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Discrete transparent boundary conditions
for the Schrodinger equation (**)

1 - Introduction

Many physical problems are described mathematically by a partial differential
equation (PDE) which is defined on an unbounded domain. If one wants to solve
such whole-space evolution problems numerically, one first has to make it finite
dimensional. The standard approach is to restrict the computational domain by in-
troducing artificial boundary conditions or absorbing layers. Further possible
methods that can be applied are boundary element methods (BEM) (cf. [23]) or
infinite element methods (IEM) (see for example [20]). In this paper we focus on
the approach of artificial boundary conditions.

If the initial data is supported in a finite domain £, one can construct bounda-
ry conditions (BCs) on 92 with the objective to approximate the exact solution of
the whole-space problem, restricted to £2. Such BCs are called absorbing bounda-
ry conditions (ABCs) if they yield a well-posed (initial) boundary value problem
(IBVP), where some «energy» is absorbed at the boundary. If the approximate
solution coincides on 2 with the exact solution, one refers to these BCs as tramns-
parent boundary conditions (TBCs). Of course, these boundary conditions should
lead to a well-posed (initial) boundary value problem. Additionally, it is desirable
that the BCs are local in space and/or time to allow for an efficient numerical
implementation.
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In this paper we shall review the state of the art and we shall present recent
developments of TBCs for the time-dependent Schrodinger equation. Since quan-
tum mechanical problems are typically posed on a whole space, the «correct» for-
mulation of BCs is of paramount importance for numerical simulations. Due to the
wave-like character of the Schrodinger equation the construction and careful dis-
cretization of TBCs requires special care. However, most of the ideas presented
here carry over to other linear evolution equations like wave or diffusion equa-
tions [13].

We remark that Schrédinger-type equations also appear in other fields of
application. They arise from «parabolic» equation (PE) models which have been
widely used for 1-way wave propagation problems in various application areas,
e.g. seismology [8], [9], optics and plasma physics (cf. the references in [5]). In un-
derwater acoustics they appear as wide angle approximation to the Helmholtz
equation in cylindrical coordinates and are called wide angle parabolic equations
[24].

The usual strategy of employing TBCs for solving a whole-space problem nu-
merically consists of first deriving an analytic TBC at the artificial boundary.
These TBCs are typically nonlocal in time (of «memory-type») and can be ap-
proximated by a local-in-time BC. Finally, the continuous BC must be discretized
to use it with an interior discretization of the PDE. The analytic TBC for the
Schrodinger equation was independently derived by several authors from various
application fields [3], [6], [21], [30], [33], [35].

While continuous TBCs fully solve the problem of cutting off the spatial do-
main for the analytical equation, their numerical discretization is far from trivial.
Up to now the standard strategy is to derive first the TBC for the analytic equa-
tion, then to discretize it, and to use it in connection with some appropriate nume-
rical scheme for the PDE. The defect of this usual approach of discretizing conti-
nuous TBCs (discretized TBCs) is that the inner discretization of the PDE often
does not «match» the discretization of the TBCs. There are two major problems
of these existing consistent discretizations of the continuous TBC:

P1: The discretized TBCs for the Schrodinger equation often destroy the sta-
bility of the whole-space finite difference scheme. E.g. the unconditional stability
of the underlying Crank-Nicolson scheme is destroyed [30] and the overall nume-
rical scheme is rendered only conditionally stable [6], [30], [34], [42].

P2: The available discretizations often suffer from reduced accuracy (in com-
parison to the discretized whole-space problem) and induce numerical reflections
at the boundary, particularly when using coarse grids.
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In this paper we discuss in detail a recently developed approach (first outlined
in [3]) which overcomes both the stability problem (P1) and the problem of re-
duced accuracy (P2). In our discrete approach we propose to change the order of
the two steps of the usual strategy, i.e. we first consider the discretization of the
PDE on the whole space and then derive the TBC for the difference scheme di-
rectly on a purely discrete level.

There are several advantages of the discrete approach. It completely avoids
any numerical reflections at the boundary: no additional discretization errors due
to the boundary conditions occur. The discrete TBC is already adapted to the in-
ner scheme and therefore the numerical stability is often better-behaved than for
a discretized differential TBC. An additional motivation for this discrete approach
arises from the fact that the numerical scheme often needs more boundary condi-
tions than the analytical problem can provide (especially hyperbolic equations,
systems of equations and high-order schemes).

In the literature the discrete approach did not gain much attention yet. The
first discrete derivation of artificial boundary conditions was presented in [15],
Section 5. This discrete approach was also used in [36], [43], [44] for linear hyper-
bolic systems and in [19] for the wave equation in one dimension, also with error
estimates for the reflected part. In [43] a discrete (nonlocal) solution operator for
general difference schemes (strictly hyperbolic systems, with constant coefficients
in 1D) is constructed. Lill generalized in [26] the approach of Engquist and Majda
[15] to boundary conditions for a convection diffusion equation and drops the
standard assumption that the initial data is compactly supported inside the com-
putational domain. However, the derived Z-transformed boundary conditions
were approximated in order to get local-in-time artificial boundary conditions
after the inverse Z-transformation.

Here we construct discrete transparent boundary conditions (DTBC) for a
Crank-Nicolson finite difference discretization of the Schrodinger equation such
that the overall scheme is unconditionally stable and as accurate as the discre-
tized whole-space problem. The same strategy applies to the 6-scheme for con-
vection diffusion equations [13] and was also used in [12] for the wave equation in
the frequency domain.

Although this work concentrates on the discrete derivation of BCs, we will
also consider the continuous problem, since the basic ideas of the construction and
derivation carry over to the discrete case, e.g. we can use discrete versions of the
LZ%-estimates. Moreover the well-posedness of the continuous problem is neces-
sary for the stability of the numerical scheme. Just like the analytic TBC, the di-
screte TBC will be nonlocal in the time variable.

This paper is organized as follows: In Section 2 we first review the continuous
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TBC for the Schrodinger equation in one space dimension and in § 3 we derive
and analyze the discrete TBCs which are in the form of a discrete convolution. In
order to obtain an efficient implementation one can easily localize these nonlocal
in time DTBCs just by cutting off the rapidly decaying sequence of the convolu-
tion coefficients. Various numerical examples in Section 3 illustrate the superiority
of our DTBC over existing discretizations. In § 4 we discuss the DTBC in the
case that the initial data is not supported in the computational domain and, finally,
in § 5 we show how to apply a numerical inverse Z-transform if the exact inverse
Z-transform cannot be determined analytically.

2 - Transparent Boundary Conditions

In this Section we shall sketch the derivation of the TBC and discuss the well-
posedness of the resulting IBVP. Here we will treat the case of the Schridinger
equation

2

f
hy,= — — Ay + Vix, t) v, xeR, t>0,
@1) Yy 5 U4 (x, )y €

Y, 0)=1y'(x),
where p/eL%(R), V(.,t) e L*(R) and V(x,.) is piecewise continuous.

2.1 - Deriwation of the TBC

Our goal is to design transparent boundary conditions (TBCs) at x =0 and
& =L, such that the resulting IBVP is well-posed and its solution coincides with
the solution of the whole-space problem restricted to (0, L).

We make the following two basic assumptions:

Al: The initial data v’ is supported in the computational domain 0<wx<L.
A2: The given electrostatic potential is constant outside this finite domain:
V(x,t) =0 for <0, V(x,t) =V, for x = L.

Remark 2.1. Without the first assumption information would be lost, and
the whole-space evolution could not be reproduced on the finite interval [0, L].
The second assumption allows to explicitly solve the equation in the exterior of
the computational domain (by the Laplace-method) which is the basic idea of the
derivation of the TBC. In Section 4 we will see how to drop the assumption (Al).

We present a formal derivation of the TBC for smooth (ie. C!) solutions.
Afterwards, the obtained TBC can be regarded for less regular solutions. The first
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step is to cut the original whole-space problem (2.1) into three subproblems, the
interior problem on the domain 0 <x < L, and a left and right exterior problem.
They are coupled by the assumption that i, v, are continuous across the artifi-
cial boundaries at x =0, x = L. The nterior problem reads

h2
ihwtz—EAszrV(x,t)zp, O<x<L, t>0,

(2.2) P, 0)=y'(x),
wa:(Ly t): (TLw)(Ly t)~

Ty, 1, denote the Dirichlet-to-Newmann maps at the boundaries, and they are ob-
tained by solving the two exterior problems:

h2
ihvt=—EAv+VLv, x>L, t>0,

v(x,0)=0,

2.3)
(L, t)= D(t), t>0, &(0)=0,
(e, t)=0,

(TL (p)(t): /Ux(L) t)’

and analogously for T. Since the potential is constant in the exterior problems,
we can solve them explicitly by the Laplace method and thus obtain the two boun-
dary operators T , needed in (2.2). This idea is illustrated in Figure 1.

v |
left exterior problem A interior problem |
I
(explicitly solvable) E right
Y (x,0) i exterior
output: vx(O,t) — i problem
:
it . |
boundary data Y0, R 4 |
|
0 L

Fig. 1 - Schrodinger equation: Construction idea for transparent boundary conditions.
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The Laplace transformation of v is given by

©

2.4) o, s) = Jv(m, t)e sdt,

0

where we set s =75 +1£, £e R, and 5 > 0 is fixed, with the idea to later perform
the limit #—0. Now the right exterior problem (2.3) is transformed to

2 Vi -
vm+z—(s+@—L)v 0, x>L,
h h

(2.5)
WL, s) = D(s).

