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On sg-regular spaces (**)

1 - Introduction

In 1987, Bhattacharyya and Lahiri [1] introduced the semi-generalised closed
(briefly sg-closed) set in a topological space and obtained its various properties.
Since its introduction a large number of topologists like Dontchev, Maki [8], Cal-
das [4], Devi et al. [7], U. D. Tapi et al. [18] turned their attention to study diffe-
rent concepts of point set topology with the aid of sg-closed sets. Of these topolo-
gists, the contribution of Dontchev and Maki [8] deserves special mention. They
have nicely solved two open problems left out by the second author and Lahiri [1].
The first one was: Whether the intersection of two sg-closed sets is sg-closed? The
query has been elegantly met in [8] by proving that arbitrary intersection of sg-
closed sets is sg-closed. This result, termed by us as Dontchev’s Theorem, has
been utilised in proving result (Theorem 5.5) in this paper.

The purpose of this paper is to introduce a new type of regular space termed
sg-regular space with the help of sg-closed sets. In section 2 of this paper some
known definitions and results necessary for the presentation of the subject are
given. Section 3 deals with the definition and characterisation of sg-regular spa-
ces. Section 4 is devoted to the investigation of subspaces and transformation of
sg-regular spaces while the last section is concerned with some basic results of
sg-regular spaces.

Throughout the paper (X , t) and (Y , s) (or simply X , Y) always denote the to-
pological spaces. The closure (resp. interior) of the subset A is denoted by ClX (A)
(resp. Int X (A) ) or simply by Cl(A) (resp. Int (A) )when there is no possibility of
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confusion. By A C and (A , t A ) we shall mean the complement of A and the subspa-
ce of the topological space (X , t) respectively.

2 - Known definitions and results

D e f i n i t i o n 2.1. In (X , t), A%X is called

(a) a semi-open (briefly s.o. [11]) set iff there exists O�t such that O%A
%Cl(O), equivalently, A is s.o. [11] iff A%Cl (Int (A) );

(b) a preopen (briefly p.o. [14]) set iff A%Int (Cl(A) );

(c) a semi-generalised closed (briefly sg-closed [1]) set if scl(A)%O whene-
ver A%O and O is semi-open in X;

(d) a semi-generalised open (briefly sg-open [1]) set if A c is sg-closed.

The family of all s.o. (resp. p.o., sg-closed) sets in X is denoted by SO(X) (resp.
PO(X), SGC(X) ). For each x�X , the family of all s.o. (resp. p.o., sg-closed) sets
containing x is denoted by SO(X , x) (resp. PO(X , x) SGC(X , x) ). The family of all
semi-closed (resp. preclosed, sg-open) sets in X is denoted by SC(X) (resp.
PC(X), SGO(X) ).

D e f i n i t i o n 2.2. ][2], [5](. For A%X , the semi-closure of A, denoted by
scl(A), is defined by scl(A)4O]B : B�SC(X) and B&A(.

D e f i n i t i o n 2.3. ([1]). A space (X , t) is semi-T 1

2
if every sg-closed set is

semi-closed.

D e f i n i t i o n 2.4. ([12]). A space (X , t) is semi-R0 iff for each semi-open set O
and x�O , scl(]x()%O .

D e f i n i t i o n 2.5. ([10]). A space (X , t) is semi-regular if for every semi-
closed set F and every point x�F , there exist U�SO(X , x), V�SO(X) such that
x�U , F%V and UOV4f .

D e f i n i t i o n 2.6. ([18]). A space (X , t) is extremally disconnected if closure
of every open set in X is open.

D e f i n i t i o n 2.7. ([19]). (X , t) is semi-compact if every semi-open cover of X
admits a finite subcover.
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D e f i n i t i o n 2.8. ([6]). f : XKY is semi-homeomorphism in the sense of
Crossley and Hildebrand (briefly s.h.C.H.) if f is bijective, irresolute and presemi-
open.

D e f i n i t i o n 2.9. ([6]). A property preserved under semi-homeomorphism is
called a semi-topological property.

D e f i n i t i o n 2.10. ([3]). A subset N of a topological space X is said to be a semi-
neighbourhood of a point x�X if for some semi-open set A in X , x�A%N .

