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FRANCESCO LEONETTI and PIER VINCENZO PETRICCA (¥)

Existence for some vectorial elliptic problems

with measure data (*%)

1 - Introduction

The study of elliptic boundary value problems with measure data

{ — div (ae, u(x), Du(x))) = 4 in Q
(1.1)

u=>0 on 0Q

received great attention starting from [2]. In such a paper the scalar case
u: 2 C R" — R has been considered and the model operator is the p-laplacian
a;(e,u, &) = |§|p_2§7;. Some years later [3], the anisotropic p;-laplacian has been
dealt with: a;(x,u, &) = |&° "'72@, that is, each component of the gradient D;u may
have a different exponent p;; this seems useful when dealing with some re-
inforced materials, [11]; see also [10], example 1.7.1, page 169. Let us point out
that both [2] and [3] deal with the scalar case u : 2 — R; as far as the vectorial
case u : Q@ — RY is concerned, some contributions appeared in [7] and [4], where
the vectorial p-laplacian is considered. In this paper we deal with the anisotropic
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(**) Received November 17" 2005 and in revised form March 2" 2006. AMS classifica-
tion 35J60, 35D05, 35J55.

We acknowledge the support of MIUR, GNAMPA, INJAM and CARISPAQ.



34 FRANCESCO LEONETTI and PIER VINCENZO PETRICCA [2]

vector valued case:

n
(1.2) { — > DDl *Diu) = ¢ in @
) i=1
u=20 on 02,

where u:Q c R" — RY with = >3, N>1, Q is a bounded open set and
w= (..., 1) is a finite Radon measure on R” with values into RY. In this paper
we prove existence of weak solutions for the Dirichlet problem (1.2): in Section 2 we
give the precise result, whose proof appears in Section 3. We thank the referee for
useful remarks and suggestions.

2 - Notations and statements
We study existence of weak solutions for the Dirichlet problem

n
— S Dy(|DuPi2Du) = u in Q
2 { 52 Di(Di )=u
u=20 on 02,

where u:Q c R" — RN with n» >3, N>1, Q is a bounded open set and
w=(d, ..., 1N)is afinite Radon measure on R” with values into RY. We need some
restrictions on the exponents p; > 2; we introduce the harmonic mean

11\
p={>>~
)

and we assume that

_ pln—1) pn—-1) .
2.2 i 1,... .
(2.2) p<nand@_1)n<p1< - Vie{l,...,n}
The right hand side of (2.2) can be written as
n(@P—1) n—p
11— = p; 1
Z[ pn — 1)] plﬁ(n -1 =
thus
n(p —1)
1<p;,—1 i
so we can take exponents ¢y, . .., g, such that
p—1 .
pi—1< Z<n(p ) Viedl,...,n},

pn— D
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and we set
-1
. _ 1¢-1 1 1 1
g =ming;, q_<ani> ) T 7 n
In this paper we will prove the following

Theorem 2.1. Under the previous assumptions there exists u € Wé ’Q(Q, RY)
NLT(Q,RN) with Dyu e L9(Q,RY) Vi e {1,...,n} such that

n N N
(2.3) JE D> :|Diu\Pi*ZDiuﬁDi¢ﬁdc" => :Jgoﬁd,uﬁ Vo € C(Q,RM).
o =1 p=1 =14

In this theorem we may take n = 3, p1 = p2 = 2 and p3 € (2, +00); this example
shows that our theorem cannot be derived from [5], [13].

The previous theorem improves on [9]: we remove the restriction on the support
of the measure ¢ and we allow a wider range for p;.

3 - Proof of the Theorem

Let {¢; } e be a decreasing sequence of positive numbers converging to zero. We
mollify our measure ;1 and we obtain smooth functions

Je=uxp, — 1
with
(3.1) Sup 1 fill i@ < |l(R™) < 4-o0.

We set p = min; p; and we use direct methods in the calculus of variations in order to
find

wev="{ue Wy 2@, RNy : D e LP(@,RY) vie {1,... b},

such that

n N N
(3.2) J D" D DigfdL" = J Sldcr vpev.

o i=1 p=1 p=1 0

We bound u;.: we use a componentwise truncation argument [7], [8] and estimates
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on level sets [2]; we set

0 0<t<L
t—L L<t<L+1
M) =
t>L+1

-M(—-1) t<O0
and we use the following test function ¢ in (3.2): we fix a € {1,..., N} and we take
¢ =(p',...,¢") with ¢f = 0 for f # a and ¢* = M(uf), where u{ is the a-th compo-
nent of u; = (u},...,ul). We define

