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ELISABETTA BA R L E T T A (*)

Subelliptic F-harmonic maps (**)

1 - Introduction and statement of results

Let (M , T1, 0 (M) ) ) be a strictly pseudoconvex CR manifold, of CR dimension
n , and u a contact form on M such that the Levi form

Gu (X , Y) »4 (du)(X , JY)

is positive-definite, X , Y�H(M) »4Re]T1, 0 (M)5T0, 1 (M)(, where J : H(M)
KH(M), J(Z1Z) 4 i(Z2Z), Z�T1, 0 (M), i4k21, and T0, 1 (M) »4 T1, 0 (M)
(an overbar indicates complex conjugation). Let F : [0 , Q) K [0 , Q) a C 2 fun-
ction, such that F 8 (t) D0. For a smooth map f : (M , u) K (N , h) and a compact
domain D’M we consider the energy function

EF (f ; D) 4�
D

F g 1

2
traceGu

(p H f* h)h uR (du)n .(1)

Here (N , h) is a Riemannian manifold. Then f is F-pseudoharmonic if, for any
compact domain D’M , it is an extremal of the energy EF (Q ; D) with respect to all
variations of f supported in D .

For F(t) 4 t , (1) is the energy function in [3] (and extremals were referred to
as pseudoharmonic maps). If f : (M , u) K (N , h) is pseudoharmonic then for
any point x�M there is a coordinate system (U , W4 (x 1 , R , x 2n11 ) ) on M at x
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such that f i W21 : VK (N , h) is a subelliptic harmonic map on V»4W(U)
’R 2n11 in the sense of J. Jost & C.-J. Xu, [12], or Z.-R. Zhou, [20].

The cases F(t) 4 (2 t)p/2 (pF4) and F(t) 4exp (t) (familiar in the theory of
harmonic maps of Riemannian manifolds, cf. e.g. P. Baird & S. Gudmundson, [2],
L.F. Cheung & P.F. Leung, [4], and M.C. Hong, [10], S.E. Koh, [13]) have not
been studied from the point of view of CR and pseudohermitian geometry. How-
ever, if F(t) 4 (2 t)p/2 and f : (M , u) K (S m , h0 ) is F-pseudoharmonic [where S m

is the unit sphere in Rm11 and h0 the standard Riemannian metric on S m] then at
any point x�M there is a local coordinate system (U , W) such that f i W21 :
VKS m is subelliptic p-harmonic in the sense of P. Hajlasz & P. Strzelecki, [9].

We obtain the following first variation formula [stated for simplicity in the
case M is compact (and then one writes EF (f) »4EF (f ; M))]

T h e o r e m 1. Let M be a compact strictly pseudoconvex CR manifold, of CR
dimension n , and u a contact form on M such that the Levi form Gu is positive
definite. Let (N , h) be a Riemannian manifold. Let F : [0 , Q) K [0 , Q) be a C 2

map such that F 8 (s) D0 and set r(s) »4F 8 (s/2 ). Let ]f t (NtNEe be a 1-parameter
variation of a smooth map f4f 0 : MKN . Then

d

dt
]EF (f t )(t40 42�

M

hA(V , t F (f ; u , h) ) uR (du)n ,

where

t F (f ; u , h) »4 !
a41

2n

[ (f21 ˜N )Xa
(r(Q) f * Xa )2r(Q) f * ˜Xa

Xa ]

and Q»4 traceGu
(p H f* h). Here ]Xa ( is a local Gu-orthonormal frame of H(M).

Also we set MA »4 (2e , e)3M and

F : MA KN , F(t , x) »4f t (x) , x�M , NtNEe ,

Vx »4 (d(0 , x) F)
¯

¯t N
(0 , x)

�Tf(x) (N) , x�M .

Then f is F-pseudoharmonic if

t F (f ; u , h) 40 .(2)

Moreover, for each smooth map f : MKN the tension field t F (f ; u , h)
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�GQ (f21 TN) is also given by

(3) t F (f ; u , h) 4 {div (r(Q) ˜H f i )1 !
a41

2n

r(Q)uN i

jk
N i fv Xa (f j) Xa (f k )} Yi .

on U»4f21 (V), where (V , y i ) is a local coordinate system on N , f j »4y j
i f ,

and Yj (x) »4 (¯/¯y j)(x), x�U , 1 G jGm .