L e m m a 2.1 (Lemma 2 [16]). If x�X and A%X , then x�scl(A) iff

AOUcf (U�SO(X , x) .

T h e o r e m 2.1. ([17]). If X0%X and A%SO(X0 ), then A4BOX0 for some
B�SO(X).

T h e o r e m 2.2. ([11]). If ]Aa : a�L( be a family of s.o. sets in X then
0

a�L
Aa�SO(X).

T h e o r e m 2.3. ([15]). Let A%Y%X such that Y�SO(X). Then A�SO(X) iff
A�SO(Y).

3 - Definition and characterisation of sg-regularity

D e f i n i t i o n 3.1. A space X is termed sg-regular if for each F�SGC(X) and
each point x�F , there exist U and V�SO(X) such that x�U and F%V and
UOV4f .

The families of all sg-regular spaces and semi-regular spaces are respectively
denoted by SGRS and SRS .

For the existence of sg-regular space, we see the following example.

E x a m p l e 3.1. Let X4]a , b , c( be endowed with the topology t4]f , X ,
]a(, ]b(, ]a , b((. Then SO(X)4]f , X , ]a(, ]b(, ]a , b(, ]a , c(, ]b , c(( and
SGC(X)4]f , X , ]a(, ]b(, ]c(, ]a , c(, ]b , c((. It is easy to check that
(X , t)�SGRS .

T h e o r e m 3.1. SGRS%SRS .

P r o o f . Since SC(X)%SGC(X), the proof follows from Definition 3.1 and De-
finition 2.1.
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R e m a r k 3.1. The converse of the above theorem is not, in general, true as
shown by

E x a m p l e 3.2. Let X4]a , b , c( be endowed with the topology t4]f , X ,
]a(, ]b , c((. Then (X , t) is a regular space and hence a semi-regular space.

Also, SGC(X)4]f , X , ]a(, ]b(, ]c(, ]a , b(, ]a , c((. Now, ]b(�SGC(X),
c� ]b( but ]c(, ]b( are not separated by s.o. sets. Hence, (X , t)�SRS but
(X , t)�SGRS . The following theorems offers a characterisation of a sg-regular
space.

T h e o r e m 3.2. Let X be a topological space, then the following statements
are equivalent:

(a) X is sg-regular.
(b) For each x and each U�SGO(X , x) there exists V�SO(X , x) such that

x�V%scl(V)%U .
(c) For each A�SGC(X), A4O]V : A%V and V is semi-closed semi-neigh-

bourhood of A(.
(d) For each A and B�SGO(X) with AOBcf , there exists G�SO(X) such

that
(i) AOGcf , (ii) scl(G)%B .

(e) For each A(cf) and B�SGC(X) with AOB4f there exist U ,
V�SO(X) with

UOV4f such that ( i ) AOVcf , (ii ) B%U .

P r o o f . (a) ¨ (b). Let U�SGO(X , x). Then U c�SGC(X) and x�U c . By sg-
regularity of X there exist V , W�SO(X) such that x�V , U c%W and VOW4f .
Now the disjointness of V and W yields V%W c which, in its turn, implies that
scl(V)%W c . Thus, V%scl(V)%W c . From this one infers that x�V%scl(V)%U .

(b) ¨ (c). Assume A�SGC(X) and x�A . So, A c�SGO(X). By (b), there exists
U�SO(X , x) such that x�U%scl(V)%A c whence A% (scl(V) )c%U c . This shows
that U c is a semi-closed semi-neighbourhood of A which does not contain A . If we
write V4U c then this implies that A4O]V : A%V and V is semi-closed semi-
neighbourhood of A(.
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(c) ¨ (d). Let AOBcf and B�SGO(X). Assume x�AOB then
B c�SGC(X) and x�B c . Hence, by the argument applied in (c), there exists a se-
mi-closed semi-neighbourhood V of B c such that x�V and B c%U%V where
U�SO(X). Let G4X2V . Then G�SO(X , x) and AOGcf which proves (i).
Again X2U�SC(X). Consequently, scl(G)%scl(X2V)%scl(X2U)4X2U%B .