Since its solutions have to decrease as & — % (since we have y(., t) e L2(R)), we
obtain

2.6) e sy me VLT D G

Hence the Laplace-transformed Dirichlet-to-Neumann operator 7} reads

@7 T, ®(s) = v,(L, s) = — \/%ei%{/sn%@(s),

and 7 is calculated analogously. Here,\/ denotes the branch of the square root
with nonnegative real part.
An inverse Laplace transformation yields the right TBC at x = L:

—_— . VL

2 iz v, d fyL,T)e "
2.8) wx(L,t)=—\/_e T it L (VL ve o

h dtOJ' Vt_T

Similarly, the left TBC at x =0 is obtained as

w(O r)
2.9) (0,1 = \/— iT =
v . \/t - r

These BCs are nonlocal in t and of memory-type, thus requiring the storage of all

previous time levels at the boundary in a numerical discretization. A second diffi-
culty in numerically implementing (2.8), (2.9), is the discretization of the singular
convolution kernel. A simple calculation shows that (2.8) is equivalent to the impe-
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dance boundary condition [33]:

hooz th(L,t—t)efi%f
(2.10) (L,t)=—\/—e’4 : dr .
v 2 Oj Vet

Likewise, (2.9) is equivalent to

@11) w(o,t>=\/ Z‘j v.0.9

Remark 2.2 (Inhomogeneous TBC). The (homogeneous) TBC (2.9) was de-
rived for modeling the situation where an initial wave function is supported in the
computational domain [0, L], and it is leaving this domain without being reflected
back. If an incoming wave function v ,,(f) is given at the left boundary (e.g. a
right traveling plane wave), the inhomogeneous TBC

7 iz d ! 0,7)—vy,;(t
@12) 90, ) — 40, t>1x=\/—e gy AR Al AT
ha dt 0 Vit—1
has to be prescribed at & =0. This is the TBC (2.9) formulated for (0, t)
Y 1n(t) since the TBC was only derived for outgoing wave functions. The inho-

mogeneous TBC is described and analyzed in detail in [4].

Remark 2.3 (Factorization). It should be noted that the Schrodinger equa-
tion can formally be factorized into left and right travelling waves (cf. [6]):

w (2 EH GG E AT

and in the potential-free case:

3 PN ERYE P r
(2.14) (——\/—e 12\/—)(—+\/—e 4\/—)w=0,
ox h ot ox h ot

where the term

d w._
dt

(2.15)

dif Y(T) g

V-t

) time derivative.

ﬁw

DO |

can be interpreted as a fractional (
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2.2 - Well-posedness of the IBVP

We now turn to the discussion of the well-posedness of (2.2). The existence of
a solution to the 1D Schriodinger equation with the TBCs (2.8), (2.9) is clear from
the used construction. For regular enough initial data, e.g. v/e H(0, L), the
whole-space solution y(x, t) will satisfy the TBCs at least in a weak sense. A
more detailed discussion is presented in [10]. It remains to check the uniqueness
of the solution, i.e. whether the TBC gives rise to spurious solutions. In order to
prove uniform boundedness of |[1(., t)||.2. 1, in ¢ we will need the following sim-
ple lemma which states that the kernel of the Dirichlet-to-Neumann operator
e™\/d/dt is of positive type in the sense of memory equations (see, e.g.
[17]).

Using the Plancherel equality for the Laplace transformation the following
lemma can be shown:

1
Lemma 24 ([3]). For any T>0, let ueH (0, T) with the extension
u(t) =0 for t>T. Then

(2.16) Re[e j(t)—lj\;’j% ] ]ao.

With this lemma we shall now derive an estimate for the LZnorm of solutions
to the Schrodinger equation (2.2). We multiply (2.2) by :

2.17) EVHZ%EU)M—%VW, t)|1//|2, 0<w<L,t>0.

Integrating by parts on 0 <x <L, and taking the real part gives

L
8, [ 1wt 07 dw = hRe (i, 1)y, (e, D) ]37h
0

fon R 1_ L, iV_th
(2.18) = —\/ﬁRe [QZTW(L, t) t d J 1/)( r)e d‘[]
T Vt—1

2h ¥(O0, r)
— 2 Rele T 00, L
\/n eles7 j o ]

Now integrating in time and applying Lemma 2.4 for the second term and an
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analogous lemma for the first term yields the estimate

2.19) (., Ol <l ll20, 2, t>0.

This implies uniqueness of the solution to the Schrodinger IBVP. Equa-
tion (2.19) reflects the fact that some of the initial mass or particle density
n(x, t) = |y(x, t) |2 leaves the computational domain [0, ] during the evolution.
In the whole-space problem, x e R, |[(t)|| 2, is of course conserved. Finally, we
address the question of the well-posedness of the Schridinger equation (2.2) with
inhomogeneous TBCs (cf. Remark 2.2). We assume that the incoming wave
function 1 ,,(t) is given at the left boundary by

. 2
(2.20) Y, t) :e"’(”’“@“), 0w=0,
ie. a right traveling plane wave. Then the auxiliary function

(2.21) q0(x,t):=1/)(9c,t)—(1—%)wm(o,t), 0<w<L, t>0,

fulfils the following inhomogeneous Schrodinger equation

h2
the = — ?A(p + Wz, t) ¢ + f(x, 1),

(2.22) flx, t) = (1 - ) Y (0, D[ V(x, t) — o],

=

@, 0) = @' (x) = p'(x) - (1— %) a,
with the homogeneous left TBC

o [2 .z |8
2.23 O Ee T S g0, =0,
229) (&x \/he \/8t)(p( )

and the right TBC (2.8). Proceeding as in the homogeneous case we obtain

L
1 1
(2.24) at”(P(-, t)”%Z(o,L) S % Jf@ dx < EHf( y t)||L2<0,L)||fﬂ(-, t)”Lz(O,L)-
0



66 M. EHRHARDT and A. ARNOLD [10]

If we further assume ||f(., ¢)||,2¢, 1) < Fh, t =0 then it follows easily that

L F
@2 I ol <lel o vay 5+ B e,

and this implies the well-posedness.

3 - Discrete transparent boundary conditions

In this Section we shall discuss how to discretize the TBC (2.8) in conjunction
with a Crank-Nicolson finite difference scheme and review the derivation of the
DTBC from [3]. With the uniform grid points x; = j4x, t, = n At, and the approxi-
mations yj ~y(x;, t,) the discretized Schrodinger equation (2.1) reads:

h2
31) —ihD, = — EDM;“% FVII T, VT = Wiy b, 1),

J
with the time averaging v} "2 = (y 7"+ y)/2. Here D," denotes the forward
difference quotient in time and D? is the second order difference quotient in
space, i.e.

D yj = M D2y = Pio 29Ty
t ¥ At ’ x ¥ (Ax)2 .

Remark 3.1. Most existing discretization schemes for the Schrodinger
equation with TBCs are also based on the Crank-Nicolson finite differences ([6],
[30], [34]).

For our analysis, one of the main advantages of this second order (in Ax and
At) scheme is, that it is unconditionally stable [40] and an easy calculation shows
that it preserves the discrete L%norm: [y " |5 = 4x > |% |2, which is the discrete

jeZ ’

analogue of the mass conservation property of (2.1).
In order to derive this discrete mass conservation property we multiply (3.1)
with —ip )12 /h:

— 1 h — 1 1 1 1 1
(32) w;Z+EDt+ w;L: Ew}HEDQ?w;LJrE _ %V;’Z‘FE |w;;+5 |2’

Summing it up for jeZ (i.e. in absence of boundary conditions) gives with sum-
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mation by parts

3.3) 2 U)nJr_Dt w R 2 |D w'”r— |2_ e E VnJr— |wn+_ |2

Finally, taking the real part by using the simple identity («discrete product
rule»)

(34) Dt+ (wn,vn) — wnJr%DtJr (,Un) + vn+—D (wﬂ)

ie. with v"=73p"

(35) + |wn|2 2Re{1/1”+‘D wn}
yields the conservation of the mass:

(3.6) d2 R =

jeZ

Remark 3.2. We remark that an arbitrary high (even) order conservative
scheme for the Schrédinger equation (2.1) can be obtained by using the diagonal
Padé approximations to the exponential [7]. The Crank-Nicolson scheme corre-
sponds to second order, and the fourth order is known in the ODE literature as
Hammer and Hollingsworth method [18].

3.1 - Discretization strategies for the TBC

We shall now compare four strategies to discretize the TBC (2.8) with its mid-
ly singular convolution kernel. First we review a known discretization from the
literature, where the analytic TBC in the equivalent form (2.10) at L = JA4x was
discretized in an ad-hoc fashion.
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Discretized TBC of Mayfield. In [30] Mayfield proposed the approxima-
tion

tnw (L t _'l,')e_i% tm+1

J w\ Ly by dr~ — 2 (1/)77 m 1/)?}:7{1 1—mAt J’

; \Vr Ax m

n—m n—m 7LV—mAt
2\/At" 1(1/) —Yj-_i)e h
Ax  m=0 Vm+1+vVm ’

where she used the left-point rectangular quadrature rule. This leads to the fol-
lowing discretized TBC for the Schrodinger equation:

3.7

3.8 n_aph = n __ n—m n—m lmr
3.8) Yr—yYrj_1= 2B _1/1 mzl(l/) -y 1)
with
7 71'2771413
x - W
B=—| et [,=—2
2n Vm+1+Vm

On the fully discrete level this BC is no longer perfectly transparent. For the re-
sulting scheme with a homogeneous Dirichlet BC at j = 0 and (3.8), Mayfield ob-
tained the following result:

Theorem 3.3 ([30]). The numerical scheme (3.1), (3.8) is stable, if and only if

(3.9) 4an AL o U ei+1)72,@2)2].
Ax®  ieNo
This shows that the chosen discretization of the TBC (3.8) destroys the uncon-
ditional stability of the underlying Crank-Nicolson scheme. The stability regions
of Theorem 3.3 are illustrated in Figure 2 as light areas. The dark intervals are
regions of instability.