Here N
i

jk
N are the Christoffel symbols of (N , h). As a consequence of (3) the

Euler-Lagrange equations (2) (the F-pseudoharmonic map equation) for
f : (M , u) K (Rm , h0 ) may be written

div (r(Q) ˜H f j) 40, 1 G jGm .(4)

Compare to (0.1) in [16]. Here h0 is the natural flat metric on Rm . J. Jost & C-J.
Xu study (cf. op. cit.) the existence of weak solutions to the pseudoharmonic map
equation [i.e. (2) with F(t) 4 t] on V%R 2n11 . Precisely, they solve the Dirichlet
problem on a domain v%%V whose boundary ¯v is smooth and noncharacteristic
for the system of vector fields ]Xa (, when the given boundary values have values
in regular balls of (N , h). Moreover, they prove continuity up to the boundary of
bounded weak solutions f : v K (N , h), a result which, together with a result of
C.-J. Xu & C. Zuily, [19] (showing that continuous solutions to a class of quasili-
nar subelliptic systems covering the pseudoharmonic map system on V are actual-
ly smooth) proves the local existence of pseudoharmonic maps (whose boundary
values have values in regular balls of (N , h)). We emphasize that the hypothesis
adopted in [12] are that ]Xa ( is a Hörmander system on V (and this is always sa-
tisfied, as a consequence of the fact that (M , T1, 0 (M) ) is nondegenerate) and that
the boundary ¯v is noncharacteristic for ]Xa ( (this holds if and only if Tx (¯v)
cH(M)x , for any x�¯v). The local result of J. Jost & C.-J. Xu is slightly more
general than needed here (it holds for V%RN with N not necessarily odd, and a
Hörmander system ]Xa ( on V with ]Xa ( not necessarily linearly independent at
the points of V).

The apparently more general concept of a subelliptic harmonic map conside-
red by Z.-R. Zhou, [20] (involving a positive-definite matrix of smooth functions
g ij (x) on V , which is the unit matrix in [12]) is but another local manifestation of
our pseudoharmonic maps (corresponding to the case where the local frame ]Xa (

on U’M is not necessarily Gu-orthonormal). Z-R. Zhou proves (cf. op. cit.) a local
uniqueness result for pseudoharmonic maps on V [two pseudoharmonic maps
f 1 , f 2 : v KN , having the same boundary values f 1 N¯v4f 2 N¯v (lying in regu-
lar balls of N), coincide (f 1 4f 2 in v)].
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The relationship among F-pseudoharmonicity and pseudoharmonicity is clari-
fied in the following

T h e o r e m 2. Let (M , u) be a CR manifold, (N , h) a Riemannian manifold,
and F : [0 , Q) K [0 , Q) a C 2 function, be as in Theorem 1. Then

t F (f ; u , h) 4F 8g Q

2
h111/n

t gf ; F 8g Q

2
h1/n

u , hh .

Thus f : (M , u) K (N , h) is a F-pseudoharmonic map if and only if
f : (M , F 8 (Q/2 )1/n u) K (N , h) is a pseudoharmonic (with respect to the data
(F 8 (Q/2 )1/n u , h) ) map.

The tension field t(f ; u , h) in Theorem 2 is obtained from t F (f ; u , h) for
F(t) 4 t .

Pseudohermitian maps, that is CR maps f : MKN of two strictly pseudo-
convex CR manifolds M and N , preserving – up to a multiplicative constant – the
given contact forms u and u N , on M and N respectively, are examples of pseu-
doharmonic maps f : (M , u) K (N , gu N

), where gu N
is the Webster metric of

(N , u N ) (and these are also the only CR maps which are pseudoharmonic, cf.
Theor. 1.1, p. 724, in [3]). New examples, as obtained in this paper, are the pseu-
doharmonic morphisms. Let M be a nondegenerate CR manifold and u a contact
form on M . The sublaplacian D b : C Q (M) KC Q (M) is the second order differen-
tial operator

D b u»42div (˜H u) , u�C Q (M) .

Let f : MKN be a smooth map into a Riemannian manifold (N , h). We say f is
a pseudoharmonic morphism if for each local harmonic function v : VKR (V’N
open, D N v40, where D N is the Laplace-Beltrami operator of (N , h)) one has
D b (v i f) 40 in U»4f21 (V). We shall prove the following

T h e o r e m 3. Let M be a nondegenerate CR manifold, of CR dimension n ,
and u a contact form on M . Let (N , h) be a m-dimensional Riemannian mani-
fold. If mDn there is no pseudoharmonic morphism of (M , u) into (N , h),
except for the constant maps. If mGn then any pseudoharmonic morphism
f : (M , u) K (N , h) is a pseudoharmonic map and a C Q submersion and there
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is a unique C Q function l : MK [0 , 1Q) such that

g *u (dH f i , dH f j)x 42l(x) d ij , 1 G i , jGm ,(5)

for any x�M and any normal coordinate system (V , y i ) at f(x) �N .

