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GIUSEPPE MOLTENTI (*)
Two trigonometric matrices (**)

The present work is essentially a shortened version of a wider paper [9]; we
refer to that paper for the proofs not included here.

1 - Notations

The symbol 8 ;o,etning assumes the value 1 when something holds, 0 otherwise.
For m, n, selN, (m, n) is the greatest common divisor of m, n; m|n means that
m divides n; m = n(s) and m =% mod (s) mean that s|(m —n); n is said square-

free when p? + n for every prime p; (7:;) is the Jacobi symbol, i.e., the completely

multiplicative extension of the quadratic character for odd m, n; ¥ := u * ¢ is the
Dirichlet convolution of the Mobius and the FEuler functions, ie., w(n)
= X u(n/d)p(d). At last, we denote by Imax the imaginary part of x.

d|n

2 - Introduction and motivations

Schur introduced the matrix

D= |exp
S 0<m,n<s

where s is a positive integer. Since @* = s?1, the eigenvalues are the numbers
i"4/s for 0 < v < 3. Schur has determined the multiplicity of every eigenvalue and
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used such result to evaluate the Gaussian sum i ¢27"°/s which is the trace of &
(see [12]). Such matrix represents also the discryéfé Fourier transform on s points,
therefore it is extensively studied in Approximation Theory and Numerical Analy-
sis. In particular, there exists a broad literature about its eigenvalues and eigen-
vectors (see [2], [4], [5], [8], [10]). In this paper we study the four matrices

. [ rmnz . [ 2rmnm
M, = \/Q[sm( )] , M, = [sm( )] ,
S 0O<m,n<s S 0O<m,n<s

. [ rmnx . [ 2rmnm
M, = \/é sin , Mg, . = |sin ,
s 0<m,n<s ! s 0<m,n<s

(mn, 8) =1 (mm, s) =1
where 7, s are odd integers with (7, s) =1 and s > 1. In particular we found their
eigenvalues, multiplicity included. In this way also their characteristic polynomials
are determined since these matrices are symmetric. The normalizating factor \/2
appearing in the definition of M, ; and M,  is introduced by convenience. More-
over, we note that My, , 5) s = My, s and My, , ;) ;= My, , hence the fact that r is
odd is not a true restriction but only a convenient assumption simplifying the
proof of the results.

Matrices M. ; and M.’ are evidently related to @, but only M, ,, satisfying
the identity ME s = sl, has a behavior like that one of @. The following examples
show that the structure of the characteristic polynomial of the other matrices is
strongly influenced by the arithmetical properties of the parameters 7 and s: in all
cases the eigenvalues are 0 and t\/al where d is a divisor of s but for non-square-
free s not every divisor appears and the rule selecting the eigenvalues and their
multiplicity is not evident.

det (2l — My, 7) = 23 (2% = T)(x — \/T)

det (2l — Mg, 7) = *(x? — T)(x + /1)

det (2l — M, 15) = 2" (2% — 15)*(x — \/15)

det (xl — My, 15) = 907(902 —15)%(x + \/15)

det (xl — M3 ;) = a®(@® = T)(x — V/7)

det (2l — M{ 1) = 23(x? — T)(x + V/7)

det (2l — M3 15) =2 (x — V3)(@? - 5)(x — V15)
det (] — MYy 15) = 2 (x — V3)(@? - 5)(x + V/15),
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s det (&1 — M/ ;)

35 (x®—=3)x?—-572x%-35)
511 (@® =5y (x* —11)°(x* - 5-11)"
52 ai(x? — 52)

53 %20(902_53)40

72 WG(xZ_r?Z)lS

73 9642(902_ 73)126

112 22 (22 — 112)%

113 90110(902_ 113)550

32,5 908(902—32)2(902—32'5)6

33,5 9024(902—83)6(902—33'5)18

3.52 28 (2% — 528 (2% — 3-52)8

32.52 2% (p2 — 32-52)2

33.52 218 (2 — 33.52)%

32,7 x12(x2_32)2(x2_32,7)10

33.7 @32 — )0 (2 — 33-7)

3.72 2 2(x2 — )8 (2 — 3-72)18

32.72 18 (2 — g2.72)2

357 | a¥@?-3P(?— 325 (x? — 2D (e — 325 T)F.