At
C Ax2

1 1
11 1
69 T 1

Fig. 2 - Discretized TBC of Mayfield: Stability regions.
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As the numerical example in Section 3.5 will show this discretization gives rise
to unphysical reflections at the boundary.

Remark 3.4 (Approach of Baskakov and Popov). A similar strategy using a
higher-order quadrature rule for the lLh.s. of (3.7) was introduced by Baskakov
and Popov in [6]. This approach typically induces less numerical reflections com-
pared to the results when using the discretized TBC of Mayfield.

Semi-Discrete TBC of Schmidt and Deuflhard. In the semi-discrete
approach of Schmidt and Deuflhard [38] a TBC is derived for the semi-discretized
(in t) Schrodinger equation. This method also applies for a nonuniform in ¢ (e.g.
adaptive) interior scheme and it admits a time-dependent potential in the exterior
domain (i.e. Vi, =V, (t)). While being unconditionally stable (in conjunction with
an interior finite element scheme) [39], it still exhibits small residual reflections at
the artificial boundary. In [39] this approach is also applied to uniform exterior
z-discretizations, and one then recovers — through a different derivation — the
discrete TBC from [3].

Approach of Lubich and Schéddle. The time discretization is done by
the trapezoidal rule in the interior and by convolution quadrature on the bounda-
ry. The numerical integration of the convolution integral is done in the following
way (cf. [27], [28], [37]. If f(s) denotes the Laplace transform of f, then formally
setting s = 0, yields

F)gt)= [f@)e g(t) dr
0

3.10 o
. = [f@ gt -7 dr
0

=f=g,

where ¢ is a function satisfying ¢(t) = 0 for ¢ < 0. Now f(8,) g(t) is approximated
by the discrete convolution

(3.11) Fa) g(t) := Zgoa)ng(t—~nk),

n=

with the stepsize k=At. The quadrature weights w,, are defined as the coefficients
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of the generating power series:

a(&)
k
Here 6(&) = >, 0, £" is the quotient of the generating polynomials of a linear

n=0
multistep method, e.g. 6(&§) =2(1 —&)/(1+ &) for the trapezoidal rule. If one

chooses for the quadrature the same numerical scheme as in the interior then one
obtains also a reflection-free discrete TBC.

(3.12) 3 0" :=f(

n=

), |&] small.

Discrete TBC. Instead of using an ad-hoc discretization of the analytic
TBC like (3.7) we will construct discrete TBCs of the fully discretized whole-space
problem. Our new strategy solves both problems of the discretized TBC at no
additional computational costs. With our DTBC the numerical solution on the
computational domain 0 <j <J exactly equals the discrete whole-space solution
(on j € 7) restricted to the computational domain. Therefore, our overall scheme
prevents any numerical reflections at the boundary and inherits the unconditional
stability of the whole-space Crank-Nicolson scheme (see Theorem 3.13). These
different approaches, discretization of the analytic TBC and (semi-)discrete TBC,
are sketched in Figure 3.

Consequently, when considering the discretization of TBCs, it should be a
standard strategy to derive the discrete TBCs of the fully discretized problem,
rather then attempting to discretize the differential TBC whenever it is possible.
A comparison of these two strategies for a 1D wave propagation problem is given
in [12].

3.2 - Derivation of the DTBC

To derive the discrete TBC we will now mimick the derivation of the analytic
TBC from Section 2 on a discrete level. The Crank-Nicolson scheme (3.1) can be

Schrodinger Equation
(Analytic) Transparent BC Discrete Schrodinger Equation
Discretized TBC semi-discrete TBC Discrete TBC
Mayfield Schmidt & Deuflhard Arnold & Ehrhardt
Baskakov & Popov Lubich & Schédle

Fig. 3 - Discretization strategies for the TBC.
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written in the form:

(8.13)  —iR(ypI =) =A%yt ARyl VT (),
with
4 (Awy? 2(4wy? el
B v= g MRV tey,

where Aiw}? =Y. — 2y +yi_4, and R is proportional to the parabolic mesh
ratio. Again, we will only consider the right BC. In analogy to the continuous pro-
blem we assume for the potential and initial data: V"=V, =const, j=J -1, y =0,
j=J —2 and solve the discrete right exterior problem by using the discrete ana-
logue of the Laplace transformation, the Z-transform:

(3.14) Z{pt} =y ,(z) = Zow]”z*”, zeC, |z[>1.

Hence, the Z-transformed Crank-Nicolson finite difference scheme (3.13) for
j=dJ —1 reads

B.15) (¢+1)A4%29;(z) = —iR[z — 1 +ix(z + D]y ,(2), KZ%%.

The two linearly independent solutions of the resulting second order difference

equation

(3.16) @M(z)—z[l— iﬁ( 21 +i1<)

2 \Z+1 @j(z)"‘@jq(z):(), j=J-1,

take the form @j(z) =1/j1,2(z), j=J —1, where v, »(2) solve

iR
3.17 2_3g 1—L(
(3.17) v [ 5

z—1
z+1

v+1=0.

+ iK)

For the decreasing mode (as j— o) we have to require |v;(z)| <1 and obtain
(using v(2) v45(z) =1) the Z-transformed right DTBC as

(3.18) V-1(2) = v5(2) ¥, (2).
Analogously, the Z-transformed left DTBC reads:

3.19) P1(2) =75(2) Pol2),
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where v,(z) with |V5(z) | > 1 is obtained from a solution to the left discrete pro-
blem, i.e. (3.16) on the range j <1.

Remark 3.5 (Discrete Factorization). If S denotes the usual shift operator
given by S@j(z) =y ;+1(2), then analogously to the continuous case (cf. Remark
2.3) the discretized Schrodinger equation (3.16) can formally be factorized as:

(3.20) S=vi NS —ve()Y;x)=0, j=J-1,

which leads to the same DTBCs (3.18), (3.19).

It remains to inverse transform (3.18) using the inversion rules of the
Z-transform (cf. [11], e.g.). By the following tedious calculation this can be achie-
ved explicitly.

Calculation (of Z7'{v,(2)}). First we rewrite vy.2(2) as:

R (z—-1 RMz—-1 . R (z—-1 |
v12(2)=1——( +ZK)i ——( +u<) 2— — +1K
’ 2 \z+1 2 \z+1 2 \z+1

R R R 1
:1+%+?K—7;R < ! VAz?—2Bz+C,

z+1 ? z+1

3.21)

with the constants

4
(3.22a) A=(1+i1<)(1+i1<+i§),
4
(3.220) B=1++ —,
R
. . 4
(3.22¢) C=(1—u<)(1—zz<—zﬁ).

For the inverse Z-transform we use

VA
1 Az?-2Bz+C Ve

VA z )
vA {/éz2—2§z+l
C C

(3.23) \VAz?— 2Bz + C =
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With the abbreviations

VA B
(324) F(z“u):;) l=\+/—, ,uzJr n ’
V22—2uz +1 Ve VAVC

we obtain from equation (3.23)

1 Az%2-2Bz+
L A emiio- LA 2B C

z+1 VA  2z+1)
1 E
(3.25) = A+ 9 - —}F(/lz, uw)
VA z  z+1
— 1 E 1
=VCla+11 = - FQiz, w),
V[ 2 \vz\vazﬂ] (2. 1)

with £ =A + 2B + C. The inversion rules now yield

VIV
Az“—2Bz+
zl[\M—IZC}:W[MQLHla;—
2+

E _
[(_1)“_596] *Pn( )
VAVC ] g

- - E n—1 -
o -1 _ —1)yr—k
—\/E‘[an(u)H P £ S Pkw],

where * denotes the discrete convolution. Finally, we obtain

R R
Z Uy ,()) = [1—15 + 7’( 00 +iR(—1)"
(3.26)
ZR\"‘/E’ n—1
x ATMAP +P,_ - kP .
= 20 [ 0P o B ) kw]
Since C=A we have |i| =1 with
A R —4k— Rr? +2i(Rk+2)

(3.27)

A= = .
VAVC /(1 + &®[R? + (Rx + 4)*]

Therefore we write

2(Rk+2)

3.28 A=e'?, with —arg ——M8M— .
(8.28) ¢ gR—4K'—RK2
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We obtain for the parameter u:

R(1+k®) +4k
(3.29) ©= eR,

V(1 + k)[R + (Rx + 4)2]

and it can easily be seen that —1 <u <1 is valid. The constant £ simply equals 4
and we get

E 4R

(3.30) = =
VAVC /(1 + &®R? + (Rx + 4]

eR.

The choice of the sign in (3.26) can be justified analytically or simply by
testing it numerically. We finally obtain the convolution coefficients
1™ =Zv,(2)} as

=148 4 % 00 —iR(—1)" — %Y/(R%az)[zzu (0 +4)"]e 72

(3.31) n—1
e 7in¢{/lpn(lu) + Pn,— 1(#) — ‘L'kgo( —/'L)nkak(ﬂ)] ,

with 0 = Rk and P, denotes the Legendre polynomials. The resulting discrete
TBCs at the grid points x;, j =0, J read

n—1
(3.32a) Pi-1Oyi= 2 1" Pyl n=1,
k=1

n—1
(3.32b) Yo = U0yh= 2 1Pyl w1,
k=1

The subscript j of the coefficients [ indicates at which boundary the values are
to be taken. In the sequel many parameters will be supplied with this sub-
script.

