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P. MATZEU and M. I. MUNTEANU (*)

Classification of almost contact structures

associated with a strongly pseudo-convex CR-structure (**)

1 - Introduction

A CR-structure of hypersurface type on a (2% + 1)-dimensional manifold M is
defined by a 1-codimensional subbundle H(M) of the tangent bundle together
with a complex structure J on H(M) satisfying certain integrability conditions.

Many authors dedicated their attention to the study of almost contact structu-
res associated with a pseudo-convex CR-structure. One of the main problems con-
cerning these structures is to find the geometric properties belonging to all almo-
st contact structures associated with the same CR-structure, i.e. invariant under
gauge transformations (see for example [7], [10], [11], [12]).

On the other hand, in the case of 3-dimensional manifolds, F. Belgun recently
obtained in [1] a complete classification of Sasakian structures associated with the
same CR-structure while P. Gauduchon and L. Ornea found a condition such that
the gauge transformations carry Sasakian structures into Sasakian structures [5].

The main purpose of this paper is to classify the almost contact metric structu-
res associated with a strongly pseudo-convex CR-structure, in the light of the re-
sults of D. Chinea and C. Gonzales in [3], where a complete classification of almo-
st contact metric structures in 12 different classes has been found. We remark

(*) P. MarzeU: Dipartimento di Matematica, Universita Studi di Cagliari, Via Ospedale
72, 09124 Cagliari, Italy, e-mail: matzeu@vaxcal.unica.it - Member of GNSAGA; M. I. MUN-
TEANU: University «Al.I.Cuza» of lasi, Faculty of Mathematics, Bd. Carol I, nr. 11, 6600-Iasi,
Romania, e-mail: munteanu@uaic.ro - Beneficiary of a Ph.D. Fellowship of Socrates Era-
smus Program at the Department of Mathematics of University of Cagliari, Italy.
(**) Received February 1, 2000 and in revised form May 8, 2000. AMS classification
53 C 15, 53 C 25.



128 P. MATZEU and M. I. MUNTEANU [2]

also that in [4] D. Chinea and J. C. Marrero studied this classification on the vie-
wpoint of conformal geometry.

Applying this classification to the CR-manifolds, we analyse in particular the
properties for the gauge transformations under which it is possible to obtain diffe-
rent types of almost contact metric structures associated with the same CR-struc-
ture. Some conditions for remarkable structures are given.

As interesting examples, we consider our results on the unit tangent bundle of
a Riemannian manifold of constant sectional curvature and on the Heisenberg
group Hs; in H; we also construct the gauge transformations convenient to obtain
different almost contact structures.

The outline of the paper is as follows. Sections 2 and 3 are devoted to general
results on pseudo-convex CR-structures, gauge transformations and to the classi-
fication of almost contact stuctures respectively [3]. In section 4 we apply this
classification to almost contact metric structures associated with a same strongly
pseudo-convex CR-structure and finally in the last section we describe in detail
the cited examples.

2 - Preliminaries

Let M be an orientable C* m-dimensional manifold; a CR-structure
(M, HM)) on M, is defined by a complex vector subbundle H(M) in the comple-
xification T°M of the tangent bundle of M so that:

(a) AM)NHWM) = {0} where A(M) = HM).
(b) H(M) is complex involutive, i.e. for two H(M)-valued complex vector fields
Z, W, the bracket [Z, W] is H(M)-valued too.

Denoted now by H(M) also the decomplexification of the complex subbundle,
let J be the operator on H(M) corresponding to the multiplication by ¢; then the
condition of complex involutivity can be expressed by:

@.1) { i) [X, Y] = [JX, JY] e I(H(M))
' (i) NyX,Y)=[JX, JY] - [X, Y] -J{[JX, Y]+ [X, JY]} =0

for every X, Y belonging to I'NH(M)), I(H(M)) being the C*(M)-module of
cross-sections on H(M).

From now on, we shall suppose that dim M =2n + 1, codim HM) =1 and
that the Levi form of (M, H(M)) is nondegenerate, i.e. we shall consider only
pseudo-convex CR-structures of hypersurface type. Then, if we denote by # the
local 1-form having H(M) as null bundle, the property of pseudoconvexity of
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(M, H(M)) assures that 7 A (dn)" # 0 and # is a contact form on M. Notice that,
if we consider M globally oriented, then # is globally defined.

