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Time-dependent vakonomic dynamics

and presymplectic geometry (**)

1 - Introduction

The Dynamies of Lagrangian systems subject to non-holonomic constraints
may be formulated through the so-called vakonomic approach [1], [2]: it consists
in the study of variational problems where the variations are imposed to satisfy
the constraints.

As a matter of fact, every vakonomic problem may be considered as a free va-
riational one associated with an extended Lagrangian incorporating the constrain-
ts through a set of Lagrange multipliers.

By construction such an extended Lagrangian is always singular; all the kno-
wn results regarding degenerate Lagrangians may be therefore applied to the
theory of vakonomic systems.

A first step in this direction has been made by Carifena and Ranada in [3], fol-
lowed by some other recent papers [4], [6] where the presymplectic constraint al-
gorithm developed by Gotay and Nester [7], [8] is used to study and solve vakono-
mic problems.

Using the time-dependent extension of the Gotay-Nester method proposed in
[11], we generalize the previous works to the time-dependent case. This has been
made possible by the adoption of the geometrical setting provided by the Lagran-
gian and Hamiltonian bundles [9], [10], [11], [12], [13].
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We first present a brief review of the geometrical framework of Lagrangian
and Hamiltonian bundles and of their use in the discussion of presymplectic time-
dependent Lagrangian systems in Section 2.

In Section 3 we illustrate the application of the previous topic to vakonomic
dynamics; the given approach is suitable to describe both regular and singular
Lagrangian systems.

Nevertheless, the most significant results are obtained for systems with regu-
lar Lagrangian, subject to affine kinetic constraints; we focus on this particular
case, showing that the transition to the Hamiltonian setting allows a sort of re-
duction of the problem to a free Hamiltonian one.

We conclude the paper with some illustrative examples: the first is an applica-
tion to classical vakonomic Mechanics; the second shows the possible use of the
proposed approach in economic models, where an explicit time-dependence is al-
ways present; the third and last one is an energy stationarity problem for a sim-
ple analog circuit.

2 - Geometrical preliminaries

2.1 - The Lagrangian and Hamiltonian bundles

Let us consider a Lagrangian system with n degrees of freedom and denote
by ©, ;1 its configuration space-time. The axiom of absolute time makes V), , ; a fi-
bered manifold over the real line (thought as an Euclidean space), with projection
t: 9,1 —MN given by the absolute time function; the first jet-extension j; (9, . 1)
may be naturally identified with the velocity space of the system. Let us denote by
t,q', ..., q" a generic fibered local coordinate system on ¥,,, and by
t,q', ..., q", ¢ ..., ¢" the induced jet-coordinates on j;(¥,, ;). The Euler-La-
grange equations associated with the Lagrangian system

are known to be invariant under arbitrary transformations of the form

L—L':=L+ g

dt

d,
where fis a smooth function defined on V), ,; and d—J; denotes its symbolic time

derivative. For this reason, the Lagrangian L is not a geometrical object associa-
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ted with the given system, being defined up to a gauge. In a recent paper [9], this
situation has been analyzed and a gauge-invariant setup has been developed in
the language of jet-bundle theory.

For later use, we present here a brief review of the subject, in order to provi-
de the reader of the necessary definitions.

The idea is to associate to the given Lagrangian system a double fibration
P— 9, .1—N, where n: P— 9, is a principal fiber bundle, with structural
group (M, +), called the bundle of affine scalars over V..

The action of the structural group on P will be expressed through the additive
notation

2.1) Ye) =&, v): NXP—->P : yp(v)=v+E.

The properties of the bundle of affine scalars are now summarized:

® cvery function u : P— N satisfying u(v + &) = u(v) + & provides a global
trivialization of P, namely an identification of P with the Cartesian product
Vz +1 X m;

® the assignment of a trivialization « allows to lift every coordinate system
t,q" on 9, to a coordinate system ¢, q!, ..., ¢", u over P, satisfying the follo-
wing coordinate transformation rules

2.2) t=t+c, q=qt,q% ...,q", uw=u+ft,q',...,q"
)

® the vector field — is the fundamental vector field associated to the princi-

pal fibration. ou

Let us now focus our attention of the fibration P — )M and consider its first jet
space j; (P, M), which we shall refer to local jet-coordinates ¢, q%, u, ¢', %, with
transformation laws

(2.32) t=t+c, q=7qt,q, u=u+ft,q

- 9" . g’ - . af . af .
2.3b ‘= by 2 a=u+—{§¢+ = :=u+
(25b) 1 aq"* 7 % aq* 7% !

It is easy to verify that j; (P, 3) may be considered a subspace of T(P) through
the identification

d ; 0 d
24 (PR = 2= —+q¢k@ — +tuk) —| .
24) zeji( ) =3 q'(z) 3¢ u(z) "

7(z)
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The geometrical properties of j; (P, M) come from its jet-bundle structure first: in
particular, it is endowed with

(i) a contact bundle, locally generated by the (n + 1) 1-forms w = du — udt
and o'=dq’ - ¢'dt;

(ii) a fiber differential d, on the Grassman algebra of j;(P, i) (*), whose ac-
tion on any function fe H j;(P, N)) is described as

(2.5) dvfz —.CU()“' —'Z(,U

In addition to this, the bundle j; (P, M) carries two different actions of the
structural group (M, +), both arising from the principal bundle structure of P
and based on the identification expressed by eq. (2.4). The first one may be defi-
ned as the push-forward .. of the action (2.1); in local coordinates we
have

(2.6) Vet ¢ u, ¢, — @, g u+ & ¢ 0.