(d) ¨ (e). Assume AOB4f ¨ AO (X2B)4Acf and X2B�SGO(X).
Then by (d), there exists a G�SO(X) such that AOGcf and G%scl(G)%X2B .
If we take U4X2scl(G) then B%U . Also the construction of U gives UOG
4f . Thus, there exist disjoint sets U , G�SO(X) with AOGcf and B%U .

(e) ¨ (a). Suppose (e) holds. Let x�B where B�SGC(X). Then (]x()OB4f .
Hence by (e), there exist U , V�SO(X) with UOV4f such that UO (]x()cf ,
B%V . This implies x�U , B%V which assures the sg-regularity of X .

4 - Subspaces and transformations

Let us first consider the following example.

E x a m p l e 4.1. Let X4]a , b , c( be endowed with the topology t4]f , X ,
]b(, ]c(, ]b , c((. It is now easy to check that (X , t) is sg-regular but (A , t A ) is
not sg-regular where A4]a , c(. Thus, any subspace of a sg-regular space is not
sg-regular. However, the following holds.

T h e o r e m 4.1. If A�PO(X) and A�SGC(X) then (A , t A ) is sg-regular if
(X , t) is so.

To prove this theorem the following lemmas which are intersting in their own
right are required. So, we state and prove them first.

L e m m a 4.1. If A�PO(X), B�SO(X) then AOB�SO(A).

P r o o f . Let B�SO(X). Then there exists G open in X such that G%B%ClX(G).
From this it follows that AOG%AOB%ClX(G)OA . Preopenness of A then gi-
ves GOA%AOB%ClX (G)OIntX (ClX (A) )%ClX (GOIntX (ClX (A) ) )%ClX ( IntX

(GOClX (A) ) )%ClX ( IntX (ClX (AOG) ) )%ClX (GOA). Now GOA is open in A .
We have, then (GOA)OA%(AOB)OA%ClX (GOA)OA ¨ GOA% (AOB)%ClA

(GOA) ¨ AOB�SO(A).

L e m m a 4.2. If B%Y%X and Y�PO(X) then sclX (B)OY4sclY (B).
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P r o o f . Let y�sclY (B) so that y�Y . Let V�SO(X , y). Then, by Lemma 4.1,
VOY�SO(Y , y). Consequently, by Lemma 2.1, VOYOBcf ¨ VOBcf

¨y�sclX (B). Hence sclY (B)%sclX (B)OY . To prove the reverse inclusion, let
y�sclX (B)OY ¨ y�sclX (B), y�Y . Let V0�SO(Y , y). Then, by Theorem 2.1,
there exists U�SO(X) such that V04YOU . Also U�SO(X , y). So, y�sclX (B)
¨UOBcf . Therefore, YOUOBcf . This indicates V0OBcf ¨ y
�sclY (B). Consequently, sclX (B)OY%sclY (B). Hence, sclX (B)OY4sclY (B).

R e m a r k 4.1. The Lemma 4.2 is an improvment of the Lemma of Maheswari
et al. [13] as openness of Y in the Lemma has been replaced by its preopenness.

L e m m a 4.3. If B%A%X , A�PO(X) and A�SGC(X) then B�SGC(A) iff
B�SGC(X).

P r o o f . Necessity. Suppose B�SGC(A). Then sclA(B)%O whenever B%O�SO(A).
Since O�SO(A), by Theorem 2.1, O4UOA for some O�SO(X). So, sclA (B)%U
OA where B%UOA%U . This yields, by Lemma 4.2, sclX (B)OA%UOA .
Hence, ([sclX (B) ]c )OA)N [sclX (B)OA]% ( [sclX (B) ]cOA)N (UOA). Conse-
quently, AOX% ( [sclX (B) ]c )NU ¨ A%V where V4 ( [sclX (B) ]c )NU�SO(X).
The sg-closedness of A in X then assures that sclX(A)%V . Thus sclX(B)%sclX(A)%V
where B%A%V . This indicates that B�SGC(X).

Sufficiency. Assume B�SGC(X). Let B%U where U�SO(A). Again, by
Theorem 2.1, there exists V�SO(X) such that U4AOV . From this, it follows
that B%V . The sg-closedness of B then produces that sclX (B)%V whence, by
Lemma 4.2, sclA (B)4sclX (B)OA%U . This shows that B�SGC(A).