The Riemannian counterpart of Theorem 3 is a result of T. Ishihara, [11]
(thought of as foundational for the theory of harmonic morphisms, cf. e.g. J.C.
Wood, [18]). The notion of a F-pseudoharmonic map admits the following geome-
tric interpretation

T h e o r e m 4. Let (M , u) be a compact strictly pseudoconvex CR manifold,
with a contact form u , (N , h) a Riemannian manifold, and F : [0 , 1Q) K [0 ,
1Q) a C 2 function, as in Theorem 1. Let S 1 KC(M) K

p
M be the canonical cir-

cle bundle and Fu the Fefferman metric of (M , u). Let f : MKN be a smooth
map. Then f : (M , u) K (N , h) is a F-pseudoharmonic map if and only if its
vertical lift f i p : (C(M), Fu ) K (N , h) is a F-harmonic map in the sense of M.
Ara, [1], i.e. a critical point of the energy

E(F) 4 �
C(M)

F g 1

2
traceFu

F* hh d vol (Fu ) ,

on the class of all smooth functions F : C(M) KN . Here d vol (Fu ) is the natural
volume form on the Lorentzian manifold (C(M), Fu ).

2 - Basic objects and formulae

Let M be a (2n11)-dimensional C Q differentiable manifold. An almost CR
structure on M , of CR dimension n, is a complex subbundle T1, 0 (M) %T(M)7C ,
of complex rank n , of the complexified tangent bundle over M , such that

T1, 0 (M)OT0, 1 (M) 4 (0) .

An almost CR structure is (formally) integrable if

Z , W�GQ (T1, 0 (M) ) ¨ [Z , W] �GQ (T1, 0 (M) ) .

A CR structure is a formally integrable almost CR structure and a pair
(M , T1, 0 (M) ), consisting of a manifold M and a CR structure of CR dimension n ,
is a CR manifold (of hypersurface type).

Let (M , T1, 0 (M) ) be a CR manifold. The Levi distribution is H(M)
»4Re]T1, 0 (M)5T0, 1 (M)(. It carries the complex structure J : H(M)KH(M)
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given by J(Z1Z) 4 i(Z2Z), Z�T1, 0 (M). Set H(M)»
x »4 ]v�T *x (M): Ker (v)

*H(M)x (, x�M . When M is orientable the conormal bundle H(M)» is trivial
hence admits everywhere nonzero globally defined sections u�GQ (H(M)» ), each
of which is called a pseudohermitian structure on M . Given a pseudohermitian
structure u , the Levi form is

Gu (X , Y) 4 (du)(X , JY) , X , Y�H(M) .

Any other pseudohermitian structure is of the form u× 4lu , for some C Q function
l : MKR0]0( and Glu4lGu . An orientable CR manifold is nondegenerate (re-
spectively strictly pseudoconvex) if Gu is nondegenerate (respectively positive de-
finite), for some u . The property of nondegeneracy is a CR invariant, i.e. inva-
riant under a transformation u× 4lu , while strict pseudoconvexity is not (if Gu is
positive definite, G2u is negative definite). When (M , T1, 0 (M) ) is nondegenerate
any pseudohermitian structure u is a contact form, i.e. uR (du)n is a volume form
on M . Nondegeneracy also implies the existence and uniqueness of a globally de-
fined vector field T on M such that u(T) 41 and T F du40 (the characteristic di-
rection of du).