In Section 3 we will provide some non-trivial preparatory results belonging to
the Number Theory, in Section 4 we will prove Theorem 1 giving the characteri-
stic polynomials of the matrices M. ,, in Section 5 we will prove Theorems 2-3
giving the characteristic polynomials of the matrices M.’ ;. Some interesting corol-
laries are there proved, too.

At last, a word about the origin of our interest for these matrices. Let m, s be
integers, s>1, s odd and 0 <m <s. For every aelN let

1 if »=m mod (2s)

& T’/ﬂ/ S(n) .
H; = > —— Wwhere 7, ((n):=3 -1 if n=—mmod(2s)
n=1 N a

0 otherwise.

(The series converges conditionally also when a = 0.) We are looking for a formu-
la giving the value of Hj, ;. Let

- (="
F,(x) = 2:1 Wsm (nmx),

uniformly convergent on every compact subset of (—1, 1), for every aeN. A
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comparison with the known Fourier expansion of the Bernoulli polynomials B, ()
(see [13], Ch. 1.0) shows that for xe(—1,1)

(1) Fa(x) = —B2a,+1 T
a .

Since the Bernoulli polynomials can be easily recovered by the identity

© B(x) b ye™

=0 k! eV —1"

the values of F', can be easily calculated. The relevance of F', in this context comes
from the fact that from the definition of H,, ; we have

s —

1
® S (-1)"HE ssin( o =

m=1 S

):J_L,Za,JrlF(
¢ S

) Yne”,

so that by taking 0 <n < s, we recover a set of s — 1 linear equations for the s — 1
numbers Hj, , with 0 <m <s.

A second identity can be deduced noting that HY,, 4=d 2*"'H} | for every
integer d, so that from (2) we have

s/d
" MNTT n
Z E ( 2(131 H7Z,iSin( ):n2a+1pa(_) VneZ,
d|s m=1 d q s/d s

(m, s/d) =1

that by the Mdbius inversion formula (see [13], Ch. 1.2, Th. 8) gives

; 2a+1
@ 3 (—l)mH,‘}L)ssin( o ) =n2a+12u(3 ) (ﬂ ) F(ﬁ) VineZ .
(mrfzs 1= ) S d|s d S d

Considering this identity for 0 <n < s, n coprime with s, we get a set of ¢(s) li-
near equations where only the ¢(s) numbers Hy ; with (m, s) =1 appear.

At last, we can generalize the previous equations by substituting » by rx in (2)
and (3), where 7 is a fixed integer coprime with s and % runs in 0 < n <s (n copri-
me with s for (3).)

Identities (2) or (3) allow us to recover H,, ; as linear combination of values of
F, but only if the matrices M, ; and M, ,, respectively, are invertible. For compu-
tational purposes we are also interested to find an efficient algorithm for the in-
verse matrix so that not only the invertibility of those matrices but also the struc-
ture of their characteristic polynomials has to be studied.
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Actually, using the identity M7 , = sl, from (2) we get the formula we are look-
ing for:

22a+18*1
@) H&S:(—l)””ﬂ—EFa(ﬁ)sin(mnn) for 0<m<s.
S n=1 S S

Now that the constants H,, ; have been calculated, we can use them to provide a
new proof of the known formula for the values of the Dirichlet L-functions (for

the definition see [3]). In fact, let y be a Dirichlet odd character modulo 2s and let
L(-, %) be the corresponding Dirichlet L-function, then

x(n)
n2a +1

= 2 X(m) H#z,sa

m=1

5) L2a+1,5):=3

n=1
so that substituting (4) in (5) we get (note that y(m) =0 if m is even)
)

Let x* be the character mod s inducing y and suppose x* to be primitive, then a
long and a slightly tricky computation proves the identity

2a4+1 s—1 s
L2a+1,y)=—2" ZFa(ﬁ) Zx(m)sin(m"

S n=1 S m=1

2i7%(2) D y(m) sin( e

m=1

)=(—1)”)_c*(n) ©(x*),

where t(y*) is the Gaussian sum, so that from the previous formula we
deduce

2a+1,;

%) s—1
L<2a+1,x>=x*<2>%”(’” Zl(—l)")?*(n)Fa(%).