3.3 - The asymptotic behaviour of the convolution coefficients

We study the asymptotic behaviour of the I, I/ in (3.32). It will turn out
that it is advantageous to reformulate the DTBC using new coefficients. After-
wards we shall derive a recursion formula for these new coefficients and compare
their decay rate with the decay rate of the continuous integral kernel in (2.8),
2.9).
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The summed convolution coeffcients. First we want to study the
asymptotic behaviour of the convolution coefficients [, j = 0, J. With the nota-
tion u;=cos0;, 0 <6; <m, we use the following classical result on the asympto-
tic property of the Legendre polynomials:

Lemma 3.6 (Theorem 8.21.2 (Formula of Laplace), [41]).

U FFSA TS
VAo, Vi

COS

(3.33) P,(cosb))= +0(n 3%, 0<0,<m.

The bound for the error term holds uniformly in the interval e <0;<m —e.

From this lemma we conclude that nlgr}n P, (u;) =0 holds. Consequently, the
coefficients have the following asymptotic behaviour for n— o:

. n—1
3.34) [ —iR(-1)"~ %\“/(Rz+a§)[R2+(aj+4)2]e S~ 1)"k§0(—e TP ).

Using

ool . 1 1 1
Jim 2 (—e ) Plu) = =

(3:35) VI*2UA 427 VR VEeA A

1 A
= VR GDIR + (0, + 471,

we finally obtain

(336) I ~iR(—1)"+ %\/(RZ + 0[R2+ (0, +4)21(—1)" = 2iR(~1)".

The sequence /" is asymptotically an alternating, purely imaginary sequence,
which may lead (on the numerical level) to subtractive cancellation in (3.32). To
circumvent this problem we consider the sumimed coefficients

(3.37) s =1 Y =1, s =10, j=0,J,
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and compute:

R O; 2 4 I
lj(o)zl_ZE + ? - EV(R2+O?)[R2+(O]+4)2]6 vl
(3.38)
R 0; i
—1-i= + 2~ IN/R*— 40, - 0%+ 2iR(0, + 2),
2 2 2 -
(3.39) IV =R — %y‘/(RZ + 0N[R2+ (0;+ 4P e Wi {u;+e i+ 1},

and for n =2 we compute using the definition of E:

Sj(n) — _ %V(RZ + O'?)[RZ + (O.‘j+4)2]ei(p_,-/2e—impj

(3.40)
Pw(//t]) + (Aj‘f’ljil — Tj)Pn—l(,uj) +P7,_2(‘M‘7) .
| S ——

= —2u;
With the recurrence relation of the Legendre polynomials

n n—1
:uanfl(/lj): Z—Pn(,uj)"' —Pnfz(/lj), n?l,

n—1 2n—1

we finally get

P?’Z(JI'{]')_PTL*Z(!'{]')
2n—1

B41) 5= 5\4/(132 +0)[R?*+(0,+ 4 eii/%e ~ i

, n=2,

Remark 3.7. The coefficient [{” can also be calculated with [11, Theorem
39.1] by

o; i
(342) V= lim vy(2) =1 —ig + Ej - %\V(R T i0)(R + i, + 4)).

We summarize our results in the following theorem:
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Theorem 3.8 ([3]). The left (at j =0) and right (at j =J) discrete TBCs for
the Crank-Nicolson discretization (3.1) of the 1D Schrédinger equation are
respectively

n—1
(3-430) vi—s”yi= 2 s Pyl w1,
n—1 )
(3.43b) wioamsyi= 2 s Py —yitl, n=l,
with

R o; R o; o Pu)—P,_o(u;)
(3.44) Sj<n>:[1—¢5+?’]5%+[1+7;§+EJ]%+Wmw W)~ P ).

2n—1
2R(0;+2) R*+40;+ 0}
quli=arctanﬁ, w;= ,
R*—40;-0j V(R2+ 0HIR2 + (0; +4)]
2 Ax? ] .
a]:h—fvj, a]-:%V(RZ-I—O?)[RZ—F(0j+4)2]e“’7-7'/2, j=0,J.

P, denotes the Legendre polynomials (P_i=P_,=0) and o), the Kronecker
symbol.

The P, only have to be evaluated at the two values u,, u;e (-1, 1), and
hence the numerically stable recursion formula for the Legendre polynomials ean
be used [16].

The recurrence formula for the summed coefficients. In this sub-
section we shall give two different derivations for the recursion formula of the
convolution coefficients s™. The first one is based on the explicit representation
(3.41) of s by first calculating a recursion formula for P, , ;(u;) — P, -1 (u;). The
second derivation does not require the explicit form of the coefficients sj(”) but
only the growth functions v, »(z) from the Z-transformed DTBCs (3.18) and
(3.19).

First derivation. Here we start with the standard recursion formula [1]
for the Legendre polynomials P, . (u;), P,_1(u;):
m+1)P, 1 (uy) =@2n+1)u;P,(u;) —nP, (u;), n=0,

(3.45)
(’I’b_ 1)Pn—1(/’tj) = (Zn_g)ﬂjpn—2(:uj) - (n_z)Pw—E}(/’t])’ n227
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and

—g(uy) =P, 1 (uy)

s n=2.
2n—3

P,
(3.46) Pnfl(,uj) - zﬂ‘an72(//‘j) + Pn73(/'£]) =

The expression P, ,;(u;) — P,_1(u;) is converted in the following way:

(n+ DIP, 1 (u;) = Py 1 ()]
2n—3 -2
:(zn‘}_l)ﬂjpn(,u,;) (27’L+1) 1 /"7 n— 2(#7)+(2n+1)—Pn 3(/"7)

(m—2)2n+1)

=@2n+1) u;[P,(u;) — P, _2(u;)]] —
2n—3

[Pn71(,u_;) - Pnfg(ﬂj)],

where we have used the relation

1[ Py-s(uy) =P, 1(uy)
Pnfg(,uj)_,ujpnfz(‘uj): E on—3

_Pnfl(//‘j) +Pn73(luj)

-1
= - "_3 [Py _1(u;) — P, _guj)].

Finally, we obtain for n=2 the following recursion formula for P, ,;(u;)
P, 1(u )

Pn+l(1uj) _Pnfl(,uj)

347 2n+1 n-2)2n+1)
= TP (u.)—P BY e
1 LB ) = Po o)) (n+1)2n—3)

[P, 1) = Py ().

Since the s/ are determined by

-n

A
(3.48) s =a, 27@]—1 [P,(u;) =P, _sup)], mn=2,

we get from (3.47) the recurrence relation for the summed convolution coeffi-
cients:

2n—1 n—2
l 1 (n)
n+1u] n+1

(3.49) st = A%sY =2,
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which can be used after calculating the first values sj(") for n =0, 1, 2 by the for-
mula (3.44).

Second derivation. Next we shall present an alternative derivation of the
first convolution coefficients sj(m, n=0, 1, 2 and the recurrence relation (3.49).
The advantage of this alternative approach is that we shall only need the growth
Sfunctions v, 3(2) from the Z-transformed DTBCs (3.18) and (3.19). Hence this ap-
proach might also apply to a bigger class of linear evolution equations, where it is
not possible (or too tedious) to derive an explicit representation of the convolution
coefficients.

We remark that an even more advantageous approach might be based on the
polynomial equation (3.17) for the growth function v(z), rather than on its explicit
solution. The benefit of such a strategy would lie in the possibility to obtain the
convolution coefficients also for higher order difference schemes, that would lead
to quartic (or even higher order) equations for v(z). To our knowledge this has,
however, not been accomplished yet.

In this second approach we shall first derive a first order ODE for the growth
function v(z), which is explicitly given by (3.21). In fact, it is more convenient to
consider

(8.50) Wz)i=(+1)vz) = _i 1 stz

Using the constants (3.22) and (3.24) it has the explicit form

o; R O,
171,2(z)=z(1——+—] + 1+%+?j)
(3.51)
) 1
ii+R2+4aj+a%{/z2——2z+—
2 B Iz H

The index j = 0, J again denotes the grid point where the DTBC is to be construc-
dv y) 1
ted. Multiplying v’ = d—v by (z2 — —2z+ /1—) then yields an inhomogeneous
z U 7
first order ODE for v(z):

(3.52) 22 i -2z 4+ i) (z) — (zi - 1) Wz) =Bz) =B _12+ B,
2 Au U
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with
o; o;
Ig_l__i(1+ﬁ+_] +(_1+E__])’
u 2 2 2
(3.53)
1 ; o o
ﬁo_—(l—EJr—] + 1+E+—])
Au 2 2 2

Its general solution includes 7, () as defined in (3.51). Using the Laurent series
(3.50) of ¥ and v' in (3.52) immediately yields the desired recursion for the coeffi-
cients s

A
1 0) —
~Lsh_s0—p

A 1
(3.54) —2Z5@ 450y —s0=p,
u A

1
—(+1)s" D+ (2m - 1)%3;7”— (n=2) 55" V=0, n=2,

which coincides with (3.49).
The starting coefficient of the recursion can be determined as in (3.42):

Here, the sign has to be fixed such that |v,(z)| <1 for the right DTBC and
|v2(2) | >1 for the left DTBC. This can be done for e.g. for z= o.