Brr={reQ:L < |uj@|<L+1},
and we insert the previous ¢ into (3.2): we get

P2 Dot [P = J M () dov.
By =1 Q

Since |M(t)| < 1, we can use (3.1) so that the right hand side of (3.3) is bounded by
||(R™). Let us look at the left hand side: since p; > 2, we have

‘sz Pi—2 < ’Diuk’pr
thus we get
(3.4) J > |Dwg|"de < ¢ Vk,LeN.
By =1
Since

_np-1
qZ < ﬁ(n _ 1)pl7

we can select

n(p —1)
ve (028=3) con

such that ¢; < Op; for every i. Now, without loss of generality, we can assume that
qi = Op;
for every 7 and

np—1)
pn—1)

0 is close to
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Letusremarkthat1 < q; < p;foreveryi € {1,...,n}andq < p < n. Now we follow
[3]: we set
_ 1-0q

)\1
0

so that 4 > 1; we use Holder inequality:

J |Dyut|" dee = J Dy | QL+ )P A ) 9P e

Q Q
[ ai/pi 1-;/p;
< J D" (1 + Iu,‘g)‘idac] “(1 + |uz|)iqf/<pi—qi)dx]
Lo o
(85) _+°C i 1-qi/pi
= Z J ‘Diuﬂpi(l + ug ) dae J(l + |uz|)iqi/<mqi)dx}
105, )
_+oc i 1=qi/pi
< Z(l +L) J \Diug|” dac [ A+ |uf )E*dx} _
_L:0 B Q

We keep in mind (3.4) and / > 1: we get

1-qi/pi
(3.6) J |Dyug|"dac < c» [J(l + |u;;|)?*dx] :

Q Q

We use the anisotropic embedding theorem [12] and we get

] [(1/g)—1/pdl/n

n n .
HuIZHLE*(g) <c H ||D1uli||z/q7(9) < ¢ H [J(l + |u )" dow
i=1 s

1-0)/(0p)
m“(lﬂug)ﬁ*daﬁ] .

Q

(3.7)

We recall that p < n, so
1-0)/p <1/7
thus (3.7) gives

(3.8) (||

oy <0 YkEN, Va=1,_.. . N.
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We insert this bound into (3.6) and we get
(3.9) D)l oy < €6 VEEN, Vi=1,...m, Ya=1,..N.

Because of weak compactness, there ex1sts u e W (Q RY YNLT (Q, RY ), with
Dyu € L%(Q, RY) vie {1,...,n}, G; € Lm 1(Q, RY) and h; € LY(Q,R) for every

1€ {1,...,n} such that, up to a subsequence,

(3.10) we —u in Wy%@,RY),

(3.11) Uy — u a.e.in Q,

(3.12) Djuy, — Dy in L%(Q,RY)  vie{l,...,n},
(3.13) Do P Dau, — 7; in L@, RY) Vie {1,... n},
(3.14) |Diu — Dju| — h; >0 in LY(Q,R) Vie{l,...,n}.
We claim that

(3.15) hi=0 inQ Vie{l,...,n}

thus

(3.16) Dy — D in LYQ,RY) Vie{l,...,n}.

We prove claim (3.15) following [4]. We fix a smooth v : R” — RY; later, v will be
chosen as a linear Taylor polynomial of u. We take cut off functions ¢ : R" — R and
n: RY — R such that

$ € CX(QR),
neCXRN,R),

With0§¢§land0§n§l.Wetakel//:RNHRNasfollows

w(z) = y(IZI)| |

where y € C}((0, +00), R) with y and y non-negative and bounded; moreover, we
require that y| g, () = Id . Note that

/ 72D 22
il Sgy — ==
azé (z) V(|2 |) 2 | + 2] ( |z|2>

thus

N N
(3.17) Z & Z
a=1 :1
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For everyj € {1,...,n} it results that

0< J|D_7%k — Djuln(uy, — v)gda

Q
< | 1Dy~ Dy ~ vigds + | 1Dy - Dyl ~ v
Q Q
(3.18) 1/p; 1-1/p;
< (J |Djwi, — Djv|Pin(uy, — v)¢dm) (J n(uy, — v)qbdac)
Q Q

+ J |Djv — Dju|n(uy, — v)gdee.
Q

Let p = max; p;. Then, using the monotonicity of z — |z|* ~2z and the equality y =Id
on supp(y), we get