Substituting (1) in this equation we obtain a formula giving L(2a + 1, y) in terms
of the generalized Bernoulli numbers. Such formula is not new (see for example
Theorem 4.2 of [14]), but we think that our non-standard deduction is of some
interest.

We conclude this section noting that by the orthogonality of the Dirichlet cha-
racters modulo 2s we can represent I ; as a finite sum of the values of Dirichlet
L-functions, i.e.,

2
HY = —— 2 qm)L(2a+1,y),
) (p(s) Xmo((iidZS
X0
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therefore to determinate Hy, ; and to determinate the values of L(-, ) at odd in-
tegers are equivalent problems.

3 - Tools from Number Theory

Proposition 1. Let s>1 be odd and D|s. Let

@(s)
D,s):= > (3) d,
KD, s) d;glsﬂ i) o)

|d

then
s
(D, s)=D’,u(5) ‘5@,3/1))—1-

Proposition 2. Let k, n be coprime odd integers. Then

2 ki?
©6) Gk, n):= l;e”_ - (z) Vn®,
O B 3 o] () () Vi squarefee
) T ~ 3 =

otherwise.

In this formula (k) is the Jacobi symbol, #n*=n if n=1mod(4) and n*=—n

n

if n=—1 mod(4) and \/—_n = iW where 17 is the same square root of —1 occur-
ring in the definition of G(k, n). The result in (6) is due to Gauss and its original
proof is reproduced in Rademacher [11]. A different proof due to Dirichlet is re-
produced in Davenport [3], other proofs can be found in [1] and in [6]. The second
result can be deduced by (6) using the inclusion-exclusion principle.

For every integer D let Vj be the C-vector space which is generated by the
primitive characters modulo D. Moreover, let £, c Vp and Opc V) be the subspa-
ces which are generated by even and odd characters, respectively. The following
proposition gives the dimensions of Op and Ep.

Proposition 3. For every pair of coprime odd integers m, n we have the
1somorphisms

Omn: (EWL®O71)® (OWL®E7L)’ Emnz (EWL ®E7L)@ (OVVL@OH)'
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Therefore, when D > 1 is odd, we have,

1 1
dim Op = 3 (YD) —u(D)), dimEp= 3 (D) +u(D)).

4 - Eigenvalues of M.

Theorem 1. The characteristic polynomials of the matrices M. ; are
st
det (xI—M, ) =(x*—s)2 ,
and

s—1
det (xl — My, ) =x 2 (x— Vs)™+ (@ + Vs,

where

Proof. The first claim. We already remarked that M7, =sl, therefore
x*—s is the minimal polynomial of M, , and its characteristic polynomial must be

® det (a1 = M, ,) = (o = V3" (o + VB,

for some m.,, m_ =1 with m, +m_ =s—1. Let us consider the trace of M, .
From (8) we get

s—1 2
(m, —m_)Vs=Tr(M,,) =V2 2, sin( il ”)
n=1

S

(s—1)/2

8 S o7 ),

S S

hence m, =m_ and the claim follows.
The second claim. An explicit computation shows that (M3 ), .