The quotient of j; (P, ) under this action is a (2% + 2)-dimensional manifold,
which will be denoted by £(9, . ;). The quotient map makes j; (P, i) into a prin-
cipal fiber bundle over £2(9, ), with structural group (N, +); £(%, ;) results
to be a fiber bundle over ©,,; referred to local coordinates t, ¢°, ¢', u.

The second action is obtained adding to any z €7, (P, i) a multiple of the fun-

damental vector field over P, namely z—z + & a—; it is represented as
%

(27) ¢:§:(t) qiau)i]iaa)%(t’qi)uyqi7u+§)-

Once again, the quotient of j, (P, ) under (2.7) is a (2% + 2)-dimensional mani-
fold, which will be denoted by £°(9, . ;). The quotient map makes j; (P, ) into a
principal fiber bundle over £¢(9, . ;) with structural group (N, +); £9(9,,,)is a
fiber bundle over ¥),,; with local coordinates t, ¢, u, ¢'.

Finally we observe that the two actions (2.6) and (2.7) commute and can be
therefore used to induce a group action on the quotient space generated by the
other. This makes both £(V, , ;) and £°(V, ;) into a principal fiber bundle over a
«double quotient» space, which is easily identified with the first jet space

(!) For a detailed description the reader is referred to [9].
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71(9, +1). The situation is best represented by the following commutative dia-
gram

jl(P, 9%) — £C(v1t+1)

2.8) l l

oe(vrwrl) E—— jl(’@nJrl)

where all arrows represent principal fibrations. The bundles £2(V, ;1) =1 (V,+1)
and £L°(9, 1) —J1(9, 1) will be respectively denoted Lagrangian and co-La-
grangian bundles over j;(V, ).

The geometric environment introduced so far is sufficient to develop a gauge-
invariant formulation of Lagrangian Mechanies. This is achieved replacing the
concept of Lagrangian function by the one of Lagrangian section, namely a sec-
tion 1: 5;(9,4+1) — £(V, . 1) of the Lagrangian bundle. The outcome is a scheme
where the assignment of a trivialization of P determines a local description of [/ of
the form

(2.9) w=L(t, q', ")

namely in terms of a Lagrangian function L(t, ¢°, ¢*) over j,(¥, ;). As soon as
the trivialization is changed, the representation (2.9) undergoes the transforma-
tion laws

(2.10) w=u+f =Lt q,q)+f =L, q', i)

which involves a gauge equivalent Lagrangian function. We also remark that any
Lagrangian section ! defines a trivialization ¢; := % —L(t, q, ¢) of the bundle
J1(P, N) = L0V, 1 1)

The importance of the concept of Lagrangian section consists in inducing a
connection 1-form 6, on the bundle j; (P, N) — £(9, , 1), which plays a crucial ro-
le in the transition from Lagrangian to Hamiltonian dynamics. The 1-form 6, is
defined through the action of the fiber differential on the trivialization g,
namely

~ oL .
(2.11) 0, =dg=wy— — o'

aq"

A similar reasoning can be followed using the manifold P— 9, . ; as a starting
point and taking its first jet space j;(P, V, ) into account. Given local coordina-
test, ¢', w on P, we denote by ¢, q°, u, py, p; the induced fibered local coordinate
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system, subject to transformation laws
(212a) t=t+c, q'=q,q" . ....,q", uw=u+ft,q", ...,q"

_ of o \ ok _ 3 \ ¢
(212) Py = +—+( +—)—_, i=( +_)_,.
Do = Do 5t Dk 3" | Dr 3" | 37
The jet space structure endows j; (P, V,, 1) with the canonical contact 1-form O,
locally written as

(2.13) O = du — pydt — p;dq’

and henceforth called the Liouwville 1-form. The latter has the nature of a connec-
tion 1-form of the bundle j,(P, ©,,1) = H (9, 1).

Moreover, j;(P, ©,.1) is a submanifold of the cotangent space T *(P),
through the identification

(214) n ejl(P’ vn-%—l) < n= [du _po(ﬂ) dt _pz(ﬂ) dqi]n(n)'

Finally, the manifold 7, (P, ©, ) carries two different actions of the structu-
ral group (I, + ), both defined on the basis of identification (2.14). The first is de-
fined as the pull-back (v _¢)* of (the inverse of) the action (2.1) and can be writ-
ten as

(215) w?(tr qivu7 Do pz)_)(t7 qi, u+§7 pivPO)'

The quotient of j;(P, V, ) under this action is a (2% + 2)-dimensional manifold
(9, 1) and 5, (P, O, 1) = (Y, ;1) is a principal fiber bundle, with structural
group (N, +). H(V,,.1)— V, ., results to be an affine bundle, modelled on
T*(%,, 1), locally described by the coordinate system t, q', py, p;.

The second action is obtained subtracting to any n €j; (P, 9, ) a multiple of
the invariant 1-form dt, namely n—#»n — &dt, and can be expressed as

(2.16) ¢§:(t’qiau’p0api)_>(t, qi,u,piapo"‘f)-

The quotient of 7, (P, ©,, 1) under (2.16) will be denoted IC°(V, ;). It results to
be a fiber bundle over ¥,.;, with coordinates (¢, q’, u, p,); moreover,
J1(P, ©yr1) = H(V,41) is a principal fiber bundle with structural group (R, +).

As in the Lagrangian case, the above described actions commute: thus we can
define a «double quotient» space I1(V, . 1), henceforth called the phase space, ob-
tained by quotient of either IC(V,,;) or IH°(V,,;) under the corresponding
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group action. The situation is summarized into the following commutative dia-
gram

jl(P7vn+1) — t‘}(/v(vn-%—l)

2.17) l l

3{:(@71,4—1) —> H(F@nJrl)

where all arrows denote principal fibrations. The bundles (9, ;) —=1(V, 1)
and (9, 1) = (9, ,1) will be respectively called the Hamiltonian and co-
Hamiltonian bundles over I1(V, . ;). Every section h : I[1(V, 1) = H(V, ;1) will
be called Hamiltonian section.

