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Discrete time uniformly recurrent Markov additive processes:

two simplified models and large deviations (**)

1 - Introduction

The literature on Markov additive processes is extensive and a source of refe-
rences can be found in [1] (chapter 2, section 5, page 47).

The aim of this paper is to present a discrete time version of some results pre-
sented for the continuous time case in [7], even if in this paper the environment
state space could be not finite.

In [7] (subsection 4.2) the inequalities between rate functions are an immediate
consequence of a result with a cumbersome proof (Theorem 3.1 in [7]) while in this
paper we use a different and simpler procedure. In order to explain the procedure
used here, let us point out that the rate functions in this paper are the Legendre tran-
sforms k*, k¥ and k7% of suitable functions k, k and k4 respectively (see (5), (9) and
(12)). Then the proofs of the inequalities between rate functions in this paper are an
immediate consequence of some other inequalities which are easy to check, namely
the opposite inequalities between the functions k, kp and k4.

In [7] the author defined the fluid model and the averaged parameters model
as two simplified Markov additive processes derived in a suitable way from a ge-

(*) Dipartimento di Matematica, Universita degli Studi di Torino, Via Carlo Alberto 10,
1-10123 Torino, Italy, e-mail: claudio.macci@unito.it

(**) Received 1% July 2003 and in revised form 23" September 2003. AMS classification

60 F' 10. This work has been partially supported by Murst Project «Processi Stocastici, Cal-

colo Stocastico e Applicazioni a Filtraggio, Controllo, Simulazione e Finanza Matematica».



52 CLAUDIO MACCI [2]

neral continuous time Markov additive process with a finite environment state
space and a real valued additive part (see [7], subsection 4.1). In particular, when
the environment is an irreducible Markov chain, the author proved some inequali-
ties between rate functions having a common unique zero; the interest of such ine-
qualities consists to say that, in some sense, a convergence is not faster than ano-
ther one (see [7], subsection 4.2). Furthermore the inequalities between rate fun-
ctions can also allow to compare some decay rate for level crossing probabilities
(see [7], section 5).

The definition and some results in [7] concerning averaged parameters model
are inspired by the content of [2]. Anyway we point out that, when we deal with a
discrete Markov additive process, the additive part is a generalization of two kin-
ds of sequences of random variables: a sequence which evolves as a deterministic
function of the environment; a random walk independent of the environment.
Then, for a given discrete time Markov additive process, it is natural to study
fluid model and averaged parameters model as sequences of the first kind and the
second kind respectively. Indeed, under suitable hypotheses, the additive part of
the Markov additive process (with suitable normalization) converges; moreover
the analogous limits for the simplified models exist and are equal.

The paper is organized as follows. Section 2 is devoted to recall some prelimi-
naries. In particular we present the uniformly recurrence hypothesis in [5] (sec-
tion 3) which plays a crucial role in large deviations results. Furthermore in sec-
tion 2 we also recall a known characterization presented in [4]; such a characteri-
zation (see Proposition 2.2 in this paper) provides a concrete presentation of di-
screte time Markov additive processes which can be seen as a natural extension of
the description in [1] (page 40) for the discrete time case with a finite environment
state space.

Section 3 in this paper is devoted to define fluid model and averaged parame-
ters model in discrete time case together with the proof of the same inequalities
proved for the continuous time case in [7]. This will be done even if the environ-
ment state space is not finite and the additive part is R?valued (for some d = 1).
Thus we have the same consequences in terms of comparison between convergen-
ces of Markov additive processes and, when d = 1, between decay rates of the cor-
responding level crossing probabilities.

At the end of this section we point out what follows. All the Markov processes
in this paper are homogeneous; we denote the scalar product in some R? by (-, -)
and the environment state space by £ (as we shall see in the next Definition 2.1),
so that it will be useful to consider the notation

E'"=Ex--xE.
Lx-xXA

h times
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2 - Preliminaries

Let us recall the definition of Markov additive process and let us consider the
discrete time case.

Definition 2.1. Let (E, 8) be a measurable space and let (F,) be a filtra-
tion. Then a sequence of E x R%-valued random variables ((J,, S,)) adapted to
(F,) is a Markov additive process if

(1) P(JnEBysn_Snfler|‘Ljﬂnfl):P(JnEBySn_SnflerlJ’nfl)::P(Jn—lyBxD

for each Be &, I'e B(RY) and n=1. In such a case (J,) is called environment,
(S,) s called additive part and the kernel (P(y,-Xx-):yek) is called MA
kernel.

In order to have a simpler presentation, the additive parts of all Markov addi-
tive processes in this paper start at the origin 0 € R%. Moreover we refer to the
following characterization which can be extended to Markov additive processes
with additive part taking values in a Hilbert space (see e.g. [4], section 2, Corol-
lary 1).

