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About linear combinations of Siegel theta series (**)

1 - Siegel modular forms and theta series

In this Section we briefly recall some well-known notions of the theory of Sie-
gel modular forms. The reader is referred to [1] and [8] for the proofs of the sta-
tements and for details.

Let us first fix some notation. Let us denote by Hn the Siegel upper half-plane
of degree n, that is, the set of all n3n symmetric complex matrices with positive

definite imaginary part, and by J4Jn »4 g 0
2En

En

0
h the symplectic involution,

where En is the n3n identity matrix. Also, given two suitable matrices A and B ,
we shall write A[B] for the square matrix tBAB . A transitive biholomorphic ac-
tion of the symplectic group

Sp(n , R) »4 {M4 uA

C

B

D
v�GL(2n , R)NJ[M] 4J}(1)

is defined on Hn . To be precise, for any Z�Hn and M�Sp(n , R) the matrix CZ
1D is invertible and the action is given by

MaZb »4 (AZ1B)(CZ1D)21 .(2)

Let q be a positive integer. The kernel of the mod q reduction homomorphism:
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Sp(n , Z) KSp(n , Z/qZ) is the principal congruence subgroup of level q and de-
gree n , G n [q] GSp(n , Z). It turns out that G n [q]0Sp(n , Z) `Sp(n , Z/qZ). A
subgroup GGSp(n , R) is called a congruence subgroup if it contains some princi-
pal congruence subgroup as a s ubgroup of finite index. Actually, if nD1 every
subgroup GGSp(n , Z) of finite index is a congruence subgroup. The class of
Hecke subgroups is of special interest. The Hecke subgroup of level q (and degree
n) is

G n , 0 [q] »4 {M4 uA

C

B

D
v�Sp(n , Z)NCf0 mod q} .(3)

D e f i n i t i o n 1.1. Let GGSp(n , Z) be a congruence subgroup. Consider a
character v of G with values in a finite subgroup of C3 , a finite dimensional vector
space Z over C and a rational representation r : GL(n , C) KGL(Z). A holomor-
phic function f : Hn K Z, is called a Siegel modular form with respect to G , r and
the character v, if it satisfies the following condition

( fNr M)(Z) »4r(CZ1D) f (MaZb) 4v(M) f (Z)

(Z�Hn , M4 uA

C

B

D
v�G ,

(4)

with the extra requirement for n41 that f is holomorphic at all «cusps». That is,
(a�SL(2 , Z) the function fNr a is holomorphic at iQ . In other words, there are
no negative powers in the power series expansion at iQ of fNr a . For nD1, by
the Koecher principle the regularity at the cusps follows from the functional
equation. If r is the largest integer such that r(G) det (G)2r is a polynomial repre-

sentation, then
r

2
is called the weight of f . We shall consider mainly integral wei-

ghts. When r is odd «multiplier systems» play the role of characters. In any case,
the Siegel modular forms defined above span finite dimensional vector spaces,
which we denote by [G , r , v].

The existence of (non-constant) modular forms is by no means trivial, yet they
arise naturally in many contexts in mathematics. Of the many possible and intere-
sting examples we shall here describe only those that are constructed via theta
series.

M a i n e x a m p l e 1.2. Let r42k be a positive even integer. Let us consider
the following data:
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(1) a reduced representation (i.e. a polynomial representation not vanishing on
the «det (A) 40» hyper-surface) r 0 : GL(n , C) KGL(Z);

(2) a harmonic form with respect to r 0 , that is, a polynomial function
P : C(r , n) K Z such that:
(i) P(G tA) 4r 0 (A) P(G) (A�GL(n , C);
(ii) P is harmonic (i.e., DP40, where D is the usual Laplacian operator,

applied componentwise);
(3) a pair of rational characteristics U , V�Q(r , n);
(4) a positive definite quadratic form S4tS�Q(r , r) .

We define the theta series as the following functions on Hn :

w (n)
P yU

V
z (S , Z) »4 !