Then for a pseudo-convex structure we have TM = span[£] @ H(M), where &
is the Reeb vector field defined by #(§) =1, i:dn = 0; moreover if ¢ is the (1,1)-
tensor field given by

22) ¢X = J(X —9(X)E), VXeyM)

the following relations hold

nogp=0, =0, ¢*=-I+7QE;

hence (¢, &, n) defines an almost contact structure on M which is called associa-
ted with the pseudo-convex CR-structure (M, H(M)) (see [2], [11]).

Consider now the new 1-form 7 =ee’n, where oe C* (M) and ¢ = =1; it is
trivial that # defines the same distribution H(M) as n. Examining the relations
between the associated almost contact structures (¢, &, ) and (¢, &, 7) respect-
ively induced by » and # the following proposition follows

Proposition 1 [10]. Two almost contact structures (¢, &, n), (g?b, E, 7) are
subordinated to the same pseudoconvex CR-structure if and only if there exists a
Sfunction oeC~* (M) such that:

(2.3)

{77 =¢een, dn =ee’(dn+doA\n)
E=ce “(E+9QA), $=¢+n1RA

where, assuming ¢ =1 and denoting by h the projection operator on H(M), A is
a vector field defined by the conditions:

nA) =0, dn(pA, X) = do(hX) = hX(0).

It is an important geometric property that the complex involutivity is invariant
under gauge transformations [7].

Remark 2. We shall consider from now on ¢=1 only, the case where
e = —1 being completely similar.

If we suppose the CR-structure strongly pseudo-convex, then the metric g de-
fined for all X, Ye I'H(M)) by the equations

9X, Y) =dnX, oY), gX, &) =nX)

is positively defined and satisfies the following compatibility conditions with re-
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spect to (¢, &, 1)

In the sequel, note that dn(X, Y) =X(n(Y)) - Y(n(X)) — y[X, Y].

After a gauge transformation, imposing the compatibility conditions with re-
spect to the new structure (¢, &, 77), we obtain from ¢ a new Riemannian metric §
on M which generally doesn’t satisfy the equation §(X,Y) =d#(X, ¢Y), with
X, Ye I'(H(M)). But, if we require that the restrictions of ¢ and g are related by a
conformal transformation on H(M), then we get the following relation between g
and ¢ (see also [12])

X, V) =e*{gX,Y) - n(X) g(pA, Y) — n(Y) g(pA, X)

(2.4)
+9(A, A nX) ()} VX, Yex(M);

and the equality
9(X,Y)=e’dij(X, ¢Y)

holds for all X, Ye ITH(M)).

3 - The 12 classes

It is known that the existence of an almost contact metric structure on M is
equivalent to the existence of a reduction of the structural group O(2%n +1) to
U(n) X 1. If we denote by @ the fundamental 2-form of (M, ¢, &, 5, g) defined
by (X, Y) =g(X, ¢Y) and by V the Riemannian connection of g, the covariant
derivative V@ is a covariant tensor of degree 3 which has various symmetry
proprieties.

Let V be a real vector space of dimension 27 + 1 endowed with an almost con-
tact structure (¢, &, #) and a compatible inner product (,) and C(V) the vector
space of 3-forms on V having the same symmetries of Vo, i.e.

@(V) = {OZE ®gV|a(9{,‘, Y, 2’) = —a(ac, Z, y) = —(1(96, ¢y, ¢2)

+n(y) alx, &, 2) + n(z) alx, y, §)}.

In [3] the authors have been obtained the following decomposition of C(V) into
twelve components C;(V) which are mutually orthogonal, irreducible and inva-
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riant subspaces under the action of U(n) X 1:

(3.1) cn=_& am,

i ey

where
CV)={acCV)|a(x, z,y) =alx,y, &) =0},

G(V) ={aeC(V)] (%% @, y,2) =0, ae, y, § =0},

CGV) ={aecCV)|a(x, y, z) — alpx, ¢py,2) =0, cpa=0},

Cy(V) = [a e CV)|alx, y, 2) = [, y) — n(@) n(y)) cpalz) —

2(n—1)

—((, z) — n(x) n(2)) crzaly) — (x, py) crpalpz) +

+(x, ¢pz) crpalgy)], cpa(§) =04,
1
C(V) = {aE eV |ax, y, 2)= %[@0, pz) n(y) cpa(&) —(x, py) n(z) 5120!(5)]],