Proposition 2.2. Let (E, &) be a measurable space and let ((J,, S,)) be a
sequence of E X R%-valued random variables adapted to a filtration (F,). Moreo-
ver let T, = o(J,: n=0) be the o-field generated by J = (J,,). Then the two follo-
wing statements are equivalent:

) ((Jy, S,)) is a Markov additive process with MA kernel (P(y, - X-):
yek);

(i) there exist kernels (H(y,y',):y,y €k) and (Qy, ):yek) such
that

P(Sn_Sn—lerltcEL—lvéy/{O)EH(Jn—len’ F)a

P(JnEB| < 7771) EQ(Jnfla B)a

H%BXDEJM%yZDQWJWL
B

Thus, roughly speaking, we can say what follows:
J=(J,) is a E-valued Markov process with kernel (Q(y, -): y e FE);
for each n =1 the conditional distribution of S, —S,_; given J depends on
(J,_1,dJ,) only and it is H(J, 1, J,, *).

Now let us introduce the k-th power of the MA kernel (P(y, - X -):y e E) defi-
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ned by

Piy,BxD= [ Hy,y, )% Hye s, g, XD Qy, dyn) Qi1 dyi)

E*1xB

(where = denotes convolution); in other words we are considering a generaliza-
tion of (1):

P(JnEB’Sn_Snfkerl‘%&*k)=P(JHEB’Sn_SnfkerlJnfk)::Pk(Jnfk)BxD

for each Be &, I'e B(R?) and n=k=1.

In view of the large deviations results presented below, throughout this paper
we always deal with Markov additive processes satisfying the following hypothe-
ses presented in [5] (section 3).

Hypothesis (INN). Let (J,) be an irreducible and aperiodic Markov
process with respect to some maximal irreducibility measure. Assume that there
exist a probability measure v on E x R, an integer my =1 and some numbers
0<a<b< o such that

av(BxT)<P™(y,BxI) <bv(BxI)

for each yekE, Be§ and I'e B(RY). Moreover let

(D=[9€Rd: j e y(dy, ds) < o

ExR?

and let S be the convex hull of the support of v(E X -); then we assume that M is
open and S°# (.

Furthermore it is useful to consider the moment generating functions
(Hy,y',): y,y ek) defined as follows (for 6 e R%)

H(y,y', 0 = Je“””H(y, y', ds)
Rd

and the function P defined by

P(y, B, 6) = fﬁ(yy 0) Qy, dy").
B
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It is also useful to consider the k-th power of P defined by

@ Py, B,0)= J H(y, y1, 0)-Hyi 1, Yir 0) Qy, dyy) - Qi 1, dyi)

EF-1xB
and, in other words, we are considering the following equalities:
(3) E[e(g’snisniwlB(Jn) | ‘%—k] = E[ewysnisnik)lB(Jn) |Jn—k] Epk(Jn—kv B7 0)

for each Be §, 6eR? and n=k=>=1.

S\ . .
The next Proposition 2.5 provides the LDP for (—) with a rate function
n

which does not depend on the initial distribution 7 of J (namely the distribution of
Jo). Thus, in view of what follows, we use the notation .*”[-] when the initial di-
stribution of J is 7. Before presenting the LDP, the next Lemma is needed (see
[5]: section 3 for (i) and (ii); section 4 for (iii)).

Lemma 23. Assume (INN) holds. Then:

(i) for each fixed 0 e M, P(0) has a simple, maximal and positive eigenvalue
e "9 with associated right eigenfunction (-, 0) which is uniformly positive and
bounded;

(ii) the function k is analytic, strictly convex and essentially smooth on ;

(iii) there exists a stationary distribution 77 for J.

Remark 24. We could have @ #=R? and, in such a case, we think to
extend the definition of x on all R? by setting k() = o for 6¢ M.

We remark that, by (i) in Lemma 2.3, for all » =1 we have

(4) fﬁ(ya Y1, 0) - H\(ynfl s Yns 0) T(ym 6) Q(ya th) Q(ynf 1y dyn) =e nK(G)T(Z/a 0) .

E

Proposition 2.5. Assume (INN) holds. Then, whatever is the initial distri-
S, . . . . .
bution w for J, (—) satisfies the LDP with rate function x* defined by
n

®) Kk*(s) = sup[(0, s) — K(0)].

feR?