R e m a r k 4.2. The Lemma 4.3 is an improvement of the Theorem 3 of Bhat-
tacharyya et al. [1] as openness of A in that theorem has been replaced by its
preopenness.

P r o o f o f t h e T h e o r e m 4.1. Suppose (X , t) is a sg- regular space. Let
p�A and p�B�SGC(A). Now the conditions (i) B%A%X , (ii) A�SGC(X),
A�PO(X) and (iii) B�SGC(A) together imply, by Lemma 4.3, that
B�SGC(X).

Since p�A%X it follows from the sg-regularity of X that there exist U ,
V�SO(X), such that p�U , B%V and UOV4f . Now U , V�SO(X), A�PO(X)
¨UOA , VOA�SO(A), by Lemma 4.1. Consequently, for p�A and p�B
�SGC(A) there exist UOA , VOA�SO(A) such that p�UOA , B%VOA and
(UOA)O (VOA)4AO (UOV)4f . This indicates sg-regularity of the sub-
space A .
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T h e o r e m 4.2. The semi-homeomorphic image (s.h.C.H.) of a sg-regular
space is sg-regular.

P r o o f . Let f : XKY be a semi-homeomorphism (s.h.C.H.). Let F�SGC(Y)
with y�F . Since F�SGC(Y), scl(F)%O whenever F%O�SO(Y). The bijective-
ness of f gives the existence of a x�X such that x4 f 21 (y). Also f 21 [scl(F) ]
% f 21 [O] whenever f 21 [F]% f 21 [O]. This implies scl( f 21 [F] )% f 21 [O]. Since f is a
semi-homeomorphism, f 21 [O]�SO(X). Thus f 21 [F] is sg-closed in X . Since X is
sg-regular, for every sg-closed set f 21 [F] in X , x� f 21 [F], there exist two disjoint
s.o. sets O1 , O2 in X such that x�O1 and f 21 [F]%O2 , i.e. F% f [O2 ].
Also, O1OO24f . Now, f [O1 ]O f [O2 ]4 f [O1OO2 ]4 f [f]4f . The presemi-
openness of f yields that f [O1 ], f [O2 ]�SO(Y). Thus y� f [O1 ], F% f [O2 ] and
f [O1 ]O f [O2 ]4f . This ensures that Y is sg-regular.

C o r o l l a r y 4.1. sg-regularity is a topological property.

P r o o f . Since every semi-topological property is a topological property, the
result follows from the Theorem 4.2.

5 - Some basic results of sg-regular spaces

We begin this subsection with the following remark and example.

R e m a r k 5.1. A semi-regular space is not, in general, semi-T 1

2
as shown by

E x a m p l e 5.1. The space (X , t) in Example 3.2 is not semi-T 1

2
. However,

we have the following

T h e o r e m 5.1. A semi-regular space which is also semi-T 1

2
is sg-regular.

P r o o f . Let F�SC(X) with x�F . Since X is semi-regular there exist U ,
V�SO(X) such that x�U , F%V and UOV4f . Since X is semi-T 1

2
,

SC(X)4SGC(X). Consequently, F�SGC(X). Hence X is sg-regular.

T h e o r e m 5.2. If x�X�SGRS with x�A�SGC(X) then there exist U ,
V�SO(X) such that x�U , A%V and (scl(U) )O (scl(V) )4f .

P r o o f . Since A�SGC(X) and x�A , the sg-regularity of x gives the existen-
ce of two sets W , U�SO(X) such that x�W , A%U and WOU4f . This disjoin-
tness of W and U indicates WO (scl(U) )4f . By Theorem 3.1, SGRS%SRS .
Hence, by the semi-regularity of X together with the semi-openness of W there
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exists V�SO(X , x) such that x�V%scl(V)%W . From this it, then, follows that
(scl(U) )O (scl(V) )4f .

To continue the study of sg-regular space further, the following definition and
lemma are required.

D e f i n i t i o n 5.1. A topological space (X , t) is termed semi-generalised nor-
mal (briefly sg-normal) if for every pair of disjoint sets A , B�SGC(X) there exist
U , V�SO(X) such that A%U , B%V and UOV4f .

L e m m a 5.1. A space (X , t) is semi-R0 iff ]x(�SGC(X) for every
x�X .