The Levi form of a CR manifold may be recast as the complex bilinear
form

Lu (Z , W) 42i(du)(Z , W) , Z , W�T1, 0 (M) ,

(and then Lu and (the C-linear extension to H(M)7C of) Gu coincide). On any
nongenerate CR manifold on which a contact form u has been fixed, there is a uni-
que linear connection ˜ satisfying the following axioms 1) H(M) is ˜-parallel, 2)
˜gu40, ˜J40, 3) the torsion T˜ of ˜ is pure, i.e. T˜ (Z , W) 40, T˜ (Z , W)
42 iLu (Z , W)T , for any Z , W�T1, 0 (M), and t i J1J i t40, where tX
»4T˜ (T , X), X�T(M) (the pseudohermitian torsion of ˜). This is the Tanaka-
Webster connection of (M , u) (cf. N. Tanaka, [15] and S. Webster, [17]). Here gu

is the Webster metric i.e.

gu4p H Gu1u7u ,

where, in general for a bilinear form B on T(M), we set

(p H B)(X , Y) »4B(p H X , p H Y) , X , Y�T(M) ,

and p H : T(M) KH(M) is the natural projection associated with the direct sum
decomposition T(M) 4H(M)5RT . Also, in the axioms 2)-3) above, J is the endo-
morphism of T(M) obtained by requesting that JT40.
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Let (M , T1, 0 (M) ) be a nondegenerate CR manifold, of CR dimension n , and u

a contact form. The divergence of a smooth vector field X is given by

LX (uR (du)n ) 4div (X) uR (du)n ,

where L is the Lie derivative. We set

˜H u»4p H ˜u , u�C Q (M) ,

where ˜ is the gradient with respect to the Webster metric, i.e. gu (X , ˜u) 4X(u).
The sublaplacian is the (second order) differential operator

D b u»42div (˜H u) , u�C Q (M) .

It is formally self adjoint

aD b u , vbL 2 4 au , D b vbL 2 ,

(with one of the functions u , v of compact support), where the L 2 inner product is

au , vbL 2 4�
M

uv uR (du)n .

D b is actually subelliptic of order e41/2 (cf. e.g. [7]).

3 - The first variation formula

Let ]Z1 , R , Zn ( be a local frame of T1, 0 (M), defined on an open set U’M ,
such that Lu (Za , Zb ) 4d ab (with Zb4 Zb). Then, for any bilinear form B on
T(M)

traceGu
(p H B) 4 !

a41

n

]B(Xa , Xa )1B(JXa , JXa )( ,

where

Xa »4
1

k2
(Za1Za ) ,

(hence Gu (Xa , Xb ) 4d ab). If X is a tangent vector field on M , f * X denotes the
section in f21 TNKM given by (f * X)(x) »4 (dx f) Xx �Tf(x) (N) 4 (f21 TN)x ,
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x�M . Note that

traceGu
(p H f* h) 4 !

a41

2n

hA(f * Xa , f * Xa ) F0 ,

(hence the definition of EF (f ; D) makes sense (F(t) is defined only for tF0))
where ]Xa : 1 GaG2n( »4 ]Xa , JXa : 1 GaGn(.

Let f : MKN be a smooth map. Then f is F-pseudoharmonic if

d

dt
]EF (f t )(t40 40 ,

for any compactly supported 1-parameter variation ]f t (NtNEe of f 0 4f . To write
the first variation formula we set MA »4 (2e , e)3M and

F : MA KN , F(t , x) »4f t (x), x�M , NtNEe .

Also

Vx »4 (d(0 , x) F)
¯

¯t N
(0 , x)

�Tf(x) (N) , x�M .

Then V�GQ (f21 TN). Moreover, let

V»4F *
¯

¯t
�GQ (F21 TN) ,

(hence V(0 , x) 4Vx). Let ˜
A

»4F21 ˜N be the connection in F21 TNK MA induced
by ˜N (the Levi-Civita connection of (N , h)). We have

d

dt
]EF (f t )( 4

d

dt
�

M

F g 1

2
traceGu

(p H f t* h)h C

4�
M

d

dt
F g 1

2
!

a41

2n

(f t* h)(Xa , Xa )h C ,

where C»4uR (du)n . Let a t : MK MA be given by a t (x) »4 (t , x), x�M . If X is
a tangent vector field on M we set XA(t , x) »4 (dx a t ) Xx . The symbol hA denotes the
bundle metric F21 h (induced by h) in F21 TNK MA, as well. Then

(f*t h)(X , Y) 4 hA(F *XA, F *YA) i a t .
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Set

Qt »4 traceGu
(p H f t* h) �C Q (M), NtNEe .

Then

d

dt
]EF (f t )( 4

1

2
�

M

F 8g Qt

2
h !

a41

2n d

dt
]hA(F *XAa , F *XAa ) i a t ( C

4�
M

F 8g Qt

2
h !

a41

2n

hA(˜A¯/¯t F *XAa , F *XAa ) C

4�
M

F 8g Qt

2
h !

a41

2n

hAg˜AX
A

a
F *

¯

¯t
, F *XAah C ,

as ˜
A hA 40, ˜N is torsion-free, and [XA, ¯/¯t] 40. Next

d

dt
]EF (f t )( 4�

M

F 8g Qt

2
h !

a
]XAa (hA(V , F *XAa ) )2hA(V , ˜

A
X
A

a
F *XAa )( C .