Proof. Let n=1, yeE and Oe (D be arbitrarily fixed; indeed we can
neglect the case 6 ¢ M by Remark 2.4 and (5). Moreover let us consider (2) with
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k=n and B=E:

ﬁ"(y’ E7 0) = fﬁ(y’ Y1 G)H(ynfh Yns 0) Q(?/, d?h)"'Q(?/nﬂ, dyn)

E"

Then, by (i) in Lemma 2.3, we have

7 7 V(yn’ 0) =Y
jH(y’ Y1, 6)“'H(ynfl7 Yns 0) —Q(?/, dyl)"'Q(ynfh dyn)spn(y’ E’ 0)
i su}gr(z, 0)

7 (Y, 0)

s jﬁ(yy Y1y 9)"'H(yn—1a Yn» 0) ) Q(y’ dyl)'”Q(ynfl’ dyn);

inf r(z, 0
E zel

thus, by (4), we obtain

r(y, 0 —~ , 0
(6) enor 00 puy, g gy <mor 10O
supr(z, 9) 1n£r(z, 0)
zelE %€

Now let & be any initial distribution for J and, by (3) with k =n and B =FE, we
have

o E@[e® 5] = Jﬁ”(y, E, 0) u(dy).
E

In conclusion

[ry, 0) a(dy) [r(y, 0) x(dy)
enk(ﬁ) E < E(n)[e(ﬂ,s,,>] < 677/149) E
supr(z, 9) ingr(z, 0)
zek 2e

follows from (6) and (7), so that we obtain

1
(8) lim —log E™[e® 5] = k(0).

n— ©

Then the proof is complete as a consequence of Gértner Ellis Theorem (see e.g.
[3], chapter 2, section 3) and by (ii) in Lemma 2.3. =
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S .
Remark 2.6. One can check that —= converges to the unique zero [ of K*,

n
where

0= f[ jVﬁ(y, y', 0)]s-0Qy, d?/’)] 7 (dy)
E

E

and

VH(y, y', 0)]-0= [sH(y, y', ds).
Rd

Remark 2.7. Let us consider the case d =1 and assume the following con-
dition holds:

(L): there exists w >0 such that x(w) =0 and x'(w) >0.

Then we can derive the limits below as in [6] (Theorem 3.1 and (3.4) in Theorem
3.2) which are proved in [6] when E is finite and the initial distribution of (J,,)
1s determanistic. Indeed, when (INN) holds, we have a conjugate family of ker-
nels with the same structure as in [6] (see [5], section 4); then the proofs can be
easily adapted to our case since we have

[r(y, w) (dy)
supL——— <,
yeE (Y, w)

The limits concern the level crossing probabilities y(b) and the second moment
of importance sampling estimator n(b) (here b >0 is the level) and we have:

1
blim Elogw(b) = —w and blim logn(b) = —2w.

. . ) .. K¥(8)
Finally we point out the equality w = 1nf(; .
s> S

3 - Two simplified models derived from ((J,, S,))

In this section we present two Markov additive processes derived in a suitable
way from ((J,, S,,)): the fluid model ((J7, S{)) and the averaged parameters
model ((JA, S4)). In order to have a simpler presentation we assume that
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Jy = (JP) = (J,); more precisely we could say that (J") and (J\4) have the
same distribution of (J,,).

3.1 - Fluid model

In order to define fluid model we introduce the kernel (Hp(y,y', ): v, y’
€ F) which plays the role of (H(y,y', '): ¥, y' € E) when we have fluid model in
place of ((J,, S,)). In general Hp(y, %', -) is the distribution of the constant ran-
dom variable equal to the mean value { sH(y, y', ds). Thus the moment genera-

R

ting functions (Hyp(y,y ', ): ¥,y €E) are defined by

Hy(y,y', 0)= exp(<e, [sH@, v, ds)>).

R?

The large deviations results presented for ((J,, S,)) can be adapted to fluid
model. Thus let xy be the function which plays the role of xk when we have the

s
fluid model in place of ((/,, S,)); then (—) satisfies the LDP with rate fun-
ction k% defined by "

) k#(s) = sup[(0, s) — kz(0)].
oeRY

It is easy to check that { is the unique zero of x%; indeed we have

VHp(y, y', 0)o=0= [sH(y, y', ds) =VHy, y', 0) |s-o.
Rd
(F)

S,
Thus —— converges to [ which is the same limit of — (see Remark 2.6).
n n

Proposition 3.1. Assume (INN) holds. Then we have k§(s) = k*(s) for all
se R4

Proof. In general we have

H<y,y’,0>>e><p( f<9,8>H(y,y’,ds))

Rr?

= exp (<9’ ISH(?/, y', d8)>) =Hp(y,y', 0)
R

d
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by Jensen inequality. Then, given any initial distribution & for J, for all 6 € R? we
have

n

E(ﬂ)[ew’Sn)] = J|: J'H(ya Y1y 9)"'}1\(?/11717 Yns 9) Q(ya d?h)"'Q(Z/nq, dyn):| ﬂ(d?/)
E

= j|: JﬁF(y’ Y1, 9)"'ﬁF(yn—17 Yns 9) Q(?/, dyl)”'Q(yn_l, dyn):| Jl'(dy)

E
= E@[e 8.