Stability of the recurrence relation. For proving that the recurrence
relation (3.49) is well-conditioned we follow the notation in [16] and write (3.49)
as the second order difference equation

(355) Sj(n+ D + (lj(n) Sj(n) + bj(n) Sjmi D= 0 y n =2 y
with

2n—-1 n—2
(3.56) a™ = — WAl b= 17220
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There are two linearly independent solutions s}, s{") to (3.55). If they have the
property

(3.57) lim — =0

py (W/)
B

then s is called a minimal solution and serious numerical problems arise if one

tries to compute the solution s in a straightforward way by using the recursion

(3.49): A (small) initial error would induce arbitrarily large relative errors in sj(,”z),
even when evaluating the recursion (3.49) with infinite precision. Methods of cal-
culating minimal solutions of three-term recurrence relations can be found in [16]. To
prove that (3.49) is well-conditioned we have to show that the seeked solution is not a
minimal solution to (3.55). This type of solution is called dominant.
Since the coefficients o, b in (3.55) have the finite limits
(38.58) a;=1li W= _2 -/1*1:—2E b= lim b{"=1;%= =0, J
. ;= 1m Uit A » 0= by j o J=Ud,

Nh} |%Q

one calls (3.55) a Poincaré difference equation and
(359) @7(1(;) = t2 + (l7t + b]

the characteristic polynomial of (3.55). The characteristic polynomial has the
complex conjugate zeros ("% = (B; = i4/R)/A;. The zeros have the same moduli:
|t{# | =1, and therefore the classical Theorem of Poincaré (formulated below
for the special case of a second-order difference equation) cannot be applied to di-
stinguish two solutions with distinct asymptotic properties.

Theorem 3.9 (Poincaré theorem, [14]). Suppose that the zeros t{V, t® of
the characteristic polynomial (3.59) have distinct moduli. Then for any nontri-
vial solution s{™ of (3.55)

(n+1)
Sj

i = ¢®
nl% s t]
J

for k=1 or k=2

Remark 3.10. If equation (3.55) has characteristic roots with equal moduli
then Poincaré’s Theorem may fail (cf. example of Perron [14]).

It is well-known that the Legendre polynomials P,(u;) and the Legendre func-
tions of the second kind (of order zero) @, (u ;) satisfy the same three-term recur-
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rence relation (3.45). Therefore, the two linearly independent solutions to (3.55)
are the convolution coefficients s = s (3.48) and s") given by

—n

A:
n) _ J
(360) Sj(,2)_ﬁj on—1 [Qn(/’tj)_Qn—Z(‘uj)]7 nBZ,
with some constant f3;.

Now we want to study the asymptotic behaviour of these two solutions. With
the notation u;=cosf;, 0 <0;<m, we use Lemma 3.6 which gives

P,(cos8;)— P, _5(cos 6;)
sin[(n— 1)0 _Z

2 é\/sin@- E J Z
__ d +0(n %),

Va Vn

and from (3.48) we see that

(3.61)

o

\/sin@-
(8.62) s~ —q\/2 Syl
J ]\/— \/JT[ J

An analogous formula to (3.33) for the Legendre functions of the second kind
Q,(u;) is given by the following Lemma:

Lemma 3.11 (Theorem 8.21.14, [41]). For 0<0;<x

cos (n+ l)eﬁ T
(3.63)  Q,(cos0;) = \/E\\//_:in_ﬁj \2/% L oy,
This holds uniformly in the interval [e, 7w — €].
As Dbefore we can deduce from (3.60) that
sin (n— 1)0.4_ T
364 s~ —p; Vaysing; ' e

T
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holds. Therefore the ratio of the two solutions behaves asymptotically as

sin[(n— 1)6 + id
87(112) ﬁ; J 4

2 _
Sj(n) a; 2 sin[(n— %)0]-— %] a; 2

i.e. neither s/ nor s") can be a minimal solution. Consequently, the problem of
determining the required values of the convolution coefficients is well-conditioned
[16]: they can be computed numerically from the recurrence relation (3.49) in a
stable fashion.

Remark 3.12. In the special case 6;=m/2 we observe the asymptotic
behaviour

87(712) ﬁ; JT
— - —,  n—> o,
Sj(12+1) aj 2
Decay rate of the convolution kernel. Since |1;| =1 the relation

(3.62) shows that s, s{™ = O(n ~%?), which agrees with the decay of the convolu-
tion kernel in the differential TBCs (2.8), (2.9). To show this property we consider
the left TBC (2.9) and obtain after an integration by parts

v.(0,1) = (0, o
t_
(3.65) vi—e
—e i f w0,0 J 0D 0t
dt \Vit—1 (t— .[)3/2 \/E
with
2 iz 1-—1

(366) Cc= —e 4=

hr Vhan .

To compare the discrete convolution in the DTBCs with the continuous convolu-
tion in the differential TBCs we consider the following discretization (with
e =At)

t— _
(3.67) —% j yo00 . E E[(n — k) At] 2 At .
O -

c’
— )R E
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Asymptotic Behaviour of Convolution Coefficients sg")
0 T T T

")
0

s asympt.
312

.l N~ n? rate |

v‘,‘

(n))
0 S
T

A
‘ “"“““““l“l“l

log, /(s

o
T

9 L L L L L
1 15 2 25 3 35 4

tog,(n)

Fig. 4 - New discrete TBC: convolution coefficients s{’ compared to the r.h.s. of (3.62) and
the decaying rate (3.69).

If we compare this with (3.43a) written in the form

n __ n 1 n—1
(3.68) Yi— %o -
Ax Ax Lk=1

\g

-k k -1 0
sg" Pyt -yt +sOywi—ypi|, n=1,

we would roughly expect

cAx s _ 1—1 Ax _3p

—n —_— —"n )
2\/At 2\/hr At

(3.69) s ~ —

n— oo,

In Figure 4 we compare the s{™ for increasing time levels n with the r.h.s. of
(3.62). The used parameters are 1 =1, At =10~%, Ax = 1/160 and the potential is
set to zero. Figure 4 displays a quite good agreement of the asymptotic behaviour
of the s{™ with the predicted one in (3.62). The values of s{" oscillate around the
rate (3.69).
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3.4 - Stability of the resulting scheme

We shall now discuss the stability of the Crank-Nicolson finite difference sche-
me in connection with the DTBCs (3.43).

Since the discrete whole-space solution satisfies the discrete TBCs (3.43), it is
trivial that the implicit scheme (3.1), (3.43) for the IBVP can be solved at each
time level n. To prove unique solvability and stability of the scheme, a discrete
analogue of (2.19) can be derived. We sum up (3.2) for the finite interior range

7=1,2,...,J =1, use the summation by parts rule:
J-1 J-1

(3.70) Ax'zlng,[ﬁ: _A%‘EOJ?D.; gi +Jr-195— o9
J= J=

and obtain (note that D?=D, D,")

y J-1 J-1
M S D w1 S v gy

j=0 hoj=1

J-1__ 1
Ax ;1/;}?*50; Yi=—
(3.71) .
+ %[Eiﬁr%D; w

~

Finally, taking the real part using (3.5) yields

372 D/ |y B=nRelipy s D, yy 3l - Relipyt D,y )],

J-1
with the discrete L*norm defined by [y"[} :=dx > |y}|% After summation
=1

with respect to the time index we get from (3.72):

hAt
am =l e
AQC n
hAt N 1.
-2 Reli 2 Ty 3 =10,

where [{" :=1™ — 4%, j=0,J. Again, as in the continuous case, it remains to
show that the boundary-memory-terms in (3.73) are of positive type. We concen-
trate on the boundary term at j=J and define the finite sequences

o] =

(3.74) Li=vit =09, g, =y}
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N
with f, =¢,=0 for n > N, i.e. Re {z > fng_]n} =0 is to show. A Z-transformation
n=0
using the transformed DTBC (3.18) yields

—~ 1 -~
Z{f,} =F@) = %W(z)[vz(z) 1

(3.75) .
- %E{,V(z){[z —1+ix(z + 1) TV/AZ2 — 2Bz + O},

N
where v (2) = X %z " is analytic on |z| > 0. The expression above in the cur-
=0

n
ly brackets is analytic for |z| > 1 and continuous for |z| =1, since the zeros z; »
of the square root are given by z; » = (B + 14/R)/A with |z, 5| = 1. Therefore f(z)
is analytic on 1 < |z| < «. Note that we have to choose the sign in (3.75) such
that it matches with v,(2) for |z| sufficiently large. For the second sequence g,
we obtain

z+1 -~y
5 Yy (2),

(376) Z{ gn} = !5(2') =

i.e. g(z) is analytic on 0 <|z| < .
Now the basic idea is to use Plancherel’s theorem in the form

27
- 1 7
3 fg.= 5= [Fe™) ge™) dg,
n=0 27 0
which gives

N 1 & ~
Re{i E:‘,Ofngn} = gRe I@j 2+ 12 |9Y @) |%[ve() — 11|, - e de
3.77) 0

T 0

1 2
_ ip
. Im[ jvz(e )dqo].
We remark that the pole of vy(z) at z= —1 is «cancelled» by |z+1 |2. From

(3.77) we conclude that the discrete LZnorm (3.73) is non-increasing in time if

(8.78) Imv,(e™®) <0, Voel0, 2],

holds. This property of v, can be shown in the following way. If we define

R ({z—1
3.79 = - — + 1K
( ) 4 2 (z+1 )
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then (3.21) simply reads

(3.80) vo(y) =1+y-Vy2+y).