1
Ce(V) = {ae e |ax, y, 2) = %[(%, y) n(z) ez (&) — (, 2) n(y) Clza(é)]},

C(V) ={ae W) |alx, y, 2) =) aly, x, &) —n(y) alpx, ¢z, &), cipal§) =0},
G (V) = {aeCW)|alx,y,2) = — () aly, , &) —n(y) alpx, $z,8), Crza(§)=0},
C(V) ={aeCV)|alx, y, 2) =n() aly, x, &) + ny) alpx, ¢z, )},

Co(V) ={ae CW|alx, y, 2) = —n@) aly, v, &) + n(y) alpz, ¢z, §)},

Cu(V) ={aeCV)|alx, y, z) = —nx) al, ¢y, p2)},

Co(V) ={aeC(V)|alx, y, z) =n(x) n(y) a(&, &, 2) +nx) nz) al&, y, &)}.
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Here, if {¢;}, =1, 2, ..., 2n + 1 denotes an arbitrary orthonormal basis we
have

32 { cpalx) =2 ale;, e;, x)

tpa(x) = X ale;, pe;, x), for all xeV.

Applying this algebraic decomposition to the geometry of almost contact struc-
tures, for each invariant subspace we obtain a different class of almost contact

metric manifolds; more precisely, we shall say M of class G, k=1, ..., 12, if, for
every pe M, the 3-form (V®), of the vector space (T,M, ¢ ,, &,, n,, g,) belongs
to C(T, M).

For example, C; corresponds to the class of a —Sasakian manifolds, G, @ Gy to
the class of almost cosymplectic manifolds, C;P ... @ Cg to that one of normal ma-
nifolds (for an extensive study of these structures see [3]).

4 - Classification of gauge transformations

Let M be an (2% + 1)-dimensional manifold endowed with an almost contact
metric structure associated with a pseudo-convex CR-structure (M, H(M)) of
hypersurface type.

Theorem 3. M 1is of class C;@D Cy.

Proof. Following [3] we split the space C(T,M), peM, into the direct
sum

4.1) C(T, M) = (0, (0, D s,
where

U)l = {OlE G(V) | a(§7 X, ?/) = (1(90, S, ?/) = 0}
4.2) J Dy ={aeCWV)|alx,y,2)=n@) a(&,y,2) +ny) alx, & 2) + 1) alr,y, )}
L s ={aeCV)|atw, y,2) = n@) n(y) (&, & 2) + ne) n) al,y, H)

obtaining

U‘)l: @1@@64
(4.3) (Dgz @5@...@@11
@3: 612.

As a consequence of (4.3) we can consider (V@), as the sum of three compo-
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nents a,e @, k=1, 2, 3:
(4.4) (V<D)p=a1+a2+a3.

On the other hand, a straightfoward computation proves that, for all X, Y, Z
e [(H(M)), the involutivity conditions (2.1) imply the equations:

1
(Vx@)(Y, Z) = Eﬂ([[(PZ, ¢Y]—9loZ, Y1 - ¢lZ, Y] - [Z, Y], X]) =
(4.5)

n(INy(Z, Y), X) =0,

DO |

(4.6) V.d=0,

(in the following, as in (4.5) and (4.6), to simplify the notations, we shall omit indi-
cating the point p).

From (4.5) and (4.6) we deduce that V@& has not component in
D =CP... 0 C as well as in Dy = Cyy; therefore V@ reduces to the only com-
ponent ase (D,.

Now comparing the equalities

c2(VP)(E) =0,

4.7 {
(VO =1,

with (3.1) we immediately obtain that V& has not component in G5 too, and that
the component in G is different from zero.

The non-existence of components for V@ in &, @ G follows from the rela-
tion

(4.8) (Vx @), Z) = =(Vyx P)E, ¢Z) — 9(X, Z)

true for all X, Ze I'(H(M)).
Computing now directly from (3.1) the components of V@ in Cy P ©y, applying
(2.1), we find that V& has a component different from zero in Cy; for X,

Zel(H(M)) and Y = & its expression is: lg((.ﬁg(p) Z, X), where £:¢ is the Lie
derivative of ¢ with respect to &. 2
Finally, a simple computation proves that the component in ©;; vanishes.
This completes the proof. ]

According to [3] we obtain
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Corollary 4. M 1is of class Cs if and only if the almost contact structure
(¢, &, n) s normal.

Proof. From the previous theorem we have that the component in G is zero
iff £:¢ =0, and this relation is always satisfied when the almost contact structure
is normal, i.e. when the (1,2)-tensor field N given by

vanishes.