Thus, by (8) in Proposition 2.5 (for ((/,, S,,)) and for fluid model), we obtain
: 1 (@71 ,(6,8,) ; 1 ([, 0,85 d
10) I<(9)=/',ng1r°1o glogE“ [et? on ]Bnlgr}o %ng [e”"n "]=Kkp(0) (VOeR").

In conclusion the proof is complete by (5), (9) and (10). =

Remark 3.2. Let us consider the content of Remark 2.7 (thus in particular
d=1). Moreover assume that the analogous of (L) for fluid model also holds,
namely:

there exists wy>0 such that xp(wr) =0 and kp(wp) >0.

Then, by taking into account the latter statement in Remark 2.7, we have

. KE(s) . Kk*(s)
wy = inf = inf =w
s>0 S s>0 S

by Proposition 3.1; from a different point of view wr = w also follows from (10).
If we adapt final part of section 5 in [7] to our situation, we have the same con-
sequences of wy = w concerning level crossing probabilities and second moment
of importance sampling estimator.

3.2 - Averaged parameters model

In order to define averaged parameters model we introduce the kernel
(Ho(y,y',"):y,y' k) which plays the role of (H(y,y', ):y,y' €k) when we
have averaged parameters model in place of ((J,, S,)). In general H,(y, y ', -) is
a suitable distribution which does not depend on (y, % '); more precisely the mo-
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ment generating functions (H,(y, y', -):y, y €E) are all equal to

(11) H,(0) EeXp( f( flogﬁ(y, y', 0) Qy, dy’)) n(‘”(dy)).
E \E

Remark 3.3. We are considering an implicit assumption, namely the fun-
ction H, defined in (11) is a moment generating function. This happens when
all the distributions (H(y, y', -):y, y' € E) are infinitely divisible. This remark
has some analogy with Remark 4.1 in [T7].

We point out that, since the distributions (H4(y, ¥', *):y, y' € ) do not de-
pend on (y,y'), (J,) and (S\?) are independent.
The large deviations results presented for ((J,, S,)) can be adapted to avera-

ged parameters model. Thus let x4 be the function which plays the role of x when

(4)
n

we have the averaged parameters model in place of ((J,, S,)); then (— ) sati-
n

sfies the LDP with rate function k% defined by

(12) k% (s) = sup[(0, s) — k4 (60)].

0eR?

It is easy to check that x4 coincides with log H, and the unique zero of k% is
(4)

Vi 4(0) |- o which coincides with (. Thus converges to { which is the same

S,
limit of == (see Remark 2.6).
n

Proposition 3.4. Assume (INN) holds. Then we have k% (s) = k*(s) for all
seR%

Proof. In general we have

E(:z”))[ew,sw]

= J|: fﬁ(y’ Y1, O)H(?/nfh Yns 0) Q(y, dyl)“-Q(yn,l, d?/n)] JT(J)(dy)

E Lg»

= exp(fo{logl/-I\(y, Y1, 0) + - +
B

n

log H(ynfly Yns 0)} Q(ya d?/l)"'Q(?/nfla d?f/n):| ﬂ(J)(dy))
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by Jensen inequality. Then, since 7" is stationary for J, by (11) we have

ET[e® 5] = exp (nj ( [10g Hy, 4, 0) Qu, dy’)) Jr(")(dy)) = (H4(0))".
E \E

Thus, since k4 coincides with log H 4, by (8) in Proposition 2.5 with 7 =z and
by the latter inequality we have

1 _
(13)  k(0) = lim — log E@[e®5)] = log H,(0) = k4(0) (YOeR%).
n—> 0o n

In conclusion the proof is complete by (5), (12) and (13). =

Remark 3.5. Let us consider the content of Remark 2.7 (thus in particular
d=1). Moreover assume that the analogous of (L) for averaged parameters
model also holds, namely:

there exists w, >0 such that x,4(w,) =0 and x(wy)>0.

Then, by taking into account the latter statement in Remark 2.7, we have

. Ki(s) _ . K¥(s)
wy = inf = inf =
$>0 S $s>0 S

by Proposition 3.4; from a different point of view wy = w also follows from (13).
If we adapt final part of section 5 in [7] to our situation, we have the same con-
sequences of wy = w concerning level crossing probabilities and second moment
of importance sampling estimator.
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Summary

In this paper we consider a discrete time uniformly recurrent Markov additive pro-

cess ((J,,, S,)) according to the presentation in [5]. As in [T] (which deals with continuous
time Markov additive processes with finite state space environment) we define the fluid
model and the averaged parameters model as two simplified Markov additive processes
derived from ((J,, S,)) in a suitable way. In this paper we prove some inequalities be-
tween rate functions which coincide with the analogous inequalities in [T].