We remark that the differential —d® is the pull-back of a closed 2-form

(2.18) Q:=dpy N\ dt+ dp; \dq'

which endows I((V, ;) with a symplectic structure. This is the framework where
a time-dependent formulation of Hamiltonian dynamics may be developed
[10].

Finally, a map between j; (P, ) and j;(P, 9,,;) may be set up, observing
that every Lagrangian section [ induces the connection 1-form 6, on the first, whi-
le the second is endowed with the canonical 1-form @. Then, it is easy to prove
that there exists an unique map A : j; (P, N) —5; (P, 9, 1), fibered over P, such
that 4*(@) = 0; this is called Legendre transformation [9], [10], [13].

2.2 - Presymplectic time-dependent Lagrangian systems

In [11], the geometrical properties of the Lagrangian bundle £(9, ;) have
been investigated; as a consequence, a mathematical setting suitable for the study
of degenerate time-dependent Lagrangian systems has been developed. For later
use, we briefly outline the basic aspects of the theory.

First of all, we recall that the assignment of a Lagrangian section [ induces
the following geometrical objects on the manifold £2(9,,):

® 2 trivialization ¢, := % —L(t, q°, ¢*) of the principal fiber bundle £(%, . ;)
_)jl(vn+1);
® a smooth connection of &V, ,1)—71(V, 1), whose connection 1-form is

given by the differential dg; = d% — dL; the related horizontal lift associates with

0 9 .. 0
every vector field X = X° P +X! — + X' — eD'(4(9,,,)) a corresponding

aq’ 3¢
vector field X; on £2(V,, ), invariant under the action of the structural group
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)
i.e., under the 1-parameter group of diffeomorphisms generated by 8_ and
U
expressed locally as

) .0 .. 0 0
2.19) X=x"2 +x = 4% 4yx1) = ;
ot aq* ¢ ou

® a (1, 1)-tensor field J on £(¥,,,), having local expression

~ A oL 2 0
(2.20) J=0'® — — + —
aq" du aq

where the notation w’ :=dg’—¢'dt i=1, ..., n for the pull-back to £2(%,, ) of
the contact 1-forms on j;(V,, ;) has been preserved; it is immediate to see that J

. )
is m-related to the fundamental tensor J=w'® ; of 5:(Vy41);
q
® an exact 2-form 2; on £2(%,. ), expressed in local fibered coordinates as

oL . 0L ..
— |No'— —d¢' Adt;
aq"

2.21) Q, :=duNdt+d
aq"

2

under the regularity assumption rank =n, it is a straightforward mat-

3¢ ag’
ter to verify that the 2-form (2.21) has m%xir(flal rank, thus endowing the bundle
L£(0, +1) with a symplectic structure; when this is the case, following the standard
terminology, the section [ is said to be a regular Lagrangian section; on the con-
trary, when the regularity hypothesis is violated, but £, has constant rank every-
where, the 2-form (2.21) is presymplectic; in such a circumstance, we shall call [ a
degenerate (or singular) Lagrangian section; furthermore, denoting by Q;:

9q
function L(t, ¢°, ¢') on j;(9,.), we have Q,=1%*(Q,).

By means of the 2-form &, and of the above mentioned trivialization ¢, we
may construct the equations of motion directly on the Lagrangian bundle
£(9, 7). The algorithm is based on the search for vector fields Z e D' (£(9, 1))
satisfying the requirement

oL .
=d (L dt+ — a)”) the Poincaré-Cartan 2-form associated with the Lagrangian

(2.22) Z74Q,=—dg,.

In [11] the problem (2.22) has been proved to be mathematically equivalent to the
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standard one formulated on j; (Y, , ), both in the regular and in the singular case,
relying on the cosymplectic (precosymplectic) structure (£2;, df) through the
equations

(2.23) Z-Q,=0, (Z,dt)=1

with unknown Z € D'(j;(%, . 1)). Indeed, eq. (2.22) admits a solution if and only if
eqs. (2.23) do and the solutions of both problems are related in a natural way. Mo-
re precisely, if Z solves egs. (2.23) on a submanifold N cj;(9,, ), its horizontal
lift Z, (see eq.(2.19)) satisfies eq. (2.22) on the submanifold 7 *(N)c £(9,,1).
Conversely, any solution of eq. (2.22) on a submanifold M c £(9, , 1) is necessarily
the horizontal lift Z; of a field Z solving eqs. (2.23) on (M) cji; (0, 41).

The advantages of formulating the problem of motion on £2(V,,;) through
eq. (2.22) consist in the possibility of implementing the presymplectic constraint
algorithm developed by Gotay and co-workers [6], [7], also for time-dependent
singular Lagrangians.

First of all, in the present geometrical context, the constraint algorithm gene-
rates a decreasing sequence of constraint manifolds

(2.24) L) <—My<—M;<—My<...,

each embedded in the previous one, where

(2.25) My={2e L(9,,1) | & =L(a(z))}

is the surface image of the Lagrangian section [ and, for k=1, we have
(2.26) My={zeM, , | dg,(z) e (T(M;_)},

or, equivalently,

(2.27) M, ={zeM;_, |{(TMi-,, dp,;Xz) =0};

here b : T(L£(9, 1)) = T*(L(9,. 1)) denotes the map b(X) = X® := X - Q,, and
TM;- indicates the presymplectic complement of TM, with respect to ;.