On the other hand, in [7] it has been also proved that if (M, H(M)) satisfies
the involutivity conditions and £:¢ =0, then the almost contact structure
(¢, &, n) is normal. |

Let (¢, £, 7, §) be now the new almost contact metric structure on M obtained
from (¢, &, 17, g) by a gauge transformation (2.3) and (2.4); this means that both
almost contact structures are associated to the same strongly pseudo-convex
structure CR-structure (M, H(M)) of M.

If V and @ denote the Levi-Civita connection and the fundamental 2-form of
(9, &, 7, §) respectively, taking into account (2.3) and (2.4), an easy computation
gives

49) PX,Y)=e*{DX,V)-nX) g, V) +n(V)gA,X)} for all X,Yey);

furthermore it will be useful for us to remark that the following formula
holds:

w0 L:P(X) = e 7 { L p(X) + ($X(0) + n(X) A(0))(E + pA) + [pA, pX]
' —plpA, X1+ hX(0) A+ n(X)[E + pA, Al}.

Theorem 5. If dimension of M is 2n+1, n=2, (M, ¢, & 7, §) is of class
CiPCDCDCy. When m=1 then M has dimension 3 and (M, a&, g, 7,9) is of
class C5 D Cs P Cy.

Proof. Taking into account previous formulas and definitions, after lengthy
straightforward computation, it is possible to prove the following relations bet-
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ween 6515 and V@

(Vi ®)Y, Z) = 2 (Vy @)Y, Z) +
411) 20
+
2

{Z(0)g(X, ¢Y) = Y(0) 9(X, ¢Z) + ¢Z(0) 9 X, Y) — ¢Y(0) g X, Z)},

~ . e?
\Y% =¢?(V - _
“@12) (Vx@)E, Z) = e’ (Vx )&, Z) B {&(0) 9(X, 9Z) — ¢Z(0) g(¢A, X)

—9([¢A, ¢2), X) — g([9A, Z], ¢X) — Z(0) g(A, X)},

(4.13) V:d=0.

Suppose 7 =2 and, as above, consider V& as the sum of three components
are @lm k=1, 2, 3:

(4.14) €5=a1+a2+a3.

The Vani§hing of a3 follows easily from the equations (4.6) and (4.13); as a conse-
quence V@ has no component in C.

With regard to a s, Theorem 3, (4.10) and (4.12) imply that we have only three
components different from zero in G5, G and Gy given respectively by

1 1 1. ~
4.15) - 56”-’3(0) 9X, 9Z), - EG”Q(X, Z), gg((o@gqﬁ) Z, X),

for every X, Ze (H(M)) and Y =_E.

Supposing at the end X, Y, Ze I'(H(M)) we can compute the component in
;. As the restriction to H(M) of our structure reduces to an almost Hermitian
structure, applying [6] and comparing with (4.5) and (4.11) we find for
(VXEZS)(Y, Z) the only following component in C;:

1
560(Z(0) 9X, ¢Y) = Y(0) g(X, ¢Z)) +
(4.16) )
+ E@”(((PZ)(O) 9X, ¢Y) — (¢pY)(0) 9(X, ¢Z)).

The case n =1 directly follows from [3] and the above considerations. |
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Corollary 6. Supposing M of dimension 2n+1 =5, we have:

) (M, $,& 17,9 is of class C,D Ce® Cy iff E(0) = 0;

Gi) (M, ¢, & 7, 9) is of class CsP® Ce® Cy iff X(0) =0, VX e I(H(M));
(i) (M, ¢, & 7, §) is of class Co® Cs® Cs iff (p, &, 7) is normal, i.e. iff (4.14)
holds.

Remark 7. From Corollary 4 and Corollary 6, (iii), we deduce that the nor-
mality of the structure is preserved iff

[pA, pX]— ¢p[pA, X] = —pX(0)(& + pA) + hX(0) A .
Then we can state

Corollary 8. If (M, ¢,E&,n,9) is Sasakian and dimM =3 then
(M, &, E, 7, g) obtained by (2.3) with o not constant is Sasakian iff

(@) &(o) =0;
(b) [pA, Al = —A(0)(& + @A).

