
R i v . M a t . U n i v . P a r m a ( 6 ) 3 ( 2 0 0 0 ) , 8 7 - 1 0 0

SILVANA MA R C H I (*)

Existence of nontrivial solutions to a nonlinear Dirichlet problem

for the Q-Laplacian relative to Hörmander vector fields (**)

1 - Introduction

This paper deals with the existence of solutions of the problem

u

2D Q u

�

f

W0
1, Q (V , X)

2div (NXuNQ22 Xu)4 f (x , u) in V
(1)

where V is an open, bounded, connected subset of RN ; Xj , for j41, R , m , are
vector fields satisfying Hörmander’s condition [11], [12]. Xu denotes the vector

function Xu»4 (X1 u , R , Xm u) whereas div wK »4 !
j41

m

Xj wj for any vector function
wK : RNKRm .

For any pF1, W0
1, p (V , X) denotes the closure of C0

Q (V) under the norm

VuV1, p4 gVuVp
p1 !

j41

m

VXuVp
ph1/p

, where V . Vp denotes the L p (V) norm. QFN is the

homogeneous dimension associated to V and the vector fields [13].
We suppose that the nonlinearity f (x , u) has a subcritical growth on V ,

i.e.

lim
NuNKQ

Nf (x , u)N

exp (aNuNQ 8 )
40 uniformly on x�V , (aD0(2)

where Q 84Q/(Q21).
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Other conditions we impose to f are

(F1 ) f : V3RKR is continuous , f (x , 0 )40

(F2 ) )R , MD0 such that (NuN�R , (x�V

0EF(x , u)4�
0

u

f (x , t) dtGMNf (x , t)N

(F3 ) 0EF(x , u)G
1

Q
f (x , u) u , (NuN�R0]0(, (x�V

(F4 ) lim sup
NuNK0

QF(x , u)

NuNQ
El 1 uniformly on V

where l 1D0 denotes the smallest eigenvalue of the problem 2D Q u4lNuNQ22 u ,
u�W0

1, Q (V , X), which is variationally characterized as

l 14 inf m�NXuNQ dxNu�W0
1, Q (V , X), VuVQ41n .(3)

We will prove the following result

T h e o r e m 1. Assume that f satisfies (2), (F1 ), R , (F4 ). Then the problem (1)
has a nontrivial solution.

The interest of Theorem 1 rests in the fact that f growth faster than any po-
lynomial as NuNK1Q . In this case the «standard» methods for analyzing criti-
cal growth problems don’t work. Recently Theorem 1 has been proved in the eu-
clidean setting in [6] and [7] assuming f in the critical or subcritical growth range
and using the Mountain Pass Lemma whithout the Palais-Smale condition.

In this paper we extend these new methods to the Hörmander vector field’s
setting for f in the subcritical growth range. On this object in Section 2 we state
the existence of positive structural constants C and a Q such that

�
V

exp (aNuNQ 8 )GC(4)

for all u�W0
1, Q (V , X), VuV1, Q for every aGa Q .

This result is well known in the euclidean setting, where Q=N, as the Trudin-
ger-Moser inequality [14], [18]. A sharp version for higher order derivatives is
due to D. R. Adams [2].

In these papers the largest positive real number a for which (4) holds, let it be
a N , is precisely calculated. Here we are able to determine the constant a Q in ter-
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ms of the other structural constants. Moreover this value is the best possible
being equal to a N in the euclidean case. We underline the interest of (4) not only
in order to prove Theorem 1 but also as it permits us to extends to a larger set-
ting many other important applications of the Trudinger-Moser inequality. In
Section 2 we prove also a compact imbedding result.

In Section 3 we give a variational formulation of the problem and in Section 4
we prove Theorem 1.

2 - Preliminary results

Let S be an open connected subset of RN . Let us suppose that the rank of the
Lie algebra generated by the vector fields Xj , j41, R , m , equals N at each
point of a neighbourhood S 0 of S.