On the unit circle z = e, 0 < @ <2m, we have (z —1)/(z +1) =1tan(¢/2) and
therefore

R R Ax)?[ 2
a8y y- L ? 4 BE_ 4D [—tanﬂ n E], 0
2 2 2 h At 2 h

is real. Consequently, v,(e) becomes complex only in the interval ¢ , < ¢ < @,
where ¢,, ¢, €0, 2] solve

‘ v, & At
(3.82) tan £t = [ Ly ), tanfl -y,
2 2h (Aw)

and we have the requested result

(3.83) Imvy(e?)=-ImV/y(2+y) <0, 0<@<2m.

The situation is illustrated in Figure 5, where we have set #=1, V, =2-10* and

Imag v,,(9)
0.5 T T T

0 /2 n 3/2n 2n

Fig. 5 - Imaginary part of v,(z) on the unit circle z=¢%, 0 < ¢ <2u.
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used the parameters Ax = 1/500, At =2-10°, This gives the following values for
Qar Pyt Q=27+ 2 atan(—5.2) =3.5216, ¢, =2x + 2 atan (—0.2) = 5.8884.
We then have the main result of this Section:

Theorem 3.13 ([3]). The solution of the discretized Schridinger equation
(3.1) with the discrete TBCs (3.43) is uniformly bounded

J—-1
(3.84) [l (I3 :=Ax21 lprP<lyp’lB, n=1,
=

and the scheme is thus unconditionally stable.

Remark 3.14. It can also be shown that (3.43) is a consistent discretization
of the differential BCs (2.8), (2.9).

Simplified DTBC. The decay of the s/ shown in (3.62) motivates to consi-
der a simplified version of the DTBC (3.43) with the convolution coefficients cut
off at an index M. This means that only the «recent past» (i.e. M time levels) is
taken into account in the convolution in (3.43):

n—1

(3.850) vi-sVwi= X s Pyi-with, w1,

n—1
(3.85b) wiﬁl—s}‘”w%k ZMS}""”%—W}:%, n=1.
This, of course, reduces the perfect accuracy of the DTBC (3.43), but it is numeri-
cally cheaper while still yielding reasonable results for moderate values of M. We
remark that the numerical stability of the scheme with simplified DTBC depen-
ding on the value of M is not anymore obtained automatically. This issue is cur-
rently under investigation [2].

3.5 - Numerical results

In this Section we present an example to compare the numerical results from
using our new discrete TBC to the solution using other discretization strategies of
the TBC for the Schrodinger equation (2.1). We also show the numerical effect if
the DTBC is simplified by (3.85). Due to its construction, our DTBC yields exactly
(up to round-off errors) the numerical whole-space solution restricted to the com-
putational interval [0, L]. The calculation with discretized TBCs requires the same
numerical effort. However, the solution may (on coarse grids) strongly deviate
from the numerical whole-space solution.
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Schroedinger: 1=0.004 Schroedinger: t=0.006.

| | ——  newdiscrete TBC
—_ discretized TBC (Mayfield)
- discretized TBG (Baskakov & Popov) |

new discrete TBC
—_ discretized TBC (Mayfield)
. discretized TBC (Baskakov & Popov)

Schroedinger: t=0.008

new discrete TBC
—_ discretized TBC (Mayfield,)

yfield)
sk discretized TBC (Baskakov & Popov)

Fig. 6 - Solution |y(x, t)| at time ¢ =0.004, ¢ =0.006, ¢ =0.008, ¢t =0.01: the solution with
the new discrete TBCs (——) coincides with the whole-space solution, while the solution
with the discretized analytic TBCs (3.7) from [30] (-—-) or from [6] (---) introduces strong
numerical reflections.

Example. This example shows a simulation of a right travelling Gaussian
beam [y’ (x) = exp (11002 — 30(x — 0.5)?)] at four consecutive time steps evolving
under the free Schrodinger equation ( = 1) with the rather coarse space discreti-
zation Ax =1/160 and the time step At = 2-10°. Discretizing the analytic TBCs
via (3.7) (scheme of Mayfield [30]) or as in Baskakov and Popov [6] induces strong
numerical reflections. Our discrete TBCs (3.43), however, yield the smooth nume-
rical solution to the whole-space problem, restricted to the computational interval
[0, 1] (up to round-off errors).

We observe in Figure 6 the artificial reflections travelling to the left induced
by discretizing the analytic TBC while the solution with the new discrete TBC
leave the computational domain without any numerical reflections. At time
t = 0.01 the solution with the DTBC has almost completely left the domain [0, 1]
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and the solutions with discretized TBCs contain a reflected wave packet with the
maximum modulus (which corresponds to the maximum error) of around 0.17
for the approach of Mayfield and around 0.025 in case of the discretized TBC of
Baskakov and Popov.

Now we present the results when using the simplified DTBC (3.85) and want
to compare the outcome with the discretized TBCs at time ¢ =0.01. All these boun-
dary conditions need a comparable computational effort. The cut-off value M is
chosen appropriately, such that the simplified DTBC yields similar results with
respect to the numerical reflections at the right boundary x = 1. As a reference
we also plot the solution with the discrete TBCs (---).

We see in Figure 7 that the solution with the simplified discrete TBCs (3.85)
with M =5 is already better than the solution with the discretized analytic TBCs
3.7) from [30].

We observe in Figure 8 that the error of the solution with the discretized ana-
Iytic TBC from [6] lies between the errors of the solutions with the simplified di-
screte TBCs (3.85) using the cut-off value M =30, M = 35.

Schroedinger: t=0.01

0.25 T T T T T p Ty T T T
— discretized TBC (Mayfield) ~ \
NN discrete TBC V4 -
- - discrete TBC: M=5 - \
] discrete TBC: M=4 1/ -

0.2

0.15F

Wl

0.1

Fig. 7 - Solution |y(x,t)| at time ¢=0.01: the solution with the discretized TBCs of May-
field [30] (——) in comparison to the solution using the simplified DTBC (3.85) with M =4
(—=) and M =5 (——-).
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Schroedinger: t=0.01

0.03 T T T T T T T T T
d tized TB & Popov)
-------- discrete TBC
- discrete TBC: M=35
------ discrete TBC: M=30 -
0.025
0.02f
30015
0.01r-
0.005
0 PRILA
0 0.1 02 0.3 0.4 0.5 0.6 07 0.8 0.9 1

Fig. 8 - Solution |y(x, t) | at time ¢ =0.01: the solution with the discretized TBCs of Baska-
kov and Popov [6] (——) in comparison to the solution using the simplified DTBC (3.85)
with M =30 (——) and M =35 (——-).

4 - DTBC for non-compactly supported initial data

In this Section we show how to drop assumption (Al), i.e. here the initial data
y!(x) need not be compactly supported inside the computational domain. We only
assume that the initial function y!(x) is continuous. First we review the deriva-
tion of the TBC on the continuous level and mimick this derivation strategy after-
wards for the discrete scheme.

4.1 - The transparent boundary condition

Here we review the derivation of the (continuous) TBC from [25]. In the case
of the free Schrodinger equation with non-compactly supported initial data 1 the
Laplace transformed right exterior problem (2.5) now reads

(4.1a) Uy +c2sO=c2ypl(x), a>L,

(4.1b) WL, s) = D(s),
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where we set ¢= (1+1)/\/h. Again, the idea is to solve this inhomogeneous
second order differential equation (4.1) explicitly. The homogeneous solution is

4.2) Drom (X, 8) = C(8) V@=L 4 Cy(s) g ~1Vse—L) > T,

and according to [22] (14.31) a particular solution of (4.1a) is given by

43) Tyl 9)= — [jew@(%%’wl(x')dx'—fewéw’w>w1(x')dx', e>1L,

20Vs [ L
i.e. the general solution is

V(X, 8) = Vyom (¢, 8) + Ve (X, 5)

21\/s

= Cl(S)eiin;L-i— LJ@ *ic\/g“"wl(m')dxr eic\/Ex
(4.4) ;

©

c [ c . .
ieVsae' ) I (ont ’ ieVsa' ) I (pat 1|, —icVse
— |e Yx)de'+ ——|e Yi(x')dx'|e
:21'\/§LJ 2iV/s J

+ [02 (s) @ V5L —

X

We note that the last term in (4.4) is bounded for fixed s and x — o0. Since the sol-
utions have to decrease as x— oo, the idea is to eliminate the growing factor

—ic

1-1
¢ Vi = o TV by simply choosing

Jeic\/g(x’fL)wl(xr)dxr.
L

(4.5) Co(s) = —2

27\/s
Consequently, we obtain C;(s) from the boundary condition (4.1b):

©

_ Ty C GeN3@ —L) ) It ,
(4.6) Cy(s) = B(s) —27:\/5Lj P Wwl(x)de'.