s
= 3 (0p=m—90,=5_m) so that by induction on s it is possible to prove that the
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characteristic polynomial of M,, , is
det (wl — M%) =x® V2w — )¢~ D2,
As a consequence the characteristic polynomial of M,, ; must be
det (xl — My, ;) = V2@ —\/s)™ (x +/s)",

for some m,, m_ with m, + m_ = (s —1)/2. Let us consider the trace of My, ;.
By Proposition 2 we get

s—1
(m+ - m*)\/g: Tr(M27',s) = z sin

n=1

2 2
( T ) =ImG(r, s) = (Z) \/55353(4)

and the claim is proved. =

5 - Eigenvalues of M.’
Theorem 2. The characteristic polynomial of M, ; is

_ .4 2 &) — ud)/2
det (wl — M, ) =a% cll_|[ (2% — @)W —uadz,
S
(d, s/d) =1
u(s/d) =0

with dy := ¢(s) — dZ (Y(d) — u(d)).
@, sid) -1
Analogously, e =0

Theorem 3. The characteristic polynomial of My, , 1s

det (w1 — My, ) =a® [ (x—Vd)" @+ \d)m -,
d
(d, s/lg =1
u(s/d) #0

1
where dy := ¢(s) — 3 > (y(d)—u(d)) and my,, . are the solutions of
d|s
(d,s/c|l>:1
w(s/d) =0

1
J My« +mg, = = () — u(d))
) 2

lmd,+ _md,— zcr,s,d7
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with

u ( 5 ) (Vs/d) if s is squarefree, d = 3(4)
Cr,s,d = d d

0 otherwise.

Remark. Since y(1)—u(1) =0, 1 is never eigenvalue of M.

Remark. Using the multiplicativity of the function v it is easy to verify that
when 7 is odd

Y(n) —u(n) =u(n)(n —1) mod(4).

This fact shows that a corrective term c, ; 4 which is not zero when d is square-
free and congruent to 3 modulo 4 is necessary in order to (9) has integer
solutions.

Remark. When s is an odd prime M. ;= M., therefore the conclusions of
Theorems 2 and 3 have to accord to Theorem 1, as a simple check shows.

At last, we come back to the original problem of the invertibility of matrices
M. s and M. Theorem 1 and the following corollary of Theorems 2-3 show that
only M, is invertible for every s and that (3) can be used to recover H, ; only
when s is squarefree.

Corollary. det (M, ;) =0 and

0 if s is mot squarefree

Lis-1

det (M, ) =1 (=5)2 if s is prime

1
2 (p-2)¢(s/ R .
[Ip g (P2 if s is squarefree and not prime,

pls
where p runs on primes diwiding s.

We come now to the proof of Theorems 2-3. As first step we compute the ma-
trix M.2.

Proposition 4. Let r, s be coprime odd integers, s>1. For every pair
m, n coprime with s, 0 <m, n<s, let (M.%),, , be the m-th, n-th entry of the
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matric M'%, then

2
(Mo*,, s/m,n 2//‘ ( ) (d(é m=n@2d) — 6 m= 711(2d)) + (S m#E(2) (5 m#EnQRd) — 6 m;*tfn(zd))) )

2r s/m,n — 2/"( )_(6770 n(d) 6MEfn(d))7

both independent of r.

By Proposition 4 the entry (M,IyzS ), n 18 Zero when m=mn(2). As a consequen-
ce, there exists a permutation J such that

(10) JM2J 7t = (N o 0 ) ,

0 N,

1 1
where N, is a matrix of order Egb(s) X Egb(s) whose entries are

(N )m n = le/t( ) d(émzn(d) - 67}15772((1)) with 1 s=m, n<s, (mna 23) =1.

s
d

The following two propositions provide a family of eigenvectors for N, and
M21 s

Proposition 5. Let s> 1 be an odd integer, let D|s and let fe Op. Let v/ be
the vector of C?®2 whose entries are v, with (m, 2s8) =1, 1 <m < s and whose
value is v, =f(m). Then v/ is an eigenvector of N, with eigenvalue (D, s).

Proposition 6. Let s> 1 be an odd integer let D|s and let fe V. Let v/ be
the vector of C?® whose entries are v}, with (m,s) =1, 1 <m<s and whose
value is v}, = f(m). When fe Ep, v/ e ker M3Z , and when fe Oy then v’ belongs to
the eigenspace of Ms? , with eigenvalue k(D s).