The constraint algorithm is said to stabilize if and only if there exists an inte-
ger k = 0 such that M, ; = M,, and dim M, > 0. This means that eq. (2.22) posses-
ses at least one differential solution along the final constraint manifold M := M,
and that such a manifold is automatically maximal.

Now, whenever the constraint algorithm stabilizes, thus ensuring the solvabili-
ty of the equations of motion at least in the differential sense, there is still one
question left: we should determine what solutions are kinematically admissible.
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This is known in literature as the SODE problem and has been solved in [11] in
the time-dependent case under the «so-called» assumption of admissibility of the
Lagrangian section /; the reader is referred to it for the details of the below
summary.

In order to make the definition of admissibility clear, let us consider the invo-
lutive distribution (®) D :=ker Q,N V(j;(9, 1)) c T(§;(¥,,1)), 2, denoting the
Poincaré-Cartan 2-form on j;(9,, ) generated by [, and V(j;(¥,.,)) being the
vertical bundle associated with the fibration j;(V, ) = V¥, 1. A Lagrangian sec-
tion 1: j1(9, 4 1) = £(V, 1) is called admissible if and only if the leaf space 3:
=71(V,,1)/D of the foliation generated by D admits a manifold structure such
that the canonical projection ¢ :5,(9, 1) —S is a submersion.

Whenever this is the case, we can lift D to the horizontal distribution D
cT(£L(9,,1)), obtaining a quotient space ¥ := £(%, ,1)/D, with a manifold struc-
ture and such that the canonical projection & : (9, , ;) — ¥ is a submersion. Mo-
re specifically, ¥ is a principal fiber bundle over J, whose structural group is iso-
morphic to (N, +).

Moreover, it is easily seen that there exist a presymplectic 2-form Q, over ¥
and a trivialization @, of the principal fiber bundle 7 : —3, such that &,
=£*(Q) and @, =E*(@).

Therefore, a reduced problem of motion on the quotient space ¥, consisting in
the search for vector fields Z e D'(R) satisfying the requirement

(2.28) Z49,=—dy

may be set-up.

The reduced problem (2.28) is intimately related to the primary problem
(2.22). Indeed, an Equivalence Theorem, stating that eq. (2.22) admits a differen-
tial solution along some final constraint manifold M if and only if eq. (2.28) do, has
been proved.

The importance of the Equivalence Theorem consists in ensuring the existence
of semi-prolongable solutions of (2.22), namely solutions projecting to ¥ modulo
the vertical bundle V(£2(V,, 1)) associated with the fibration £2(V,, ;) — V,+1.
The latters play a crucial role in the solution of the SODE problem; the argument
is based on the following facts:

i) the restriction Dy y is an involutive distribution in 7'M, foliating M; the cor-

(®) We suppose systematically that rank =1 <n const.. This ensures that

the rank of D is constant everywhere.

‘ 2
3¢ 8¢’
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responding leaf space )¢ := M/D;, is a submanifold embedded in ¥ and the indu-
ced projection &,: M— I is a submersion;

ii) given a vector field X e D'(M) solving eq. (2.22), then J(X) e D'(M).

As a consequence, it has been proved that, for any semi-prolongable solution X
e DY(M) of eq. (2.22) there exists a unique point 7y in each leaf of the foliation of
M generated by D;y where X is (n-related to) a SODE.

The union Sy of all the points ny results to be a submanifold of M, diffeomor-
phic to the leaf space I, along which X uniquely splits in the sum X = X +V with
XeTSy and Ve Dys,,- By construction, X is the unique vector field solving
eq. (2.22) along Sy and s-related to a SODE (i.e. kinematically admissible).

We finally recall that two semi-prolongable solutions X and Y of (2.22) are said
to be j—equivalent whenever J(X) = J(Y). In this case the associated submanifol-
ds Sy and Sy coincide and we have X =Y.

3 - Vakonomic dynamics

3.1 - Vakonomic systems

Let us now subject the Lagrangian system introduced in § 2.1 to a set of non-
holonomic constraints, thought as a submanifold @ of j; (9, . ;), fibered over 9, ., ;
and described in terms of a set of = functions on j,(V, ), as

o 39°
3.1) 9°(t, q',¢) =0, with rm&((jA):V
ql

Vakonomic Dynamics is aimed at studying the evolution of the system making use
of a constrained variational principle. Indeed, in the vakonomic formulation, ad-
missible motions of the system are singled out as extremals of the functional

ty
3.2) ﬂwejuﬂmdt
)

where y(t): [, ti] = V, . are sections — joining two any fixed points — whose
first-jet extensions y(t):[ty, t;] —71(¥, 1) satisfy the constraints, and whose (fir-
st-jet extensions of the) allowed deformations are also requested to lie on d.

It has been shown (see, for example, [1], [2], [14]) that a section y(t)
= (t, qi(t)) is a vakonomie solution of motion if and only if there exist » functions
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A :lty, t1— N, satisfying together with y(f) the set of equations

L L a o o
(32) 1(3_)_ ° :_zg(d(ag )_39 )_0”0 AR

dt\ ag | 8 dat\ o | o¢'| dt ai

(3.3b) g°(yt) =0 o=1,..,7r.

As a matter of fact, it is also known that vakonomic equations of motion (3.3) may
be derived as Euler-Lagrange equations of the free variational problem based on
the functional

t
3.4) [(ngga) dt .

to

The latter involves the ewxtended Lagrangian 1.(t, q', ', Ay, A,) = L(t, ¢*, ¢")
+A,9°(t, q', ¢), depending on additional variables A, 4, In the following we
shall focus our attention on this last point.