G�Z(r , n)
P(S

1

2 (G1U) ) exp (pis(S[G1U]Z12 tV(G1U) ) ) .

Then w (n)
P kU

V
l(S , Z) are holomorphic functions and, denoting r 0 7det

r

2 by r , the-

re exist a congruence subgroup GGSp(n , Z) and a character v4vS such that

w (n)
P kU

V
l (S , Z) � [G , r , vS ].

Vice versa, under suitable assumptions on S , U , V (and P), it is possible to ob-
tain families of modular forms with respect to the most significant subgroups of
the symplectic group. An important parameter is the so-called level of the quadra-
tic form. We say that a quadratic form Q�Q(r , r) is even if it is integral and its en-
tries on the main diagonal are even. The level of an even quadratic form Q ,
lev(Q), is the smallest positive integer N such that NQ 21 is again even. Explicit
examples of modular forms may be produced as follows. Let q be a positive inte-
ger; given any even quadratic form S such that lev(S)Nq and U�Z(r , n) satisfying
SUf0 mod q , then

w (n)
P (S , Z) »4w (n)

P y0

0
z (S , Z) � [G n , 0 [q], r , vS ] ,

and

w (n)
P (Z , SNU) »4w (n)

P y U

q

0

z (S , Z) � [G n [q], r , 1 ] .

It is also useful to take into account the theta series w P
(n)y 0

V

q
z g S

q
, Zh for even
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quadratic forms S of level dividing q and integral characteristics V4V (r , n) such
that S 21 [V] is even and qS 21 V is integral. Such theta series lie in the space
[G n [q], r , vS/q ], for a suitable character (multiplier) vS/q . When q is odd, it is pro-
ved in [6] that their span coincides with the span of the above theta series
w P (Z , QNU) (Q even of level dividing q).

2 - Problems concerning theta series

We have seen that theta series are a powerful tool for constructing modular
forms, so the following question is quite natural. Given a congruence subgroup G

GSp(n , Z), a rational finite dimensional representation r of GL(n , C) and a mul-
tiplier v , and a non-empty set R H of theta series contained in [G , r , v], is it pos-
sible to characterize the vector space U[G]r , v which is spanned by R H? This is, in
rather vague terms, the so-called basis problem. The description of all linear rela-
tions existing among the elements of R H is another important problem. Both is-
sues are in general quite difficult; nevertheless, they have been considered in ma-
ny variants and there are plenty of results relevant to many particular cases.
Even a rough outline of these results would carry us much too far. We shall only
emphasize two points which are important for our purposes. First, let us recall so-
me results concerning singular weights. Given a modular form f (Z) with Fourier
expansion f (Z) 4! a(T) exp (pis(TZ) ), then f (Z) is called singular if

a(T) c0 ¨ det T40 .

It can be shown that a non-zero modular form in [G , r , v] (with GGSp(n , R),
and r having weight r/2) is singular if and only if nDr . Moreover, spaces of sin-
gular modular forms with respect to the more significant congruence subgroups
of Sp(n , Z) have been described (mainly by E. Freitag) in terms of theta series.
The general picture is that, for suitable U[G]r , v ,

nDr ¨ [G , r , v] 4U[G]r , v .(5)

For instance, (under some technical hypotheses on multipliers) this holds for Hec-
ke subgroups. It is believed that the analogous statement should also hold for
principal congruence subgroups, but the only published proof actually requires
the stronger condition nD2r , see [8].

The second point is that some partial answers to the basis problem may be ob-
tained by means of the adelic theory of automorphic representations. We are not
able to give here a complete introduction to such a deep and vast topic. We shall
just mention some facts which will serve as a motivation for the main question we
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are going to discuss below. A much more in-depth presentation of these facts can
be found in [14]. Further references we could recommend in this respect are [9],
[11] , and [4] for the basic notions. A very general Theta Correspondence between
automorphic forms on adelic orthogonal groups O(V)(A) and adelic symplectic
groups Sp(W)(A) may be defined via the so-called Weil representation of the
group O(V)(A)3Sp(W)(A). In particular, this correspondence yields, by an ap-
propriate choice of some parameters, symplectic automorphic forms that, with the
usual identification, are linear combinations of Siegel theta series. Roughly spea-
king, given an irreducible automorphic representation A on one side of the corre-
spondence, the natural questions one has to deal with in this context are:

(i) whether A is in the image under the theta correspondence of a representa-
tion space of automorphic forms on the other group;

(ii) whether the image of A under the correspondence is zero or not.