For NtNEe fixed, let Xt �GQ (H(M) ) be defined by

Gu (Xt , Y) 4 hA(V , F *YA) i a t , Y�GQ (H(M) ) .

Also, if f�C Q (MA) and NtNEe we set ft »4 f i a t �C Q (M), so that

X( ft ) 4 XA( f ) i a t ,

for any X�T(M). Therefore

d

dt
]EF (f t )( 4�

M

r(Qt )!
a

]Xa (Gu (Xt , Xa ) )2hA(V , ˜
A

XAa
F *XAa )( C

4�
M

r(Qt )!
a

]Gu (˜Xa
Xt , Xa )1Gu (Xt , ˜Xa

Xa )2hA(V , ˜
A

X
A

a
F *XAa )( C ,

where r(s) »4F 8 (s/2 ) and ˜ is the Tanaka-Webster connection of (M , u) (so that
˜Gu40), cf. e.g. [15], p. 29-30. As C is parallel with respect to ˜

div (X) 4 trace ]Y O ˜Y X( .
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Then

d

dt
]EF (f t )( 4�

M

r(Qt )]div (Xt )2!
a

hA(V , ˜
A

XAa
F *XAa 2F *˜Xa

Xa
A)( C

4�
M

]div (r(Qt ) Xt )2Xt (r(Qt ) )2r(Qt )!
a

hA(V , ˜
A

XAa
F *XAa 2F *˜Xa

Xa
A)( C ,

because of div ( fX) 4 f div (X)1X( f ). As f t is compactly supported, so does Xt .
Therefore (by Green’s lemma)

d

dt
]EF (f t )(

42�
M

]Gu (Xt , ˜H r(Qt ) )1hA(V , r(Qt )!
a

(˜AXAa
F *XAa 2F *˜Xa

Xa
A) )( C

42�
M

hAgV , !
a

(˜AXAa
(r(Qt ) F *XAa )2r(Qt ) F *˜Xa

Xa
A)h C .

The last equality holds because of

!
a41

2n

˜
A

XAa
(r(Qt ) F *XAa ) 4!

a
(XAa (r(Qt ) ) F *XAa 1r(Qt ) ˜

A
XAa

F *XAa )

4F * ˜H r(Qt )1r(Qt )!
a

˜
A

XAa
F *XAa .

Note that

((F21 ˜N )X F * Y )(0 , x) 4 ((f21 ˜N )X f * Y )x .

We are left with the proof of (3). We have

div (r(Q) ˜H f j) 4 trace ]Y O ˜Y (r(Q) ˜H f j)(

4 !
a41

2n

Gu (˜Xa
(r(Q) ˜H f j), Xa )1u(˜T (r(Q) ˜H f j) )

4 !
a41

2n

[Xa (Gu (r(Q) ˜H f j, Xa ) )2Gu (r(Q) ˜H f j, ˜Xa
Xa ) ]1T(u(r(Q) ˜H f j) ) ,
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because of ˜gu40 and ˜T40. Also (as H(M) is ˜-parallel)

Gu (˜H f j, ˜Xa
Xa ) Yj 4gu (˜f j, ˜Xa

Xa ) Yj 4 (˜Xa
Xa )(f j) Yj 4f * ˜Xa

Xa ,

hence

div (r(Q) ˜H f j) Yj 4 !
a41

2n

]Xa (r(Q) Xa (f j) ) Yj 2r(Q) f * ˜Xa
Xa ( .

Consequently (by the very definition of t F (f ; u , h))

t F (f ; u , h) 4div (r(Q) ˜H f j) Yj 1r(Q)!
a

]˜
A

Xa
f * Xa 2 (Xa

2 f j) Yj (

and the following calculation leads to (3)

˜
A

Xa
f * Xa 2 (Xa

2 f j) Yj 4 ˜
A

Xa
(Xa (f j) Yj )2 (Xa

2 f j) Yj

4Xa (f j) Xa (f k ) g˜N
¯/¯y k

¯

¯y j h i f4 uN i

jk
N i fv Xa (f j) Xa (f k ) Yi .