3.2 - The extended presymplectic framework

As already mentioned, eqs. (3.3) may be viewed as Euler-Lagrange equations
generated by a unconditioned variational problem.

Clearly, the Lagrangian L. appearing in the functional (3.4) is always singular,
at least in the variables /.

Therefore, the geometrical approach to degenerate time-dependent Lagran-
gians outlined in § 2.2 suitably applies to the situation.

In the next subsection, we shall deal with the topic in a particular but signifi-
cant case for several applications.

Before doing this, we need to spend a few words to introduce the extended
geometrical framework where the procedure will be worked up.

To this end, let us consider the Cartesian product P x " between the bundle
of affine scalars P and ". The reason for this choice will appear clearer in the
subsequent discussion.

We refer P x R to local coordinates t, ¢°, u, 1,, obeying the transformation
laws

85 t=t+c, =7 q¢", uw=u+ft ¢, Z,=7,4,).

Obviously, P x R is still fibered over the real line through the absolute-time fun-
ction t. Then, we may consider the associated first-jet bundle j; (P x )", M), endo-
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wed with jet-coordinates t, ¢°, u, 4,, ¢, u, Ao, subject to the transformation laws
expressed by eqs. (3.5) together with the relations

o7 - .9 . ) N
¢ u=u+—qu+—f, Ao =
ot dq

- a7 .
(3.6) = L ¢+
i'= i

In addition to this, the following natural identification holds:
3.7 JIP X R, M) =4,(P, RN) x TH".

Moreover, we notice that the manifold P x 0" inherits from P a principal fiber
bundle structure over the Cartesian product ¥, . ; X H"; the group actions (2.6),
(2.7) may be lifted to the bundle 7;(P x 9", N) in a natural way.

The quotient spaces of j;(P x ", N) with respect to (the lift of) the actions
(2.6) and (2.7) will be denoted by £(9, .1 x R") and L£(V,,; X R") respectively.
Once again, the following identifications are straightforward

3.8) LV, 1 XNA) =LV, ) X TR, LA, 1 XNH) =LYV, 1) X TH.

Actions (2.6) and (2.7) commute. Therefore, we may follow a procedure similar to
the one adopted in § 2.1 and make both £(9, ; X N") and L(V,,; x N") into
principal fiber bundles over a double quotient space, easily identified with the fir-
st-jet bundle j;(9, .1 X NR", ) =75,(0, +1) X TH".

The situation is summarized into the following commutative diagram

AP XR, M) —> L9, xR

(3.9) l l

‘f(vﬂ,+1 X ER’) —> jl(anrl X mr’ m)

representing the analogous of (2.8) in the present «extended» geometrical
context.

In a totally similar way, the Hamiltonian counterpart of this framework is
achieved starting from the fibration P x H"— 9, ,; x N, taking its first-jet bun-
dle j; (P x N, 9,1 X N") into account and repeating the arguments pointed out
in §2.1.

Omitting the straightforward details, we let the reader verify that the resul-
ting situation is summarized into the commutative diagram

P XN, O,y XN —> (9,1 xR

(8.10) l l

(O, XN —> T, X N
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where, once again, all arrows indicate principal fibrations, whose structural
groups are isomorphic to (M, +).

We refer j; (P x R, ©, .1 X R") to jet-coordinates ¢, ¢, u, 1, po, pi, p’, sub-
ject to the transformations laws (3.5) together with

— of of \o¢* _ of \ gt _ oA,
3.11) = +—+( +—)—_, 'i:( +—) =y 9= by T .
( Do=DPo 3t Dk 3q" | ot Di=|Dr 3" b =p

Then, we obtain the straightforward identifications

(3.12a) P XA, 0, XA =41(P, O y1) X THR

and

(B.12b)  IH(V, 1 XNAN)=IC(0,, )X THFR",  IH(Vy 1 XR)=IC(V,, ) X T*NR".

Let us now return to the extended Lagrangion bundle £(9, .1 X N"). Any section
U101 XA, N)— L(90, .1 xN") will be called extended Lagrangian sec-
tion.

In particular, we may consider [ of the form

(3.13) w=1At, ¢, ¢, ko Ae) =L(t, q¢°, ¢+ 1,9°t, ¢, G")

involving a function L like the one appearing in the functional (3.4).
As pointed out in § 2.2, every such [ bears:

® a trivialization ¢, :=u —IL(¢t, ¢', ¢, A,, A,) of the principal fiber bundle
Oe(anrl X SRr) _)jl(anrl X mr, éﬁ)»

)
® a horizontal lift associating with every vector field X = X° P + X P
o) o) . 0 q
+X, — eD'(j;(9,, xRN, N)) a corresponding vector

+X

+ X, -

Ny 3¢ 3,
field X; on £(9,,; xN"), expressed locally as

o e d .. 0 . 0 )
B14) X=X"—+X"—+X, — +X — +X, — +X(L) —
ot aq* A, 3¢ 3, ou

® a (1, 1)-tensor field J on L£(9, .1 X N"), having local expression

~ , oL dg?\ 9 d d
(3.15) J:(I)?@ — +/10 — - + . +wo®_
aq' 9q¢" | du aq'

where w, :=dil,—A,dt, o=1, ..., 1
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e an exact 2-form @, on £(9, ., ; x N"), expressed in local fibered coordinates
as

_ oL 39°
316) O =dundt+d| = +2,
aq' aq"

— | dg' Ndt.

oq aq

. oL dg°
/\wl—(—, +/10 g

Once again, we may implement an extended problem of motion consisting in the
search for vector fields Z e D'(2(%), ., x N")) satisfying the requirement

(3.17) Z74Q,=-dg,.