From this we get the following representation of the transformed right
TBC:

2 o0
v,(x, s) =icVsCi(s) — % feicw’”’”wl(m’) de’
%)) x
=ic Sa(s)—czjeic‘/z’(”””“wl(x’)dx’.
L

It remains to inverse transform (4.7). If we further assume that v/ is continuously
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differentiable, then integration by parts yields:
i~ ic [ . ,

48 UL, )= —[sB(s) =y (L) = — ™V Pylx’) de’.
Vs Vs LI

The inverse Laplace transformation using the convolution theorem gives

f Wt(L T)
Vi—1

Finally, if 1% is integrable for # > L, Levy proved ([25], Theorem 3.1), that the in-
tegration and the inverse Laplace transform can be interchanged in (4.9) to obtain
the right TBC

(4.9) 'll)x(L, t) = icve*l i Jeicvg(x'*L)w{c(xr) dac’
Vs

v (L, T) ic [ da=Lf

pl(x)e =0 du.
Vi—1 mef

4100 oy, b= j

Remark 4.1. Clearly, if y/(x) =0 for &> L then (4.10) reduces to the
prev10usly obtained right TBC (2.8) in the potential-free case (note that

—V2e T =i-1).

As motivated in the previous Section we will not discretize this TBC. Instead
we will show now how to derive the TBC on a fully discrete level by mimicking
the derivation of the continuous TBC.

4.2 - The discrete transparent boundary condition

First we show how to solve an inhomogeneous second order difference equa-
tion with constant coefficients of the form

4.11) Ui +al;+bU;_y=y;, j=J—1.

We already know from Section 3 that the two linearly independent homogeneous
solutions take the form a/, 7, j = J with af = b. A particular solution V; of (4.11)
can be found with the ansatz of «variation of constants» [31], [14]:

(4.12) Visi=cal '+ d;pimt, j=d.
It follows that

(413) Vj=cj+1a-j+dj+1ﬂ-7=cja-7+d7ﬁj, j?:]—l,
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if we force the condition

(4.14) A ¢)al+ A" d)pi=0

to hold. Here A" denotes the usual forward difference operator, i.e.

=c¢j,1 — ¢;. Analogously, again assuming (4.14), we obtain for V;,,
(4.15) ‘/j+1 = Cjaj“ + d]ﬂ]Jrl + (A + C]) (lj+1 + (A + dj)ﬂjJrl.
Inserting (4.12), (4.13), (4.15), into the difference equation (4.11) gives
(4.16) A e)alt+ (At d) B =y,

together with the condition (4.14). This can easily be solved to obtain

7

1 : 1 .
4.17) A% ¢= aly;,  ATdi=———B"y,
o

ie. we get the coefficients

izl 1 -l
(4.18) G=ci+ 2 Ate,=cr+ 2 a "y, j=J,
m=dJ a_:B m=dJ
j—1 1 j—1
(4.19) di=dj+ 2 ATd,=dj— —— X "y, j=J.
‘ m=J a—ﬁ m=dJ

Consequently, the particular solution reads

Vi=¢j10’+d; 1 p?

(4.20) 1
= CJ +

J . 1 J ,
E C(m)/m:|a]+|id<]— E ﬁme]ﬂj, jZ

a—ﬁ m=J a—ﬁ m=J

and the general solution of (4.11) is of the form

[38]

4 A 1 i i
(4.21) U;=ca’ +dp + [Eaf‘mym—zﬂf‘mym], j=J-1,

o — m=4J m=dJ

which is the discrete analogue to the solution formula (4.3) in the continuous

case.

Now we use (4.21) to design a boundary condition at j =J. For that purpose
we assume |a| <1, |f|>1 (recall that b = aff = 1 for the Crank-Nicolson scheme
for solving the Schrodinger equation). Proceeding analogously to the continuous
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case we have to eliminate the growing factor 8/ by choosing d appropriately as

(4.22) d= 2 BV

We obtain from (4.21)

1 d . 5
423) Uj=|c+ > a_mym] a’ + B "y, j=J-1.
’ a—ﬂ m=.J a—ﬁ m=j+1
The value of ¢ can be expressed with U;_;:
Ur- (ﬁ )"_1 1 &,
4.24 c= - = 2 BV
(4.24) pEE ” . 2 By

and inserting this into (4.23) with j=J:

(4.25) U, =ca’ +

1 <]
2B

a—ﬂ m=J

yields

a 1 S -m
[]j:al]j_l_(l_g)a—ﬁmg;fﬁ!] Ym

0
:aUJfl _ﬁ_l zoﬁ_7nVJ+n’L7
m=

(4.26)

or equivalently
(4.27) bUJ,1=,3UJ+ E,Ob_mam'y‘]er'

Finally, we want to apply these results to the discretized Schrodinger equation
(3.13) and derive the DTBC at j = J in the situation, when the initial data w? does

not vanish for j=J — 1. In this case the Z-transformed right exterior Crank-
Nicolson scheme reads:

— (21
(4.28) 1/)j+1(z)—[2—2R(Z+—1+u()

—~ —~ z
@+ @)= ——q., j=J-1,
Yi@+yi 1) z+1<;0] J

where the inhomogeneity ¢; is given by

(4.29) ¢ =A%) +iRypY—RxyY, j=J-1.
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We can use (4.27) to obtain the transformed right DTBC:

(4.30) D@ =) P @)+ —— D V@ @y,
z+1 0

where v, v, are the two solutions of the quadratic equation (3.17).
Remark 4.2. Again, (4.30) reduces to the DTBC (3.18) for ¢;=0.

In order to formulate the DTBC we define (p”) := Z '{v{(2)} and set
(1;”) := Z"{v,4(2)}. Using standard rules of inverse Z-transforms (cf. [11], e.g.)
we obtain by inverse transforming (4.30)

Vi =Yy
0 n

@31 w1 (k) k | —k (k)
=k§=:0lJn wJ—'—(_l)nq)J—*—m}::lkzo(_l)n P P g+ms n=l.

Since the coefficients [/ asymptotically alternate in time, this formulation can be

improved and shortened by regarding once more s§® := [/ + [{* 1V, which gives
finally the DTBC for non-compactly supported initial data:

n—1 0
(4.32) w’}fl—s}°>w’}=kEOS}""”wS—w’}‘1+ lenz“rp“m, n=1.
= m =

Remark 4.3. Note that in contrast to the DTBC in Section 3 the r.h.s. (4.32)
for n =1 is not zero but

(433) le—l - l(O)le = S(DW(.]/ - 1/)0,] + m§=:1 p157,1)¢J+1n-

In practical situations the sum (over m) in (4.32) of course has to be finite (e.g.
up to an index m = M). This means that the initial condition is still compactly
supported, but possibly outside of the computational interval. The coefficients
pi™, m=1,2,..., M, can be calculated recursively by «continued convolution»,
ie.

439 pi"=2"{n@}, p= 2 pi"Ppl”, pi= 2 i ptY, et

Since this computation is rather costly (even when using fast convolution algo-
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rithms with FFTs ([32], Chapter 4) we seek for another way to calculate

~ M
(4.35) 1%) =2 p;»zlr)(pJerr n=1.
1

m=

The key idea is to use the quadratic equation (3.17) for v(z) in order to construct
a recurrence relation for the p},j” (w.r.t. m). Equation (3.17) for v(z) gives

R (21
v’{”l(z)=2[1—2—(z +2'1<) Vi) — v (@)
2 \z+1
(4.36)
— @) -6 —— @) - @), m=1
1

with ¢, =2+ 4R + Rk and ¢, =2iR. An inverse Z-transformation gives

(4.37) puti=apy’ =6 X (=1fp P =piy, m=1,

with the starting sequences pi™ =69 and p{"” = Z '{v,(2)}, n=0. To circum-
vent the convolution in (4.37) we consider ¢\ :=p +p"~ P, pl{~V=0 and
obtain

(4.38) @1 =ciql

to use in the DTBC of the form

—epy =gy, m=1

Vio1— sy
k), k <
= 2ty =it i 2 ey, 21,
k=0 m=1
where t{”:=s{+s{""Y. The calculations are done by the following algorithm

1L g”=0%+06L n=0

2. ql(n):pl(n)_,’_pl(nfl):g(](n) n=0
380 = 0", +al 0,0 n>1
4. for m=1,..., M —1 do

1= gy —epit — gyt n=0
75;’21:S£?)+Q7%211§0J+1n+1 %21
0) (0)

Pm+1=Gm+1
for n=1,..., N do

D () (n—-1
py(ﬁrl = qygzwﬂ e )

end
end
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Here N denotes the maximum time index. The computational effort of the above
implementation of the DTBC is O(M-N), and comparable to the effort when
enlarging the computational domain sufficiently. The usage of the DTBC is espe-
cially beneficial when one needs several computations with the same exterior ini-
tial data. Then the calculation of the additional term has only to be done once. The
same applies when the initial field is concentrated far outside the computational do-
main. This is the case in radiowave propagation when computing coverage diagrams
of airborn antennas.

Alternatively, a second possible implementation is to consider the transformed
DTBC (4.30) and to calculate numerically the inverse Z-transform of the finite
sum once:

M
(4.40) F,=z7! <y ViR @ rimf-
241 m=0
The DTBC then reads
n—1
(4.41) Yo == 2 1Py + F,, n=1.
k=0

The numerical inverse Z-transformation will be the topic of the next section.

Remark 4.4. While the DTBC (4.32) solves the problem of initial data that
are supported outside of the computational domain, the resulting numerical effort
of this approach is not completely settled yet and subject to further investigations.
In particular one has to compare an «optimal» computation algorithm for the
coefficients p™ or ¢\"™ with simulations on a sufficiently enlarged computational
domain.

4.3 - Numerical results

Here we present the numerical results when using our new discrete TBC
(4.32) for the Schrodinger equation (2.1). We use the same initial data as in Sec-
tion 3.5, but shifted such that it is partially outside the computational domain
0 <« < L. Again, due to its construction, our DTBC yields exactly (up to round-
off errors) the numerical whole-space solution restricted to the computational in-
terval [0, L].