Theorem 1 is proved.
To prove Theorem 2 we need to derive the transformation law for t(f ; u , h)

under a change of contact form u× 4e 2u u , u�C Q (M). Set

b f (X , Y) »4 (f21 ˜N )X f * Y2f * ˜X Y ,

for any X , Y�T(M), so that

t(f ; u , h) 4 traceGu
(p H b f ) .

Consequently

t F (f ; u , h) 4F 8g Q

2
h t(f ; u , h)1f * ˜H F 8g Q

2
h .(6)

If ]Za( is a local orthonormal frame of T1, 0 (M) we set Z×a »4e 2u Za . Note
that

t(f ; u , h) 4 !
a41

n

]b f (Za , Za )1b f (Za , Za )( .
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Therefore

t(f ; u×, h) 4 !
a41

n

]˜
A

Z×a
f *Z×a2f *

×̃
Z×a

Z×a1˜
A

Z×a
f *Z×a2f *

×̃
Z×a

Z×a( ,

where ˜
A

4f21 ˜N and ×̃ is the Tanaka-Webster connection of (M , u×). Set ˜ZA
ZB

4G AB
C ZC , where A , B , R� ]1, R , n , 1, R , n, 0( and Z0 »4T . Then

×̃
Z W 4˜Z W22Lu (Z , W)˜0, 1 u , Z , W�T1, 0 (M) ,

(where ˜0, 1 u»4p 0, 1 ˜u and p 0, 1 : T(M)7CKT0, 1 (M) is the projection (associa-
ted to T(M)7C4T1, 0 (M)5T0, 1 (M)5CT)) leads to

e 2u t(f ; u×, h) 4t(f ; u , h)12n f * ˜H u .

Set l»4e u . Then

t(f ; l 2 u , h) 4l22(n11) ]l 2n t(f ; u , h)1f * ˜H (l 2n )( .(7)

This is the transformation law we looked for. Setting l»4r(Q)1/(2n) , the formulae
(6)-(7) lead to the identity in Theorem 2. Q.e.d.

4 - Pseudoharmonic morphisms

To prove Theorem 3 we shall need the following

L e m m a 1 (T. Ishihara, [11]). Let (N , h) be a m-dimensional Riemannian

manifold and p�N. Let Ci , Cij�R be constants such that Cij4Cji and !
i41

m

Cii 40.

Let (V , y i ) be a normal coordinate system on N at p such that y i (p) 40, 1 G i
Gm . There is a harmonic function v : VKR such that

¯v

¯y i
(p) 4Ci , vi , j (p) 4Cij .

Here vi , j are second order covariant derivatives with respect to the Levi-Civita
connection ˜N of (N , h), i.e.

vi , j 4
¯ 2 v

¯y i ¯y j
2N

k

ij
N ¯v

¯y k
.

Let f : (M , u) K (N , h) be a pseudoharmonic morphism. Let x�M be an arbi-
trary point and set p»4f(x) �N . Let i0 � ]1, R , m( be a fixed index and set
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Ci »4d ii0
and Cij »40, 1 G i , jGm . By Ishihara’s lemma (cf. Lemma 1 above),

given normal coordinates (V , y i ) at p , there is a harmonic function v : VKR .
Then D b (v i f) 40 in U»4f21 (V), by the very definition of pseudoharmonic
morphisms. Let ]Za( be an orthonormal frame of T1, 0 (M) on U . Note that

(v i f)a , b4 (vj i f) f j
a , b1f i

a f j
buvi , j 1N

k

ij
Nvkv i f , vi »4

¯v

¯y i
,

D b (v i f) 42!
a

](v i f)a, a1 (v i f)a , a( ,

yield

D b (v i f) 4 (D b f j)(vj i f)22 !
a

f j
a f k

auvj , k 1N
i

jk
Nviv i f .(8)

Let us apply (8) at the preferred point x

0 4 (D b f i0 )(x)22 !
a

f j
a (x) f k

a (x) N
i0

jk
N(p) 4t(f ; u , h)i0

x ,

i.e. f is a pseudoharmonic map.
Let us consider now Cij �R such that Cij 4Cji and !

i41

m

Cii 40. By Ishihara’s

lemma there is v : VKR such that D N v40, vi (p) 40 and vi , j (p) 4Cij . As f is a
pseudoharmonic morphism (by (8))

0 4D b (v i f)(x) 42!
a

f j
a (x) f k

a (x) Cjk .