It is a straightforward matter to see that solving eqs (3.3) is mathematically equi-
valent to find kinematically admissible (SODE) solutions 7 of (3.17).

3.3 - The case of affine constraints

The constraint algorithm outlined in § 2.2 applies to the study of problem
(3.17), whatever the choice of L and ¢? is.

In this subsection we shall examine systems described by a regular Lagran-
gian L(t, q, ¢) and subject to affine non-holonomic constraints, expressed as

(318) ga(t9 q, q) = gio(ta q) q1 + g(?(ta q)

As we shall see, these are common requirements in many applications. An explicit
example of a more general system with a degenerate Lagrangian is proposed
in §4.

Lagrangian formalism. Under the stated assumptions, it is a straightforward
matter to see that the 2-form (3.16), associated with the extended Lagrangian sec-
tion (3.13), is presymplectic. In fact, its kernel is locally generated by the 27 vec-
tor fields

) . 0 B oL ) 3
(3.19) a aljgia . a’ygig . +iygjy . .
3/16 aq7 aq] au aio

9L

where oV indicates the inverse matrix of a; := ———— . Then, we may apply the
presymplectic algorithm outlined in § 2.2. 9¢' 3¢

In this connection, as pointed out in [11], there is no loss in generality in
looking for solutions of (3.17) only on the surface M, := {ze L(V, 1 X N")|u
= [(7(2))}, image of the section (3.13); in fact, every solution is automatically tangent
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to M, and also invariant under transport along the fibers of £(9,,;x ).

A direct calculation shows that the constraint algorithm stabilizes at the first
step, singling out the final constraint manifold M :=M; = {zeM,|g°(z) =0},
where we denoted again by ¢“ the pull-back of the functions (3.18) on £(V, .
x M"). Taking the first identification (3.8) into account, it is easily seen that M is
(locally) diffeomorphic to the Cartesian product @ x TR,

A direct application of the contents of §2.2 shows that the solution of the equa-
tions of motion (3.17) is provided by the vector fields ZeDY(M) of the
form

> )
(3.202) Z=Z+ZlL) —
ou
with
g ., 9 0 .. 0 -0
(3.20b) Z=Z vi = vz, v,
st at e, i e,
the components Z, and Z' having explicit expression
; . gl . dgd o9 ... 99d ., )
(3'200) Za(t7 7,7 lo; 1) :bo Y, k+ — + - b4 - LB Zy
q q "\ 5 q ot 3 q4q 3 q 9
and
(3.20d) Zit, q'y Ay, §') = —alZ,g7 + F'
where

Fit, q's Ao, )
(3.20¢) s - R T 89"))

s aag  ogtaq - \at | et ag

and b,
In conclusion, there exists a whole family of solutions for eq. (2.22) along M,
provided by the vector fields Z e D' (M) satisfying requirements (3.20); as a con-
sequence, the only arbitrariness in the description of any such Z is placed in the
components Z°(t, q, 1, 4, A).
Moreover, under the stated assumptions, the Lagrangian section (3.13) is al-
ways admissible in the sense of § 2.2. More precisely, the regularity condition

is the inverse matrix of b""=a"g’g/.
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2L
FyTyy # 0 implies that both involutive distributions D and D, are locally

q'9q
spanned by the vector fields —, 0 =1, ..., 7 (considered as fields on j;(V,

XN, N) and L£L(9, ;1 xR r(zéf)ectively). What is more, taking identifications
(8.7 and (3.8) into account again, the leaf spaces J:=75;(V,.; xN", N)/D, ¥:
= £(V, 1 X N)/D; and M := M/D,y, are respectively diffeomorphic to j; (0, 1)
XN, L£(V,.1) xRN and A xN". We refer ¥ to natural local coordinates
t, q,q,u, A

We remark that all solutions (3.20) are prolongable (i.e. they project to the
quotient space & [8]) and are J—equivalent. Then, following § 2.2 (see [11] for more
details), we may associate with the whole family of solutions (3.20) a unique sub-
manifold S c M on which each of them is a SODE. More in detail, it is easily seen
that the submanifold S is the image space of the map (section) a : N — M locally
expressed as (¢, ¢°, ¢', A,)—=(t, ¢\, 4, Ay, o= Z,(t, q, q, 1)).

Finally, still referring to [11], it is a straightforward matter to see that
eq. (2.22) admits a unique SODE solution Z along S; the latter is of the form

_ 3
(3.20a) with Z =Z + Z(Z,) — , being
i,

0 .. 0
-+ 4, — +2' —
aq’ Mg aq'

— 9 .
3.21 Z=—+q
(321 5 T

and the components Z, and Z' obeying egs. (3.20¢, d).

Hamiltonian formalism. A Hamiltonian description of the given system may
be set up implementing the Legendre transformation induced by the extended
Lagrangian section (3.13). To this end, we observe that the connection 1-form 8,
(see eq. (2.11)) assumes the local expression

oL A
(3.22) Gl:CUO— — +logig w'
aq'

while 7; (P x ", 9, .1 x N") is endowed with the canonical contact 1-form O, lo-
cally described as

(3.23) O =du — pydt — p;dg’ — p°di,.

As briefly reminded at the end of § 2.1, the Legendre transformation is defined as
the unique map A : j;(P X R", ) =5, (P xRN, 9,1 X N"), fibered over P x N,
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satisfying A*(®) = 0,. A direct calculation shows that A is locally represented
as

(B.24) py= u—(é +lggi") i, pi= (% +/lagf’), p’=0.
aql aq1

It is straightforward to check that A induces a corresponding map A L9, .,
XN — I, .1 X N, still described by egs. (3.24).