P r o o f . Follows from the definitions of the sg-closed set and the semi-R0

space.

T h e o r e m 5.3. If a space X is sg-normal and semi-R0 , then X�SGRS .

P r o o f . Let A�SGC(X) and x�A . This implies x�X2A�SGO(X). Semi-
R0-ness of X assumes that ]x(�SGC(X). So, A and ]x( are two disjoint sg-closed
sets. From the sg-normality of X , one can, then, infer that there exist U ,
V�SO(X) such that scl(]x()%U , A%V and UOV4f . This means x�U , A%V
and UOV4f . So, X is sg-regular. Hence, the theorem.

L e m m a 5.2. A space (X , t) is extremally disconnected and A , B�SO(X)
then AOB�SO(X).

P r o o f . Semi-opennes of A and B yields AOB% (Cl( Int (A) )OCl( Int (B) ) ).
Extremally disconnectedness of X implies openness of Cl( Int (B) ). Hence
AOB%(Cl( Int (A) )O(Cl( Int (B) ) )%Cl(Cl( Int (B)OInt (A) ) )4Cl( Int (AOB) ). So,
AOB�SO(X).

R e m a r k 5.2. The intersection of any finite family of s.o. sets in an extremal-
ly disconnected space is a s.o. set.

T h e o r e m 5.4. If (X , t) is sg-regular and extremally disconnected then for
every pair of disjoint sets A , B where A is semi-compact and B�SGC(X), there
exist U , V�SO(X) such that A%U , B%U and UOV4f .

P r o o f . Let x�A . Then AOB4f ¨ x�B�SGC(X). From the sg-regularity
of X , then, it follows that there exist Ux , Vx�SO(X) such that x�Ux , B%Vx and
UxOVx4f . The family ]Ux : X�L( is clearly a cover of A by s.o. sets. The semi-
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compactness of A then assures the existence of a finite number of points x1 , x2 ,

x3 , R , xn in A such that A% 0
i41

n

Uxi
. Let U4 0

i41

n

Uxi
. Then, by Theorem 2.2,

U�SO(X). Now consider the corresponding Vxi
�SO(X) such that B%Vxi

where
i41, 2 , 3 , R , n . Extremally disconnectness of X guarantees, by Remark 5.2,

that V4 1
i41

n

Vxi
�SO(X) with B%V . Thus, we obtain, U , V�SO(X) such that

A%U , B%V and UOV4f .

T h e o r e m 5.5. Let ]Xa , t a ) : a�L( be a family of spaces where ]Xa :
a�L( is a family of pairwise disjoint sets. Let (X , t) be the topological sum of
](Xa , t a ) : a�L(. Then (X , t) is sg-regular if (Xa , t a ) is sg-regular for each
a�L .

P r o o f . Suppose F�SGC(X) and x�F . Since X is a topological sum, each Xa

is closed in X and hence Xa�SGC(X) for each a�L . It is clear from Dontchev’s
Theorem that Fa�SGC(X) where Fa4FOXa . Again the openness (hence preo-
pennes) of Xa in X together with the fact that Fa%Xa%X yields, by Lemma 4.3,
that Fa�SGC(Xa ). Also x�Fa . By sg-regularity of Xa there exist Ua , Va�SO(Xa )
such that x�Ua , Fa%Va and UaOVa4f . For acl , let V4 0

acl
Vl where

Vl4Xl . By Theorem 2.2, V�SO(X). On the other hand, Ua�SO(Xa ), Xa�SO(X)
and Ua%Xa%X together give, by Theorem 2.3, Ua�SO(X). Obviously, F%VNXa

so that F4FO (VNXa)%VNFa%VNVa4V×a , say. Again from the mutual dis-
jointness of Xa’s one infers that UaOV4f whence UaOV×a4UaO (VNVa)4f .
Thus, for x�F�SGC(X) there exist Ua , V×a�SO(X) such that x�Ua , F%V×a and
UaOV×a4f . This guarantees the sg-regularity of X. Hence the theorem.
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A b s t r a c t

In this paper a new separation axiom termed sg-regularity has been introduced, cha-
racterised and its basic properties have been obtained. sg-regularity of topological sum
has also been studied. Besides this, it exhibits the role of sg-closed sets in topology.
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