In some cases it is possible to translate results coming from this adelic approach
back to classical terms. Such a translation process usually leads to solutions to the
classical basis problem in a very vague form: one gets expressions of modular
forms as linear combinations of theta series belonging to very large families (rele-
vant to quite arbitrary lattices, possibly having characteristics varying in infinite
dimensional spaces, hence being modular forms with respect to «small» congruen-
ce subgroups).

The previous discussion suggests that it could be interesting to take into ac-
count a refined version of the basis problem. For a pair of congruence subgroups
G 8&G and a pair of multiplier systems v 8 on G 8 and v on G such that v 8 NG4v we
may ask if the following relation holds:

U[G]r , v O [G 8 , r , v 8 ] 4U[G 8 ]r , v 8 .(6)

It is possible to deal with such a problem by introducing a suitable symmetriza-
tion map which is called the trace operator.

D e f i n i t i o n 2.1. With the notation just introduced, the trace of f� [G , r , v]
is defined as:

TrG 8 , v 8
G , v f4

1

[G 8 : G]
!

g�G0G 8

v 8 (g)21 fNr g .(7)

It is obvious that the trace is a surjective linear map from [G , r , v] onto
[G 8 , r , v 8 ]. We may also easily illustrate how the trace operator can be useful to
understand if a given modular form can be expressed as a linear combination of
suitable theta series. Let f�U[G]r , v O [G 8 , r , v 8 ], and let ]w i (i�I be a set of
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series in U[G]r , v such that f is a linear combination of these w i’s. If, for every w i ,
we have that TrG 8 , v 8

G , v w i can be expressed as a linear combination of theta series
u j� [G8 , r , v 8], then, clearly, there will be such an expression for f4TrG8, v 8

G, v f, too.
The problem for general pairs of subgroups seems to be rather hard to han-

dle. In fact, we shall address our attention to the cases which are of special intere-
st, namely, the cases when the involved congruence subgroups are either principal
congruence subgroups or Hecke subgroups. Then, several different strategies
can be used to study the action of the trace operator on theta series. For example,
the effect of the trace operator can be computed explictly by using either the p-
adic theory of lattices or an adelic method based on the interpretation of the trace
operator as an integral operator (convolution). In fact, these two approaches are
used for the case of pairs of Hecke subgroups of different level in the first part of
[3] and in [10], respectively. We wish to describe in some detail a different techni-
que, namely the one applied in the second part of [3] (see also [2]). This technique
can be considered as an application of the theory of singular modular forms. In-
deed, it is based on the simple remark that, keeping in mind (5), if nDr and w

�U[G]r , v then Tr G , v
G 8 , v 8 (w) �U[G 8 ]r , v 8 . Thus, it would be useful to reduce the pro-

blem to the singular case. In order to explain how this can be accomplished, it is
necessary to introduce the so-called Siegel F operator. For a function f : Hn K Z,
we define

F( f ) :

F( f )(Z) »4

Hn21 K Z

lim
tKQ

f uit

0

0

Z
v

whenever the limit exists. Siegel operator can be applied termwise on Siegel mo-
dular forms and more generally on functions f having a Fourier expansion of the
type:

f (Z) 4 !
T�L *

a(T) exp (2pis(TZ) ) (Z�Hn )

where L is some rational lattice of symmetric n3n matrices, L * »4 ]T
4 tTNs(TX) �Z (X�L(, and a(T) c0 only if T is semi-positive definite. To be
precise, we obtain

F( f )(Z) 4 !
g0
0

0
Th�L *

a u0

0

0

T
v exp (2pis(TZ) ) .(8)

By applying the Siegel operator on spaces of modular forms [G , r , v], where G

has degree n , we get maps F : [G , r , v] K [GNF , rNF , vNF ]. We refer to [8] for
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the general definitions of the congruence subgroup GNFGSp(n21, R), the re-
presentation rNF , and the multiplier vNF . Here we would like just to notice that
G n [q]NF4G n21 [q], and G n , 0 [q]NF4G n21, 0 [q].