As a matter of fact, the reader may easily verify that:

a) the image space P:= A(L(V,,, x R")) is a submanifold of (), ,, x "),
locally defined by the equations p° = 0;

b) A is a submersion on its image and its fibers are connected submanifolds of
LV, 1 XA,

Being the above properties verified, following the standard terminology, the
extended Lagrangian section [ is said almost regular [7].

The restriction of the 2-form —d® to the submanifold P gives rise to a pre-
symplectic structure whose local expression is

(3.25) Q =dpyA\dt +dp; Ndg'.

Moreover:
(1) the first relation (3.12b) shows that the submanifold P is locally identified
with the Cartesian product IC(9,, ;) X N"; the latter inherits a principal fiber

bundle structure over II1(V,.;) X N in a natural way;
2

(ii) the regularity condition det

# () ensures the local invertibility of

L 9¢' 3¢ o
the relations p;= [ — +/1(,gf) in terms of ¢' = ¢'(t, ¢*, pi, A,);
aq"
(i) the image of M, under the map /A may be locally viewed as the image spa-
ce P, of a corresponding section R I1(9, ;1) X N"— (9, . 1) X N, expressed
as

oL .
(3'26) Po= _H(t7 qk’ Pr» /1)/) =L- (; +/109i0) q7(t, qk, Pk ly)
q

(iv) strictly associated with the section (8.26) there is the trivialization o, := p,
+ H of the bundle (9, 1) X K" —=T1(V, 1) X N".
On the basis of the stated results, we may construct a problem of motion on P
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through the equation

(3.27) Z Q= —do,

with unknown Z e D!(P).

Once again, the problem (3.27) may be studied by means of the presymplectic
constraint algorithm. As in the Lagrangian case, we may look for solutions of
(3.27) only on the surface P, := {zeP|o,(2) =0}, image of the section h.

The Equivalence Theorem [8] — obviously adapted to the present context —
implies that the constraint algorithm stops at the first step again, singling out the
final constraint manifold P, := {ze P, [(TP;", do,)(z) =0} (see eq. (2.27)).

)
A direct calculation shows that locally TP+ = Spcm{ 5] and, as a conse-

Y
quence, the submanifold P; is locally described as

do v .
(328) XV = # = _g'iyql(t7 qka pk? lo)_g(;/:() ’
Y

S

Assuming that the condition det # 0 is satisfied everywhere (®), eqs. (3.28)

g

may be locally solved with respect to the 4 ,, i.e. 1, =1,(t, ¢, p;). This allows to
give a local representation of the submanifold P; as the image space of a map
h: (9, .,) — P, described by the relations

(329) lo:/la(tr qi; pz)r Po= _H(tr qia pL) = _H(t7 (I{, Di» la(t; qi7 pl))

As a consequence, the problem (3.27) may be pulled-back on 71(V, ), since
eq. (3.27) implies

(3.30) ZA4h@Q)=0, (Z dt)y=1

on P, (=11(%9,.,)). Noticing that 7*(Q) = —dH A dt + dp; Adq’, eqs. (3.30) de-
scribe a standard Hamiltonian system associated with the Hamiltonian H on the
phase space I1(9, , 1).

It follows that eqgs. (3.30) admit as unique solution the Hamiltonian flow

— 2] 0H 0 o0H 0
(3.31) Z=—+ — = . .
ot 9p; 9q" dq" 9p;

() Such a condition is always verified when the Lagrangian is quadratic in the vari-
ables ¢'.
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We notice that, passing to the Hamiltonian context, a sort of reduction of the pro-
blem is possible: indeed, the degrees of freedom of the system have been reduced
from n + 7 to n. A striking aspect of the above result is the possibility of applying
all the standard methods of free Hamiltonian systems such as Hamilton-Jacobi
theory, Marsden-Weinstein reduction ete.

Remark. Following [4] and adapting the argument to the present context, it
is easy to prove that P; defines a set of second class constraints and that the ca-
nonical Poisson Bracket on P; is exactly the restriction of the Dirac bracket defi-
ned on IC(V, ;X N").

4 - Examples

Example 1. Consider a homogeneous disk of radius R and mass m rolling
without sliding on a horizontal plane and constrained to remain vertical. Introdu-
ce coordinates x, i, ¢ and 6 where x and y indicate the position of the center of
mass, ¢ denotes the angle between the tangent of the disk at the point of contact
and the x-axis and 6 the angle of rotation of the disk around its center. A time-de-

pendent viscous resistance force F = — 1 B(t) v, acts on each point p of the
disk. 2

We are interested in finding the evolutions of the disk which make the work of
the resistance force between any two instants ¢, and %,

t
j%mMﬁ+f+hﬁ+bMdt
ty

stationary. I; and I, denote the moments of inertia (normalized by the constant
density of the disk).
The constraints due to the rolling condition are

g1:=&—ROcosp=0, gy:=3—ROsing=0.

The above constrained variational problem may be handled as a free one associa-
ted with the extended Lagrangian

1 . . . :
L= Eﬁ(t)(x2+y2+11¢2+1202) +/1191 +/12g2.