0 < T‘;C = J \Djuk — D]"U|pji7(uk — T))de.%'
Q

< J|Diuk — DlP'n(uy, — v)gdex

=1 o

<& 1> [{|Dsurl" 2Dy — D" 2D, Diwge — Diw)pue — v)pelac
i=1 0

= 871> [IDiu 2Dy, Diy s, — v, — v)gdac
1=1 o
(3.19)

n
-8y (IDw|"2Dyv, Dy, — Dp)y(uy — v)ddee
=1

=1 0

8{ D 2D, Dyt~ e

> [UDI" 2D, Diwg. — Div)n(uy. — v)pdac

> |
[k
1o

3

i=

Dy |2 Dy, Dy Cuy, — )Y — oy, — v)]qbdac}.
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We recall (3.2) and we get

n

> J<|Diuk "2 Diug, Di(y(uy, — v)))gdx

=1

(|Dsug | EDiuge, Dily e — v)@))de

(3.20) — > (D" D,y — v)D;)dae

= [ py, wlug — v)g)dw

3

- J (D2 D, . — VIDig)d.

-1,

~

Moreover, (3.17) implies

=~ [(Ds D Dt — 0)11 s —

i=1

(3.21

O

Q
) n N N 81//
< JZ \Diue [P 2D yuf Z 50 (u — V)DL — nluy, — v)lgde.
3 o s=1

i=1 a=1
We insert (3.20) and (3.21) into (3.19): we get

0< T‘L = J \Djwi, — Djv|Pin(w;, — v)gda
Q

n

1=1 0

g { J</‘ % pe, Wy, — v))dic — Z J.<‘Diuk|pi72Diuk7 w(u, — v)Dig)dic
Q

(3.22)

O

<
n N , N o
D™Dt — )DL~ — v)1gd
+ - i;| zukl zuk; 025 (uy — v)DV’[ n(uk ?})]¢ ”

3

- J<|Div|p 2Dy, Dywy, — D) luy, — ’U)Wx}

i=1 0

(8]

We now use (3.11), (3.12), (3.13), (3.14) and we keep in mind that #,y, Dy are



[9] EXISTENCE FOR SOME VECTORIAL ELLIPTIC PROBLEMS WITH MEASURE DATA

continuous and bounded: for every j =1,...,n we get

0< T :=limsupT}
k—400

2eRY i=1

< 87“{ sup (p(@) [ gl = > [(@iwt — oDig)d

Q Q
(3.23) n_ N N_ gy
—a S
+) JZ 7! Z 5. (= VDL — nu — v)gda
i=1 0 a=1 s=1
- | J<|Div‘pi72DivaDiu - DZ”)”(ZL - 'U)¢d9(}},
-1
Q
(3.24) 0< kgrfm J |Djuy, — Dju|n(uy, — v)¢dae = Jhm(u — v)gdu,
Q Q
(3.25) kEIPoo J |Djv — Dju|n(uy, — v)gde = J |Djv — Dju|n(u — v)¢d,
Q Q
(3.26) klim Jn(uk —v)pdx = Jn(u — v)gdu.
——+00
Q Q

Take the limsup in (3.18). We get, for everyj=1,...,n,

0< thn(u —v)gde <
Q

(3.27) Ym
(T‘Zm)l/pj (J N — v)gbdx) + J |Djv — Dju|n(u — v)gdx
Q

Q

where T{;O has been estimated in (3.23). For a. e. a € Q and every j =1,...

have (see [6] and [1])
|u(x) — [ula) + Dula)(@ — a)]|

(3.28) RILII&+ 7 dx =0,
B(a,R)
(3.29) lim ][ \Du(x) — Du(a)|da = 0,
B(a,R)
(3.30) Jim ][ 15,(@) — (@) de = 0,

B(a,R)

41
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(3.31) Rlin& } |hj(x) — hj(a)|dx = 0,
B(a,R)
. |u|(B(a, R))
3.32 1 ind bt bl
(832) o ' (B(a, R)
where £" is the Lebesgue measure in R” and
1
][f(x)dac = mjf(m)dac.
A A
We choose v to be the linear Taylor polynomial of % in a:
v(x) = ula) + Dula)(x — ).
Since we are still free to select ¢, # and y, let
1 /m—a 5 5 ~
50 = d("5 ), FCTBODR, 0241 [ e =1
R
@) =7(g), i€ CEBODR, 0<H<1L, Ay =1,
_ri(Y
wr(y) = Ry (R),
with ¥ as in the above discussion. Then (3.27) can be written as follows:
0< J hinp(u — v)¢pdx
B(a,R)
(3.33) ) 1=1/pi
. Dj
< (T{)O,R) ' J np(u — V)ppda + J \Djv — Diulng(u — v)yda
B(a,R) B(a,R)
where
0< T-Z}O_R := lim sup J \Djuy, — Djv|Pinp(u — v)$pdic
k—+o00 BaR)
. n
< 8’“{ sup |z (2)| J Srdlu = J (@i, wr(u — v)Digp)dx
N -
ek B@.R) =1 paR)
(3.34)

n N N
8 a
+3 J 3 & ; 8";5 ( — V)DL — g — )lgpde
- J (D" 2Dy, Diu — Div)ng(u — ”)¢Rd90}~