Set

X jk »4!
a

f j
a f k

a ,

so that

Cjk X jk(x) 40 .

Thus

!
ic j

Cij X ij (x)1!
i

(X ii (x)2X 11 (x) ) Cii 40 .(9)



46 ELISABETTA BARLETTA [14]

Let us choose for a moment Cij 40 for any ic j and

Cii 4

.
/
´

1,

21,

0 ,

i4 i0

i41

otherwise

,

for i0 � ]2, R , m( fixed. Then (9) yields

X i0 i0 (x)2X 11 (x) 40 ,

i.e.

X 11 (x) 4R4X mm (x)

and (9) becomes

!
ic j

Cij X ij (x) 40 .

Again we may fix i0 , j0 � ]1, R , m( with i0 c j0 and choose

Cij 4
.
/
´

1,

0 ,

i4 i0 , j4 j0

otherwise

so that to get

X i0 j0 (x) 40 .

We proved that X ij (x) 40 for any ic j . If we set

l»4X 11 4 !
a41

n

f 1
a f 1

a�C Q (U) ,

then

!
a41

n

f a
i (x) f j

a (x) 4l(x) d ij .(10)

The contraction of i , j now leads to

ml4 !
a , i

Nf i
aN2 F0 ,

hence l : MK [0 , 1Q) is a C Q function. To complete the proof of Theorem 3 as-



47SUBELLIPTIC F-HARMONIC MAPS[15]

sume that there is x�M such that l(x) c0 and set

w i »4 (f i
1 (x), R , f i

n (x) ) �Cn .

Clearly w i
c0 and (by (10)) ic j ¨ w i Qw j40, that is the rows of [f i

a (x) ]
4 (w 1 , R , w m )t are mutually orthogonal nonzero vectors in Cn . Hence
rank [f i

a (x) ] 4m and then mGn . Therefore mDn implies l40 hence f i
a40.

Thus f i
a40 (by complex conjugation) or ¯b f i 40, i.e. f i is a R-valued CR fun-

ction on a nondegenerate CR manifold, hence f i 4const . , 1 G iGm , i.e. f is a
constant map. Q.e.d.

5 - The Fefferman metric and F-pseudoharmonicity

Let (M, T1, 0 (M) ) be a strictly pseudoconvex CR manifold, of CR dimension n , and u

a contact form on M with Gu positive definite. Let T be the characteristic direction of du .
A complex valued p-form v on M is a (p , 0)-form if T0, 1 (M) F v40. Let Lp , 0 (M)
KM be the bundle of all (p , 0)-forms. The multiplicative group of positive real numbers
GL 1(1, R ) 4 (0, 1Q) acts on K0 (M) »4Ln11, 0 (M)0]zero section( and the quo-
tient space C(M) »4K0 (M) /GL 1(1, R ) is (the total space of) a principle circle bundle
S 1KC(M) K

p
M. Let us extend Gu to the whole of T(M) by requesting that Gu(X, T)40,

for all X�T(M). Consider the 1-form s�V1 (C(M) )

s4
1

n12
{dg1p*giva

a2
i

2
g ab dgab2

R

4(n11)
uh} ,(11)

and set

Fu4p* Gu12(p* u) U s ,(12)

(the Fefferman metric of (M , u)). Here g is a local fibre coordinate on C(M), va
b

are the connection 1-forms of the Tanaka-Webster connection (˜Tb4v b
a 7Ta),

and R4g ab Rab is the pseudohermitian scalar curvature (cf. [5], p. 103). Fu is a
Lorentz metric on C(M) and Fe u u4e u i p Fu , for any u�C Q (M) (in particular
[Fu ] »4 ]e u i p Fu : u�C Q (M)( is a CR invariant).

Let F(t) F0 be a C 2 map defined for tF0, such that F 8 (t) D0. For simplic-
ity, assume for the rest of this section that M is compact (hence C(M) is compact,
as well). A smooth map F : (C(M), Fu ) K (N , h) is F-harmonic if it is a critical



48 ELISABETTA BARLETTA [16]

point of

EF (F) 4 �
C(M)

F g 1

2
traceFu

(F* h)h d vol (Fu ) ,

i.e. if t F (F ; Fu , h) 40, where (cf. [1])

t F (F ; Fu , h) »4F 8g 1

2
traceFu

(F* h)h t(F ; Fu , h)

1F *m˜F 8g 1

2
traceFu

(F* h)hn .