From Propositions 1, 3, 5 and 6 we get the following characterization of the
eigenspaces.
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Proposition 7. Let T, be the d-eigenspace of N,. Then dim T, s

(1
5 () = () for deN, d|s, |u(s/d)|=1
and (d, s/d) =1,

1 1
3 g(w)—u(dmg ;I:(w(d)—/x(d)) for d=0,

ws/d)=0 (d,s/d)>1
(d,s/d)=1

L 0 otherwise.

In particular, ker Ny= {0} if and only if s is squarefree.
Let Sy be the d-eigenspace of M32 ;. Then dimS, is

1
E(w(d) —u(d)) for deN,d|s, |u(s/d)| =1
and (d, s/d) =1,

1 1
QNS WA —wd)+ = 2 @d)—uld) for d=0,
2 2 ds 2 dfs

—_—

w(s/d)=0 (d,s/d)>1
(d,s/d)=1

L 0 otherwise.

In particular, dimker M3? = ¢(s)/2, with dimker My? = ¢(s)/2 if and only if s
1S squarefree.

A simple argument concludes the proof of Theorem 2. In fact, by (10) and the
previous proposition we get that the eigenvalues of M, are 0 and the integers d
dividing s such that s/d is squarefree and coprime with d, with multiplicities d,
(whose value is defined in the statement of Theorem 2) and y(d) — u(d), respec-
tively. It is important to recall that d =1 is not an eigenvalue: its multiplicity is
(1) —u(1) =0. As a consequence, the eigenvalues of M, ; are 0 and +\/d,
where d is chosen as before. Let m, be the multiplicity of 0 and let m,; . and
my, - be those ones of \/d and —1/d, respectively. From Proposition 7 (and (10))
we have m, 4+my _ =y¥(d) —u(d), so that

my = ¢(s) — dﬁlé (my g+mg ) =¢(s)— ;\; (Y(d) — w(d)) = dy.
@, sl =1 @, s/d)=1

Ju(s/d)| =1 |u(s/d) =1
d>1 d>1

Moreover, the same argument we use to prove that Tr M, ;=0 can be repeated
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here to prove that also TrM, =0, therefore we get

(11) 0= TP(M’)",S) = dz (md, + — My, —)\/E

, S/J;; =1
u(s/d) | =1
d>1
Let us consider the integers d appearing in this equation. There is only one d
which is a square, at most, and this fact happens if and only if s is not squarefree.
For every other d appearing in (11) it is possible to find a prime p,; such that p, |d
with odd order and p; + d’ if d' # d. As a consequence the numbers \/d are Q-li-
nearly independent so that (11) implies m,, , =m, _. Since we know that m,, .
+my, - = yP(d) — u(d), we conclude that m, , =m,; _ = l (w(d) — u(d)) and the
proof of Theorem 2 is completed. 2
The proof of Theorem 3 can be completed in similar way if we note that by (7)

Tr (M3, ) =ImR(r,s)= > c¢.,qaVd.

d|s
(d, s/d)=1
lu(s/d) | =1
d>1

Remark. The anonymous referee pointed at our attention a formula due to
Dedekind whose existence we were not aware (see Theorem 6.1 in [7]). An imme-
diate consequence of such result is the identity

det(ai— M, )= [1 (ac— Ez(msm(ﬂ))
S

2 mod s a=1

giving an interesting representation of the eigenvalues in terms of sums involving
the characters modulo s. By this way it is possible to recover the exact value of
every eigenvalue, multiplicity included, but a lot of tedious computations is requi-
red. We think that the approach we give here keeps its interest.

Acknowledgments. I wish to thank the anonymous referee for its intere-
sting suggestion. At last, I wish to thank the organizing committee for the excel-
lent hospitality.
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Abstract

Let r, s be coprime integers, s >1 and odd. The characteristic polynomials of the

matrices
. [ rmnx  rmn
sin and |sin
s 0<m,n<s S 0<m,n<s

(mn, s)=1

are determined.