=1 Ba.Rr)
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Recalling (3.28), ..., (3.32) and the definitions of 75, ¢5, we get

(3.35) R}in&+ J hing(u —v)¢pde = hj(a),
B(a,R)
(3.36) ng](r)l+ Tfoo,R =0,
(3.37) 0< J np(u — v)gpda <1,
B(a,R)
(3.38) Rlin()l+ J |Djv — Djulnp(u — v)¢pde = 0.
B(a,R)

As far as (3.36) is concerned, we give some details in the Appendix. Let us take
R — 0" in (3.33): we get, foreveryj=1,...,n,

(3.39) hi(a) =0 for a.e.a € Q2

thus our claim (3.15) is proved. Now we have (3.16), thus, up to a subsequence,

(3.40) Duy, — Du ae. in Q.
The previous pointwise convergence and the estimate

|||Diuk|pfsziukHU%( |Diuk| %%_é)) < ¢, Vk e N, Vie{l,...,n}

Q) B |
allow us to get
341)  |\Diu/" 2Dy — Dl 2D in L@, RY)  Vie{l,...,n).

Thus we can pass to the limit, as k — + oo, in (3.2) and it turns out that u solves (2.3).
This ends the proof. O

4 - Appendix

For the convenience of the reader, we give some details about the proof of (3.36).
We look at inequality (3.34): it suffices to prove that all the four integrals go to zero
when R — 0". We keep in mind that

(4.1) lwp(2)| < csR

1
(4.2) 0< ¢p@) < 5
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then

|u|(B(a, R))

0< suplup®)l | pdiul < RS

N
zeR B@.R)

and the right hand side goes to zero because of (3.32). Now we deal with the second
integral in the right hand side of (3.34):

(@), wp(u(®) — v(@))D;dp(x))da
B(a,R)

< J (6:(@), v p(u(a) — v(@)Digsp(@)) e
B(a,R)

+ J (@) — 3(@), (@) — v@)Digg@))de| = Iy + L.

B(a,R)
Note that
1 ~ e —aon 1
We recall that
w(z) =z for z € B(O,%) C supp ()
then

wpu —v)=u—v on |u—fu|§1
R 2

thus it is convenient to let

Ap = {xeB(a,R);M>l}

R 2]

We define w, to be the 7 dimensional Lebesgue measure of the unit ball in R";
then £"(B(a, R)) = w,R" and

L*(AR) < 9% |u(x) — v(w)] e

R" > n ‘J; R
B(a,R)

0<
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We use (3.28) and we get

(4.3) lim 2748 _

R0+ Rm 0

Now we are able to deal with I as follows:

0< Ik = o | @@t — o) [Did(" 1) o

Ag

. a1

() 4 J (@@, (@) — 0 [Did(“ ) | e
B(a,R)\Ar

< L"(Ag)

- Rn

|u(x) — v(®)]

7 de.

|Ei(a)|68HDi;ﬁHL‘x(R”) + wn|‘_7i(a)|HDi;ﬁHLoc(JR") f
B(a,R)

Using (4.3) and (3.28) we get

(4.5) Jim I = 0.

As far as I1y is concerned, we argue as follows:

0 < Ip < csw, || Dig]] 7:(x) — Gi(@)|da

R'rl)
B(a,R)

thus we can use (3.30) and we get

(4.6) Jlim 17 = 0.

Limits (4.5) and (4.6) guarantee that the second integral in (3.34) goes to zero when
R — 0". In a similar manner we can show that the third integral goes to zero. The
fourth integral is easier to be dealt with. Thus we have established (3.36).
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Abstract

We study the Dirichlet problem

i=1

n
— S Di(Duf’ *Diu) = u in Q
u=0 on 09,

wherew : Q C R* — RN withn > 3, N > 1, Qs a bounded open set and u = (i, ..., 1¥)isa
finite Radon measure on R™ with values into RY. Under some restrictions on the exponents
pi > 2, we prove existence of a weak solution u.
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