Besides, theta series are stable under the action of the Siegel operator. In

fact, for U4 (u1
ˇ
1

U2
ˇ
n21

), V4 (v1
ˇ
1

V2
ˇ

n21

), and P0 (X) »4P(0 , X), F(w P
(n)kU

V
l (S) )

4w P0
(n21)kU2

V2
l (S) if u1 40 and it vanishes otherwise.

Next, the key step for the reduction of the problem to the singular case consi-
sts in establishing commutation formulas between the trace operator and the Sie-
gel operator. Let G (n) and G 8(n) form the pair of subgroups we are to consider.
Suppose that we could prove formulas like

F i TrG 8(n11) , v 8
G (n11) , v (w (n11) ) 4TrG 8(n) , v 8

G (n) , v
i F(w (n11) )(9)

for suitable w (n11) such that F(w (n11) ) 4w (n) . Then, we could repeat the procedu-
re many times and finally reach the singular case, obtaining, for k c 0,

TrG 8(n) , v 8
G (n) , v w (n) 4F k

i TrG 8(n1k) , v 8
G (n1k) , v (w (n1k) ) 4F kg !

i�In1k

ci u i
(n1k)h4 !

i�In

ci u i
(n)

for «convenient» families of theta series u i
(n1k) �U[G 8(n1k) ]r , v 8 .

The idea of investigating commutation properties of symmetrizations and Sie-
gel operator is due to Salvati Manni, [13], who used this technique for the study of
the surjectivity of the Siegel operator on spaces of particular theta series known
as thetanullwerte.

Unfortunately, simple commutation formulas like (9) do not hold in general.
Anyway, once we have a «good» (i.e. compatible with the Siegel operator) set of
representatives for the cosets in G0G 8 , we can always begin to evaluate the
expression

!
g�G (n11) 0G (n11)8

v 8 (g)21 F(w (n11) Nr g) 4R(10)

trying to recognize in the r.h.s. above summands like TrG 8(n) , v 8
G (n) , v w (n) . Then, evalua-

ting (10) yields an expression of the following kind:

F i TrG 8(n11) , v 8
G (n11) , v (w (n11) ) 4C QTrG 8(n) , v 8

G (n) , v (w (n) )1R

where C is some complex number depending on the involved parameters (levels,
degree, quadratic form, etc.) and R is a remainder term of the type
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R4!
j

TrG 8(n) , v 8
G (n) , v (w (n)

j ). It is usually possible to control these remainder terms and

prove that they lie in U[G 8(n) ]r , v 8 by means of some inductive argument on the
«rank» of the characteristic of w (n) . The constant C may vanish, giving rise to pos-
sible obstructions to our procedure. However, such vanishings of C have quite na-
tural interpretations. A delicate situation, revealed by this kind of obstructions,
occurs when we try to compute the trace of a theta series whose associated cha-
racter does not agree with the fixed character v 8 on G 8 . This is at least quite mea-
ningful from the point of view of theta-liftings since that machinery usually produ-
ces combinations of theta series attached to lattices belonging to a fixed quadratic
space, hence having a fixed discriminant and associated character. Another diffi-
culty which is detected by these obstructions appears when one wants to get rid
of a prime in the level. In that case the constant has a factor of the type:
11sp (Qr ) detp (S)

2
1

2 p l . In the last expression sp (Qr ) denotes the Witt invariant,
normalized as in [12], of the quadratic space Qp

r (with the quadratic form induced
by the fixed rational quadratic space), detp (S) is the p-power occurring in det (S)
and l is a positive integer. It has been pointed out in [3] that, if the ambient qua-
dratic space Qr contains even lattices of level q , the condition sp (Qr ) 41 is equiva-
lent to the fact that Qr carries even lattices of level N . Therefore, keeping in mind
the equivalence between lattices and quadratic forms, if sp (Qr ) c1, the «not-vani-
shing» condition implies the vanishing of the trace. On the other hand, if even lat-
tices of level N do exist inside the given quadratic space Qr , then a relation like
(6) holds.