Let r(x , y), x , y�S , be the metric associated to the vector fields Xj and let
B(x , r) »4]y�SNr(x , y)Er(, x�S , rD0 be the corresponding balls [15]. Let
K0 be an arbitrary compact subset of S . By the results of [15] there exist positive
constants r0 , c04r0 , c0 (K0 ) such that

NB(x , 2r)NGc0 NB(x , r)N , for any 0ErEr0 , x�K0(5)

where NEN denotes the Lebesgue measure of a measurable set E%RN . Moreover
(see also [9]) there exist positive constants c1 , c24c1 , c2 (K0 ) such that

c1g r

s
ha

G
NB(x , r)N

NB(x , s)N
Gc2g r

s
hb

(6)

for any 0EsErEr0 , x�K0 , for suitable a4a(x) and b4b(x) with NGaGb

GQ . By the results of [13] a Sobolev-Poincaré inequality holds: there exist a posi-
tive contant c34c3 (K0 ) such that, for any 0ErEr0 , x�K0 and for any f
�C0

Q (B(x , r) )

(7) u 1

NB(x, r)N
�

B(x, r)

Nf (y)2fBNqdyv1/q

Gc3 r u 1

NB(x, r)N
�

B(x, r)

N!
j41

m

Xj f (y)Np
dyv1/p

provided 1GqE
pQ

Q2p
, where fB4

1

NB(x , r)N
�

B(x , r)

f ( y) dy . By the results of

[17], [15] (see also [13], [8]) the following estimate involving the Riesz potentials
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related to the vector fields holds:

Nf (z)NGc4�NXf (y)N
r(z , y)

NB(z , r(z , y) )N
dy(8)

for any 0ErEr0 , x�K0 and for any f�C0
Q (B(x , r) ), for a suitable positive con-

stant c44c4 (K0 ).
Let x0 be an arbitrary point of K0 . We will suppose x040 for sake of simplicity

and we will denote a 04a(0), b 04b(0) the constants appearing in (6). Let

V%B(0 , r1 /2 ) for 0Er1E
r0 (K0 )

2
, where r0 (K0 ) is the constant appearing in (5).

In the following C will denote a positive structural constant not necessarily the sa-
me at each occurrence.

L e m m a 2.1 ([2], Lemma 1). Let 1EpE1Q . Let a(s , t) be a nonnegative
measurable function on (2Q , 1Q)3 [0 , 1Q) such that a.e. a(s , t)G1 when

0EsE t and sup
tD0
u �
2Q

0

1 �
t

1Q

a(s , t)p 8 dsv1/p 8

4bE1Q . Then there is a constant

C4C(p , b) such that, for any WF0 satisfying �
2Q

1Q

W(s)p dsG1, we have

�
0

1Q

e 2F(t) dtGC if F(t)4 t2 u �
2Q

1Q

a(s , t) W(s) dsvp 8

.

P r o p o s i t i o n 2.2. There is a constant C54C5 (Q , K0 , V) such that, for all
f�L Q (RN ) with support contained in V , fF0,

�
V

exp gGN I1 x f (x)

V f VQ
NQ 8h dxGC5(9)

where I1 x f (x)4� r(x , y) f (y)

NB(x , r(x , y) )N
dy and G4

c1 r1
a 0

NBr1
N

c2
2

a 0
2

b 0 (a 021) if Br1

4B(0 , r1 ).

Let’s observe that, in the euclidean setting where c14c241, a 04b 04N , NBr1
N

4r1
N v N21

N
, it results G4

N

v N21

, which is proved to be an upper bound for (9),

[2].

Proof. Let f�L Q (RN ) with support contained in V, fF0, V f Va 0
G1. For

any sD0, let l f (s)4N]x�VNf (x)Ds(N , and for any tD0 let f *(t)

4 inf ]sD0Nl f (s)G t( and f **(t)4 t 21�
0

1

f *(s) ds .
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Let g(x)4
r(0 , x)

r1
a 0
g NBr1

N

NB(0 , r(0 , x) )N
h

a 0

b 0

, x�V . By (6) we have g(x)

÷

G
c2

a 0

b 0

r(0 , x)a 021
. Then l g (s)GN{x�VNr(0 , x)G u c2

a 0

b 0

s
v

1

a 021 } N. If

÷

u c2

a 0

b 0

s
v

1

a 021

Gr1(10)

then, from (10) and (6) we obtain

l g (s)G
NBr1

N

c1 r1
a 0

c2

a 0
2

b 0 (a 021) s
2

a 0

a 021 4G21 s
2

a 0

a 021 .(11)

If (10) is not satisfied then, by (6),

G21 s
2

a 0

a 021 F
NBr1

N

c1

F
NBr1

N

c1 2a 0
FNBr1 /2 NFNVNl g (s) .