(13)

Here t(F ; Fu , h) is the ordinary tension field of F : (C(M), Fu ) K (N , h) (cf. e.g.
[6], p. 107) and ˜ : C Q (C(M) ) K X(C(M) ) the gradient operator with respect to
the Fefferman metric Fu . At this point we may prove Theorem 4. Let (U , x A ) be
a local coordinate system on M (the convention as to the range of indices is
A , B , R� ]0, 1 , R , n , 1, R , n() and set u A »4x A

i p : p21 (U) KR . If c4 [v]
�p21 (U) then v�K0 (M) may be written v4l(uRu 1 RRRu n )x , for some
l�C*4C0]0( and x4p(c) �U . Then g : p21 (U) KR is given by g(c)
4arg (l/NlN) (with arg : S 1 K [0 , 2p)) and (p21 (U), u A , g) is a local coordinate
system on C(M). Set gab 4 Fu (¯/¯u a , ¯/¯u b ) and [ g ab ] 4 [ gab ]21 , where
a , b , R ]0, 1 , R , n , 1, R , n, 2n12( and u 2n12 4g . Let f : MKN be a
smooth map and set F»4f i p . Then

traceFu
(F* h) 4g ab ¯F j

¯u a

¯F k

¯u b
(hjk i F) 4g ABg ¯f j

¯x A
i ph g ¯f k

¯x B
i ph (hjk i F)

(because ¯p A /¯g40) and then, by the identity (9) in H. Urakawa & alt., [3],
p. 730

g ABg ¯f j

¯x A
i ph g ¯f k

¯x B
i ph4h ab]Ta (f j) Tb (f k )1Tb (f j) Ta (f k )( i p

we have

traceFu
(F* h) 42h ab Ta (f j) Tb (f k ) i p4 ]traceGu

(p H f* h)( i p4Q i p .

Therefore (by (13))

t F (F ; Fu , h) 4F 8g 1

2
Q i ph t(F ; Fu , h)1F * ˜ mF 8g 1

2
Q i phn
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i.e. F4f i p is F-harmonic if and only if

(r(Q) i p) t(F ; Fu , h)1F * ˜(r(Q) i p) 40(14)

where r(s) »4F 8 (s/2 ). It is well known that, under a conformal change of metric,
the tension tensor field transforms as

t(F ; l 2 Fu , h) 4l2(2n12) ]l 2n t(F ; Fu , h)1F * ˜(l 2n )( ,(15)

for any l�C Q(C(M) ). By Theorem 2 f is F-pseudoharmonic if and only if
t(f ; r(Q)1/n u , h) 40, that is [by Theorem 2.1 in H. Urakawa & alt., [3], p. 729] if
and only if f i p is harmonic with respect to the Fefferman metric Fr(Q)1/n u , i.e.

t(f i p ; Fr(Q)1/n u , h) 40 .

Finally [by (15) with l»4 (r(Q) i p)1/(2n)] f is F-pseudoharmonic if and only if (14)
holds. Q.e.d.
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S u m m a r y

Owing to the ideas of M. Ara (cf. [1]) and K. Uhlenbeck (cf. [16]) we consider F-pseu-

doharmonic maps, i.e. critical points of the energy EF (f) 4�
M

F g 1

2
traceGu

(p H f* h)h u

R (du)n , on the class of smooth maps f : MKN from a (compact) strictly pseudoconvex
CR manifold (M , u) to a Riemannian manifold (N , h), where u is a contact form and
F : [0 , Q) K [0 , Q) is a C 2 function such that F 8 (t) D0. F-pseudoharmonic maps gener-
alize both J. Jost & C-J. Xu’s subelliptic harmonic maps (the case F(t) 4 t , cf. [12]) and P.
Hajlasz & P. Strzelecki’s subelliptic p-harmonic maps (the case F(t) 4 (2 t)p/2 , cf. [9]). We
obtain the first variation formula for EF (f). We investigate the relationship between F-
pseudoharmonicity and pseudoharmonicity, by exploiting the analogy between CR and
conformal geometry (cf. [1] for the Riemannian counterpart). We consider pseudohar-
monic morphisms from a strictly pseudoconvex CR manifold and show that any pseudo-
harmonic morphism is a pseudoharmonic map (the CR analogue of T. Ishihara’s theo-
rem, cf. [11]). We give a geometric interpretation of F-pseudoharmonicity in terms of the
Fefferman metrics of (M , u).

* * *