Example. This example shows a simulation of a right travelling Gaussian
beam [y!(x) = exp (11002 — 30(x — 0.8)?)] at three consecutive times evolving
under the free Schrodinger equation (7 = 1) with the rather coarse discretization
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Fig. 9 - Solution |y(x, t)| at time ¢ =0, t = 0.002, ¢t = 0.004, ¢ = 0.006: the solution with the
new discrete TBCs (4.32) coincides with the whole-space solution and does not introduce
any numerical reflections.

of 161 grid points for the interval 0 <x <1 (i.e. 4x =1/160) and the time step
At =2-107% For the right exterior (computational) domain we choose the same
space step Ax and use 60 grid points which results in the exterior interval
1 <2 <1.38125.

In the following Figure 9 we plotted the absolute value of the initial data and
the solution obtained with the discrete TBCs (4.32) at the time steps ¢ = 0.002,
t =0.004, ¢t = 0.006. One clearly sees in Figure 9 that the solution is solely propa-
gated to the right and no artificial reflections are caused.

In this example the computation using the inhomogeneous DTBCs (4.32)
needs approximately the same CPU-time than just enlarging the domain to the in-
terval 0 <x < 1.8 using a simple Neumann boundary condition at & =0 and
x=1.8. From Figure 9 one can guess that the solution at ¢ =0.004 has already
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reached the right boundary at x = 1.8. Hence it is worthwhile in this example to
use the inhomogeneous DTBCs whenever the solution for ¢ > 0. 004 is needed.

5 - Numerical inverse Z-transformations

The crucial point in the derivation of the DTBC in Section 3 was to find the
exact inverse Z-transformations. If it is not possible to calculate the convolution
coefficients analytically then the inverse Z-transformation can be performed
numerically.

The numerical inversion of the Z-transformation is based on the simple obser-
vation that the Z-transformation of the sequence {f,}, »n=0,1, ....

(5.1) Hfy=F@ = 3 fiz, 2eC, >R

is nothing else but a Taylor series in Z = 1/z, i.e. the problem of calculating the in-
verse Z-transformation of f(z) is the numerical evaluation of the Taylor coeffi-
cients of the function f(2) := f(1/z). For that purpose we used here the FOR-
TRAN subroutine ENTCAF (Evaluation of Normalized Taylor Coefficients of an
Analytic Function) from Lyness and Sande [29].

First we want to outline the method. The (normalized) Taylor coefficients
r"f, can be obtained by Cauchy’s integral representation:

.2) pug =

5 _ﬁ(é)z““wndé, r<R,
JT
e

where C denotes a circle around the origin with radius  smaller than the radius
of convergence R of the Taylor series. The approximation to f, based on using an

N-point trapezoidal rule for the contour integral is £ given by

N1 —in= 1
Se "% flre'¥), m=0,1,.. N—1.

1
5.3 N =
(53) " N k=0

The approximation r" £ is obtained by an iterative process. First approxima-
tions iV, N=1, 2, 4, 8, ... are computed using (5.3). The convergence criterion

is based on the knowledge of the exact value of the limit of the sequence: A}im fiw

=f,=f(0). After converging the second part consists in evaluating (5.3) for
n=0,1, ..., N—1 using the stored function values obtained in the first part.
Since N is a power of 2 it is particularly appropriate to use a fast Fourier trans-
form technique for this part.
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The user has to specify the required absolute accuracy .. and the radius of
computation v (the only restriction is that » must be less than R). ENTCAF re-
turns an accuracy estimate ¢ . together with approximations »"f¥ and a num-
ber N, which are supposed to satisfy

(5.4a) [P N — " f | <éew, m=0,1,2,...,N—1,
(5.4b) |7"f| <éws, nm=N,N+1,....

We see from (5.4a) that this algorithm naturally delivers approximations »"fN
with a uniform bound on the discretization error. An output status parameter in-
dicates to the user whether or not convergence or roundoff errors have occured.
Exploiting the information of this output parameter one could construct a driver
program which finds the appropriate value of r by itself.

Due to the asymptotic behaviour (3.36) it is not advisable to calculate the [/™.
Instead we show how to compute the summed convolution coefficients s™ nume-
rically. The s were defined by:

(5.5) Sj(n) = lj(n) + lj(n_l), n= 1, Sj(o) = lj(O), j = 0, J.
We concentrate on the right BC at j=J. If we assume [{~" =0 we have:
(5.6) Z{sI0Y = v,y(2) + 2 " wa(2) = (1+8) 75(3),

with 7,(2) =v,(z) and v,(2) given by formula (3.21).

5.1 - Numerical results

Here we present the numerical results when using the subroutine ENTCAF
to compute the convolution coefficients I/, sf”. In each example we chose

Ereq = 107 and set the machine accuracy parameter &, to 1071,

Example 1. The value for the potential V;, was set to 2:10* and the discreti-
zation parameter were taken from the example of Subsection 3.5, i.e. Ax =1/160,
At=2-10"5. We used the computational radius »=0.92. For that parameter
choice ENTCAF returned a number of N =256 nontrivial calculated coefficients
and an estimated uniform absolute accuracy e.=9.8302-10"7 in case of the
coefficients [/”. For the summed coefficients s/ we obtained N =128 and
€ ot = 4.7684-10". In the following Figure 10 we present the real and imaginary
part of the numerically obtained coefficients in comparison to the exact values.



102 M. EHRHARDT and A. ARNOLD [46]

® ®
Re ! imi

0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
n

Fig. 10 - Example 1: Values for Rel{”, Imi{".

One serious problem is the rescaling of the computed coefficients. Since the al-
gorithm yields approximations »" " with a uniform accuracy (5.4a) the computa-
tion is only reliable to a limited number of n when calculating £ from »" £ for
r < 1. Therefore some visible numerical errors occur in the calculation of Re "
for n =130 and Im{™ for n = 170.

On the left side of Figure 10 we observe the alternating behaviour shown in
(3.36)

2
(5.7) g ~2ir(—1y =i 5 Ty 1B gy
h 8
01 0.4]
o 0 10 20 30 40 50 60 70 80 90 o 0 10 20 30 40 50 60 70 80 90

Fig. 11 - Example 1: Values for Res/™”, Ims/".
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ErorinRe I, Re 5§ Errorin m {7, 1m s

x10°

Erorn i 1y
Errorin im 5!

Fig. 12 - Example 1: Difference between the numerical and exact value for of the real and
imaginary part of I/ (——) and s/ (---).

Example 2. In this second example we set the potential to zero and
changed the computational radius to »=0.95 and the step sizes Ax =1/1600,
At =2-10"% For the coefficients [ ENTCAF returned a number of N = 256
nontrivial calculated coefficients and an estimated uniform absolute accuracy
£0=2.9802-107% In case of the summed coefficients s/ we obtained N =128
and ¢, = 1.2288-10". As before we show the real and imaginary part of the nu-
merically obtained coefficients in comparison to the exact values. Again, on the
left side of Figure 13 one can see the alternating behaviour of the coefficients "
and the numerical errors due to the rescaling of the computed coefficients for ap-
proximately » = 30.

® o
Rel( mty

Fig. 13 - Example 2: Inverse Z-transformation using ENTCAF: Numerically obtained
values for Rel{”, Im[{™ compared to the exact ones.
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(0) 0}
Res{ ims

0.008 0.018

0.006f 0.016

0.004f 0.014

0.002 0.012

0.002 | 0.008

0.004 | 0.006

0.006 |- 0.004

0.008 |- 0.002

Fig. 14 - Example 2: Inverse Z-transformation using ENTCAF: Numerically obtained
values for Res/™, Ims/® compared to the exact ones.

Example 3. Finally we use the settings of the second example and intend
to use a computational radius =1 to circumvent the problem of the rescaling.
For the coefficients I this cannot be done due to the singularity of v,(z) at
z=1. On the other hand, this singularity is removed in (5.6):

Z{s{ = (1+2) 7,(3)

(5.8) . iR iR +(4i
=1+2— —y— —4/| =
2 2 V\ R

(1+é)+y)y,

with the abbreviation y = (1 — 2z + ix(Z + 1)).

() Re s™ ® 1 s
Erorin Re (", Re s{ <10° Errorin Im 1, 1m s

Fig. 15 - Example 2: Inverse Z-transformation using ENTCAF': Difference between the
numcerical and exact value of the real and imaginary part of /" ——) and s{™ ().
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Q) ®
Res{ . Im s

Fig. 16 - Example 3: Inverse Z-transformation using ENTCAF: Numerically obtained
values for Res ™, Im s{" compared to the exact ones. In both plots only one curve is visible
since the results from both approaches match so closely.

For the summed coefficients s{” ENTCAF returned a number of N = 1024
nontrivial calculated coefficients and an estimated uniform absolute accuracy ¢ .
=2.2492-105. The maximal absolute error for Res/" is 2.8609-10 % and 2.1455
107% for calculating Ims ™.
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Abstract

This paper is concerned with transparent boundary conditions for the one dimen-
sional time-dependent Schridinger equation. They are used to restrict the original PDE
problem that is posed on an unbounded domain onto a finite interval in order to make
this problem feasible for numerical simulations. The main focus of this article is on the
appropriate discretization of such transparent boundary conditions in conjunction with
some chosen discretization of the PDE (usually Crank-Nicolson finite differences in the
case of the Schrodinger equation). The presented discrete transparvent boundary condi-
tions yield an unconditionally stable numerical scheme and are completely reflection-free
at the boundary.