Following the procedure described in § 3.3, the constraint algorithm stabilizes on
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the final constraint manifold g, = g» = 0 where there exists a whole family of sol-
utions of the form (3.20) with

(4.1a) 2= -2z, -2 i
BB
. 1 B .
(4.1b) r--lg,-L
BB
4.1¢) 7o L (B 1o+, Rbsing — 1, RO cos @)

- BL

. 1 .
4.1a) Z*= ﬂ_l (Rcosrle +RsingZ, —f'[,0 —A Rosing+1,R¢ cosqa)
2

Z,=BR¢0sing + [—B' &, + R%sin®¢) + RI,B' 6 cos ¢

4.1e) I, + R*

+B"R2%y cosgsing + A, R%¢ cospsing — A, R%¢ cos® ¢]

Zy=—PR{0 cos g + [—B'9(I, + R%cos®¢) + RI,B' Osin ¢

(4.1f) I+ R®
+B'R%% cosgpsing — A, R%¢p cos psing + A, R2¢ sin® ¢]

where everything must be evaluated on the final constraint manifold g; =g,
=0.

According to § 3.3 there exists a unique submanifold S: A, — Z, =0, A, — Z, =0
of the constraint manifold where the SODE solution given by (the corresponding
of) eq. (3.21) is unique. Eqs. (4.1) yield the evolution laws for the unknowns (%),
y(@), @), 6(t), 1,(t) and A2(?).

Example 2. In the following example we shall apply the proposed geo-
metrical construction to a simple economic model. Given two firms, we denote by
q', ¢ the amount of goods produced by each of them and by ¢', ¢* their rate of
production.

Under the hypothesis that the law ruling the unitary cost of production is

el EA 'q,1=1, 2 (A" = const., B =constant discount rate), the functional expres-
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sing the total cost of production between two instants %, t; is

t
42) c- jeﬁt %[Al(@l)MAZ(zf)Z]dt.

ty

We are interested in finding the stationary points of the total cost functional (4.2)
subject to the following constraint

4.3) g:=¢—-D+B(q"'+q?

where D and B are suitable constants.

The constraint (4.3) could be meant as a law imposition aimed at reducing the
rate of production of the second firm in order to stop the production when the
percentage B of the total production equals the assigned quantity D.

The extended Lagrangian associated with the problem is now

1 . .
L=eft E[Al(ql)2 + AP+ Ag .

The final constraint manifold is described by the equation g =0, where there
exists a whole family of solutions of the form (3.20) with

(4.42) Z=e PA%B@(' + ) + %]+ AB
. . ABeP

(4.4b) Z'=B¢ + o

(4.4¢) 2= -B + )

where, once again, everything must be evaluated on the final constraint manifold
g=0.

As above, S : A —Z = 0 is the unique submanifold of the final constraint mani-
fold where the SODE solution given by (the corresponding of) eq. (3.21) is
unique.

The Hamiltonian description of the problem may be achieved by implementing
the Legendre transformation (3.24) and following the subsequent discussion. Lea-
ving the details to the reader, it is a straightforward matter to see that the «redu-
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Figure 1. — Circuit of Example 3.

ced» Hamiltonian (3.29) is expressed as

Zeﬁt e—ﬁtAZ
Ht, g%, ¢2, py, p2) = L9 4 p,[D - Bg' + ¢»)] -

e [D - B! +¢]

yielding the corresponding Hamilton equations

.1_ pie”

ik @#=D-B(q'+q%), p1=p=Blp.—e "A*D-B(q'+¢*))].

The latters are simpler to solve than their Lagrangian counterpart (4.4), since
they can be decoupled more easily.

Example 3. In this last example we present a system whose Lagrangian is
degenerate, in order to show how the machinery works in its full generality; for
simplicity, we deal with a time-independent problem.

Consider an analog circuit composed by a voltage generator coupled to a load
through a transformer as illustrated in Fig. 1 where: R, and R, denote resistors,
L, and L, the self-inductances of the two solenoids, M the mutual-inductance bet-
ween them and ¢ the e.m.f. supplied by a generator.

The circuit is ruled by the Kirchoff laws

(4.5a) g i=e—R - LI, —MI,=0

(4.5b) 0o i=Roly+ Lyly + MI, =0

where I, and I, are the currents circulating in the loops 1 and 2 respect-
ively.
Considering eqs. (4.5) as imposed kinetic constraints, our problem is to find
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the stationary points of the total thermal energy

t

(e — LI, — MI,)? .\ (Loly + MI,)?
R, R,

dt

dissipated by the resistors between any two instants #,, ¢ (Y.
The associated extended Lagrangian is

(e — LI, — MI,)? .\ (Lody + MI,)?
R, R,

T A191+ A205-

Following the procedure briefly outlined in § 2.2, we obtain:
® the constraint algorithm stops at the third step singling out a final con-
straint manifold M := M;, described by the Cartesian equations

gl=0, gZ=0, llz _211, MRQAQ‘I‘RleAl:O,

MRy, + Ry Ry, — Ly R I, =0

® the discussion of the SODE problem identifies a unique submanifold S c M,
defined by the additional equations

MR, . M? : . . R,
L+, - = \a1, i=-2I, i=2L+2221
2 (1 Lz) 1 1 1 2 2 Ml

é =R1]1_

2

where there exists a unique SODE solution of the form (3.20a) with Z=Z
_ 3 _ . 3 _ . )
e

9l 9y
- 0 . 0 . 0 9
Z=—+1 — +, — +&—
ot oI, ol, e
. 0 e 9 1 . 9
+ll —_— +12 —_— +a11 —' - —(R212+Ma11) —
041 Oy al, L, a1,

V2
() The choice of using the expression = instead of RI? for the power dissipated by the

resistors is made in order to have a non-linear (and thus totally singular) extended
Lagrangian.
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Abstract

Vakonomic systems may be considered singular Lagrangian ones, using the multi-
pliers as additional variables. The recent geometrical approach to degenerate Lagran-
gians, developed in the framework of Lagrangian bundles, is here applied to the study of
time-dependent vakonomic dynamics. Some illustrative applications to Mechanics, Eco-
nomy and analog circuits are given.



