A}. Since X is (w*)normal and since each
(Iw)locally finite cover is point finite, by Theorem 3.3, there exists a shrinking
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W={W, | a €A} of V. For each a € A, there exists an n, € N such that
(T n,)elW, C V,, and so W is also (J,)locally finite. Since for all n, 7,, C Jn11, We
may assume that n, > m for all a. Now let x € X and

Ge=n{V, |acA, xec(Ty)W,}.

Since (Jy,)clW, C V,, each V, in the above intersection contains x. So from the
(I m)local finiteness of V, it follows that G, is the intersection of finite number of
(Jm)open sets V,,. Hence G, is (J,)open. If

Fy = U{(Tn)elW, | & & (Tn, )W, },

then X — F, is (cw)open : Let y € X — F,. Since W is (J,)locally finite, there ex-
ists (Fm)open nbd D, of y such that except for a finite number of a, we
have D, "W, = 0= D, N (Tw)clW, =0. Suppose D, intersects the sets
(Tm)etWey, ... (T n)clW,, for which x¢ (7, )clW,. Since for all a, n, >m, D,
intersects at most (J ey W, , ... (J ey )clW,,. Therefore B, =D,n (ﬂfle
X - (T n, )elW,,)) is a (Jpopen nbd of y, where ! = max(m,n,,,...,Ny). Also
B, Cc X —F,. Therefore it follows that X —F, is (ow)open. Hence
H,=G,Nn(X —F,)is (cw)open. So H = {H,, | x € X} is a (cw)open cover of X. For
each x, replacing the (cw)open set H,, of H by the (w)open sets whose union is H,,, we
get a (w)open cover C of X. Let P be a (7, )open refinement of C for some n. We now
show that P is a (7, )open barycentric refinement of /. It is sufficient to show that C
is a barycentric refinement of V.

We take any y € X and an « such that y € (7,,)cIW,. Let y € C € C and
Cc H,=G,NX — Fy). Therefore x € (J,,)cIW,, since otherwise (7, )clW, C F
and so y ¢ H,. Therefore G, cV,=H, CcV,=CcV,= St(y,C) C V,. It thus
follows that C is a barycentric refinement of V. O

In Theorem 3.2, we require the following condition: For each n, the topological
space (X, J,,) is regular. In the next theorem, we use Theorem 3.2 and so we need the
above condition which is stronger than (w)regularity.

Theorem 3.5. Suppose for each n, (X, J,) is a regular topological space. If
each (w)open cover U of X has, for some n, a sequence {Uy} of (T,)open covers such
that Uy is a barycentric refinement of U and for all k > 1, U1 1is a barycentric
refinement of Uy, then the space X is (w)paracompact.

Proof. Let U={U, | a € A} be a (w)open cover of X satisfying the above
condition. We denote by V,, the set of those points x of U, for which St(x, U;,) C U, for
some k. Then the collection V = {V, | a € A} forms a refinement of // : By definition
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V, c U,. Also for each x € X, St(x,U,) C U, for some a and so x € V,. Thus Vis a
cover of X.
We well order set A and let A = {1,2,...,qa,...}. For any k € N, we define

Fi1 =X — St(X — V1,U;.), and for a > 1,
Fr, =X — SUX — V) U (Upeq Fip), Up).

Then F}, are (J,)closed sets. Obviously for all a, F,, N St(X — V,),U;.) = 0 and so
X - V) N St(F}y, Uy) = 0. Therefore

(1) St(Fyy, Uy) C V, for all a.
Also we have
(2) St(Fle, Up) N Fk/g = () for all B #a.

The collection {Fy, | k € N, a € A} forms a cover of X : consider x € X. Let a be the
first index such that « € V. Then St(x,U}) C U, for some k. Since U}, is a bary-
centric refinement of U}, it follows that St(x, U}.1) C V,. Thus we can say

(3) St(x,U;) C V, for some [.

If w € SUX — Vi) U (Upeq Fip),Uy), then St(x,U;) intersects (X — V,) U (Upy Fip)
and so St(x,U;) intersects Ug.Fip (by (3)). Therefore St(x,l;) intersects Fip for
some f < a and so x € St(Fj3,U;) C Vp (by (1)) which is impossible, since a is the
first index such that x € V,. Therefore x ¢ St(X — V,) U (Up, Fip),U;) and so
x € Fy, (by the definition of F,).

Now for each pair of k and «,

Gka - St(Fka;ukJrZ) C St(kauk) C Va (by (1))

and Gy, is a (J,,)open. Also the collection G = {Gy, | k € N and a € A} forms a cover
of X. For if x € X, then for some k and a, x € F,, C St(Fyq,Up12) = Giq.

There is no B € U} intersecting both Gy, and Gy for a # f. For if B intersects
both G, and Gy, there exist By, By € U2 such that B intersects both F,, and B,
and B; intersects both F.5 and B. Therefore St(B, U} 2) intersects both F,, and Fi.
Since Uy, o is a star refinement of U}, (by 3.4, Dugundji [2], p. 167), some D € U,
intersects both F,, and Fs, and hence St(F,,U) N Fip # 0 which contradicts (2).

Therefore it follows that the collection G, = {Gy, | a € A} is (T)locally finite.
Thus G = U2, Gy is a 0-(J )locally finite (7 ,,)open refinement of V and hence of /.
Therefore by Theorem 3.2, X is (w)paracompact. O

Theorems 3.4 and 3.5 together give a (w)topological version of Stone’s theorem
on paracompactness.
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Abstract

In this paper we prove some results on (w)topological spaces related to (w)paracom-
pactness.