We may now state in precise terms the results we have proved in [5] and [6]
by using the strategy sketched above. The reader is referred to [3] and [10] for
the analogous results relevant to pairs of Hecke subgroups. We keep the same no-
tation used throughout the paper, that is, we let r42k , k a positive integer and
r 0 a rational reduced representation of GL(n , C), r4r 0 7det

r

2 .

T h e o r e m 2.2. Let U[G n , 0 [q] ]r , vq
% [G n , 0 [q], r , x q ] be the vector space

spanned by the theta series of type w P
(n) (Q , Z) and let U[G n [q] ]r , x q

% kG n [q], r , v S

q

l be the vector space spanned by the theta series of the type

w P
(n)y 0

V

q
z g S

q
, Zh (with x q the Dirichlet character mod q that extends vS),

then:

Tr
G n , 0 [q], x q

G n [q], v S
q w P

(n)y 0

V

q

z g S

q
, Zh�U[G n , 0 [q] ]r , x q

.
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Therefore:

U[G n [q] ]r , x q
O [G n , 0 [q], r , x q ] 4U[G n , 0 [q] ]r , x q

.

T h e o r e m 2.3. Let q be an odd integer q4N Qp , with p prime such that
pNN and let U[G n [N] ]r% [G n [N], r , 1 ] be the vector space spanned by the theta

series of weight k of type w P
(n)y 0

V

N
z g S

N
, Zh . Similarly, let w P

(n)y 0
V

q
z g S

q
, Zh be a

theta series in U[G n [q] ]r% [G n [q], r , 1 ], then

TrG n [N], 1
G n [q], 1 w P

(n)y 0

V

q

z g S

q
, Zh�U[G n [N] ]r .

Therefore:

U[G n [q] ]rO [G n [N], r , 1 ] 4U[G n [N] ]r .

T h e o r e m 2.4. Let q be an odd integer q4N Qp with p prime and (N , p)
41. Let U[G n [N] ]r% [G n [N], r , 1 ] be the vector space spanned by theta series
of type w P

(n) (Z , QNT). Furthermore, let us consider w P
(n) (Z , SNT) � [G n [q], r , 1 ]

such that vS NG n , 0
0 [q]OG n [N] 41. (G n , 0

0 [q] is the subgroup of G n , 0 [q] consisting of
the matrices with the upper-right part Bf0 mod q).

The trace of w P
(n) (Z , SNT) vanishes of if S[T] is not 0 modulo qp . Moreover, if

we denote by i the rank of T mod p , the following condition

11sp (Qr ) detp (S)
2

1

2 p j11
c0 (nGjGr1 i ,

implies that

TrG n [N], 1
G n [q], 1 w P

(n) (Z , SNT) �U[G n [N] ]r .

R e m a r k 2.5. For the sake of simplicity, the half-integral case was not inclu-
ded in the above statements. Basically, in order to extend the previous results to
quadratic forms Q in an odd number of variables one has to consider the compa-
nion quadratic forms Q» (2).

Of course, it would be nice to have an overall result including even levels for
the principal congruence subgroups. Some investigations we carried out suggest
that the general picture is not different from the odd level one (see [7]).
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A b s t r a c t

We give an elementary introduction to theta series from the point of view of the the-
ory of Siegel modular forms and we discuss some results concerning the expression of
modular forms for congruence subgroups as linear combinations of theta series of the ap-
propriate level.

* * *