5 - Examples

The unit tangent bundle

Let (M, g) be an (n + 1)-dimensional Riemannian manifold, » = 2; we denote
by TM the tangent bundle of the manifold M and by 7: TM — M the canonical
projection. If (x!, ..., " 1) are local coordinates on M, then (x?, ..., ") and
the fibre coordinates (y?, ..., y"*!) define together a system of local coordinates
on TM . The Levi-Civita connection D of g determines a decomposition of 77M in
the direct sum of the vertical distribution VI'M and the horizontal distribution
HTM, ie. TTM = VTM @ HTM . Then the well known almost complex structure
on TM is defined by:

(5.1) JXH=XxV, —JXxV=-Xx% Xeyx(M)

where X, XV are the horizontal and vertical lifts of X with respect to D respect-
ively. Furthermore the Sasaki metric ¢ on TM is given by

IXY, Y =9X, V), g&X", Y =9X,V), ¢X",Y")=0 X, YeydM).

Let T\M be the unit tangent bundle of M; then, we have veT;M iff
.0

veTM and g(v, v) =1. If v=1y" PRl we conclude that the unit tangent bundle
x
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7w: TyM—M is a hypersurface in TM, given in the local coordinates by the
equation:

(5.2) g; @) y'y’ —1=0.

It is possible to prove that, as hypersurface of the almost Kaehlerian manifold
(TM, J, @), T;M has a natural almost contact metric structure which defines a
pseudo-convex CR-structure (T, M, H(T,M)) iff the base manifold M has con-
stant sectional curvature c (see [8], [9], [13]).

Moreover, if we consider a generator system for H(T,M)) given by the

. ) . 0
following vector fields: Y; = (6 — g;0y’) — and X, = (6} — g;0y’) — , where
oy’ ox’

Jio = 9sxy", and we still denote by ¢ the metric induced from TM on T; M, the
almost contact structure (¢, &, #n,9) associated with the CR-structure
(T'M, H(T,M)) satisfies the following relations:

| o
= idﬁﬁl, =y'—
(53) 1= G STV

pX;=Y;, ¢Yi=-X;, 9pE=0 thj=1,..,n+1,

where

) o\ 9 -3 , . ,
= — | = — -y —, Iy=y"I, where I/, are the Chri-
ox' ox' ox’ oy’
stoffel symbols corresponding to the connection D.

Computing now the Levi-Civita connection V of the metric ¢ on the vector

fields Y;, X;, & we find:

-

. . ) c
VyYi=—g0Y;,  Vx Y= T — g0l Y+ Ehijf

. c—2 .
Vv Xj= —9;0X; + Thijf, Vi X; = (I — g0 Tp) X,
b4) 0
VY,QE:_CTXi, ingz_gYia V§§:0

. c . 4
VEYi:FIZ?OYk_EXD VgXl:rlfoXk‘f' EYL i,j,k=1,...,n+1,
L

where

(56.5) hij =95 — 9o Yjo-
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Then we easily can write the expressions of the following Lie brackets:

Y, Y1=90Y;— 90 Y, (X, X1 =(9jorfo_9ioF§0)Xk
(5.6) [Y;, X;1= —gjoX; — (I — g5 ) Yy, — by €
[V, E1=X,~T%Y},, [X;, &= —cY;— Iy X,.
From the previous formulas, we obtain that the covariant derivative V @ of the

fundamental 2-form @(X, Y) = g(X, ¢Y) = —dn(X, Y) of (¢, &, n, ¢) is not vani-
shing only in the following cases

2

(Vy, DY), £) = —(Vy. DNE, V) = %h

7

(5.7
. . c
(in¢)(X;, &= —(inqf’)(ffy Xj) = - Ehijr
and finally, from formulas (5.6), we have that the following equations hold
68 (L Xi=(c-1X;, (LpY,=(1-0Y; i=1,...,n+1.

As a consequence, taking into account Theorem 3 and Corollary 4, we can
state

Proposition 9. (T\'M, ¢, &, n,9) is of class Ce®Cy. In particular,
(T\M, ¢, &, 5,9 belongs to Cs iff ¢=1.

Apply now the gauge transformation (2.3) to (¢, &, ), obtaining 7 = e g,y da’;
furthermore the vector field A € H(M) can be expressed by means of {Y;, X;} as

(5.9) A=2"Y;+u'X;, where A\, uleC*(T\M).

Moreover, taking into account (2.4), we obtain for the new metric ¢ the
relations:
9(Y;, Y;)) = 9(X;, X;) = ezahij, 9(X;, Y)=0
(5.10) 9(X;, &) =e*Y(0), 9(Y;, &) = —e** X, (0)
J(E, & =e*(1+[AP), g& =1, G & =e’,

where [|A|f =17Y;(0) + u'X;(0). ~
Then, considering the covariant derivative V& of the fundamental 2-form
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d(X , Y) = g(X, g?)Y) of the new structure, we obtain:

[ (V. )Y, Y)) = —(Vy, )X, X,) =
20

= (VT BT, X,) =

2
(Vx®)Y;, V) = —(Vx, D)X, X;) =

20

o o

2

ATV .
(Vy, ®)(X;, §) = e E(0) hyj — e grou” hyj —

g

~ ~ e )
(Vi ®)Yj, &) = —e"8(0) by + — 2" — () =

o

N

and, as in the general case, 655 =0.

~ - e e’ e’ |
(Vx, D)X, &) = — ?Chi]"l' Egkolkhij+ ?ﬂk(rlﬂc_giorlko) Ty +

139

(XJ'(U) by, — X (0) hij)

~ e
= _(VYZ-@)(Y]', X)) = ?(Yj(ﬁ) hi, — Yi(0) hij)
S 5 % € e’ k € kol !
(VYiq))(Yj, &= ?(0_2) hij_ ?9160/1 hij_ — MU (ij_gjorko)hzi+

+ % (X,(0) X;(0) — Yi(0) Y(0)) + % (Y25 gy — X, () hay)

- % (X.(0) Y;(0) + Yi(0) X;(0)) + % (Y; () e + Y, (") )
- % (Xi(0) Y(0) + Yi(0) X;(0)) + % (X,(A%) hy, + X,(25) hy,)

+ % (Y,(0) Y;(0) — Xi(0) X;(0)) + % (X (u*) by — Y3(05) Iy,)

Finally, after a straightforward computation, we find that the new structure
((}3, g, 77) is not normal and Theorem 5 and Corollary 6 imply that (7, M, E), g, 7, 9)

belongs to C,P C;P Cs D Cy.

Every component of (T, M, ¢, &, 7, §) with respect to the basis {Xi, Y;, &} can

be explicitely written by means of (5.11).

The Heisenberg group

As it is well known (see for example [14]), the Heisenberg Lie group Hj is the
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subgroup of GL(3, R) given by

1 » y
(5.12) H;={|0 1 z|;2,y,zeR
0 0 1

with the usual matrix multiplication.
Then it is easy to see that

(5.13) ds?=dx?+ dz? + (dy — xdz)?

is a left invariant metric on H; as well as the following vector fields:
o

(5.14) Xi=—, Xo=0—+—, X3=—.
i

If we consider H(H;) generated by X; and X,, we have that (Hs;, H(H3)) is a
pseudo-convex CR-structure on the Heisenberg group with associated almost con-
tact metric structure defined by the formulas:

(5.15) {77=ocdz—dy E=-X;

pX; =X, pX, = -X;, 9&=0,

while the equation (5.13) gives the associated metric g¢.

Let V be the Levi-Civita connection of g and @ the fundamental 2-form defi-
ned as usual. Then, the only cases where the covariant derivative is different from
zero are the following:

1
(Vx, D)Xy, &) = (Vx, D)Xy, &) = 3

and (H?n ¢, 7, g; g) € C)6'
Put now A =uX; +1X,, 1, ueC~(H;); after the gauge transformation we
have

u=—X (o), A= —-X5(0),
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and the components of the new covariant derivative are:

a

[ (¥, &)X, B = %(Xl(m—&u)—xzwu 1

(5.16) : (Vx, D)X, B = %(XN) - X (W) —uP+ A%+ 1)

(Vi, D)Xz, &) = €7 (—E(0) + X1 (A) + ud)

| (Vi ®)Xy, B = e°(&(0) + Xo () + ud) .

Formulas (5.16) and Theorem 5 imply that (Hj, (,75, 7, g, NeCPDCDC. In
particular taking into account Corollary 8, after a straightforward computation,
we can state

Proposition 10. (Hs, @, 7, & §) is of class Cs iff
o, y,2) = —m((x—aP+E-pPF+y)+e,
with a, B, v,eeR and y>0.

Remark 11. We remark that, from Corollary 8, for every o =0o(y) a not
constant function one obtains an almost contact metric structure associated with
(Hy, H(H;)) belonging to C; CyP Cy. We have also for

o, y,2)=—-ln(x—aP+az—BP%+y)+e

with a, 8, y, e, ae R and y, a >0, a # 1 an almost contact metric structure be-
longing to Ce® .
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Abstract

In this paper gauge transformations of almost contact metric structures associated

with strongly pseudo-convex CR-structures are studied from an algebraic point of view
and some examples are given.