So (11) holds in any case. It follows from (11) that tG
G21

g *(t)a 08
, where

a 084
a 0

a 021
and then

g *(t)G (tG)
2

1

a 08 .(12)

If v(x)4 (I1 x f )(x), then by (12) and O’Neil’s Lemma [16], Lemma 1.5, we
have

v *(t)Gv **(t)G tf ** g **(t)1 �
t

1Q

f *(s) g *(s) ds

GG
2

1

a 80 u a 0

t
1

a 80

�
0

t

f *(s) ds1�
t

r1 f *(s)

s
1

a 80

dsvfG
2

1

a 80 g(t) .

(13)
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Let

a(s , t)4

.
`
/
`
´

1

a 0 t
2

1

a 80 e
2

s

a 0 NVN
1

a 80

0

for 0EsE log
NVN

t

for log
NVN

t
EsE1Q

for 2QEsG0

(14)

W(s)4NVN
1

a 0 f *(NVNe 2s ) e
2

s

a 0(15)

F(t)4 t2 u �
2Q

1Q

a(s , t) W(s) dsva 08

(16)

for (s , t)� (2Q , 1Q)3 [0 , 1Q). Then

�
V

f (x)a 0 dx4 �
0

NVN

f *(t)a 0 dt4 �
0

1Q

W(s)a 0 ds .(17)

Moreover F(t)4 t2g(t)a 80 , t� [0 , 1Q), and then, for any dD0,

�
V

e dv(x)a 80 dx4 �
0

NVN

e dv *(t)a 08 dtG �
0

NVN

e dG21 g(t)a 80 dt4 �
0

NVN

e dG21 (t2F(t) ) dt .(18)

From (17) we have �
0

1Q

W(s)a 0 dsG1. By Lemma 2.1, �
0

1Q

e 2F(t) dtG c, and then, by

(18), for dGG , �
V

e dv(x)a 80GC , where C is a positive constant independent of f . Hen-

ce (9) follows.

P r o p o s i t i o n 2.3. There exists a positive constant c64c6 (Q , K0 , V) such
that, for all u�C0

Q (V), VXuVQG1,

�
V

e aNu(x)NQ 8
dxGc6 , for all aGa Q4

G

c4
Q 8

.(19)

P r o o f . By (8) we have Nu(x)NQ 8Gc4
Q 8 NI1 x NXuN(x)NQ 8 . Now just apply Pro-

position 2.2.
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P r o p o s i t i o n 2.4. Let qEQ and let Br1 /24B(0 , r1 /2 ). Every sequence ( fn )
bounded in W 1, q (Br1 /2 , X) is relatively compact in L q (Br1 /2 ).

P r o o f . By a method of M. Biroli and S. Tersian [4] we will prove that ( fn )
admits a subsequence convergent in L q (Br1 /2 ). On account of [5], the ball Br1 /2 can
be covered by a finite number of balls B(xj , r), rGr1 /8 , j41, R , n , such that
d(xi , xj )Fr , (i , j41, R , n , where n depends on r , r1 . It follows from the dou-
bling property that every point x in Br1 /2 belongs at most to M balls, where M
does not depend on r . In fact for every such j we have B(xj , r/2 )’B(x , 2r)
’B(xj , 4r), and then NB(xj , r/2 )NF22(3Q11) NB(x , 2r)N . Therefore, taking into
account that M is also the number of points xj in B(x , r) we have

M22(3Q11)NB(x, 2r)NGM min
xj�B(x,r)

NB(xj, r/2)NGN 0
xj�B(x, r)

B(xj, r/2)NGNB(x, 2r)N .

Let wn , m4 fn2 fm and (wn , m )j the average of wn , m on B(xj , r). We have

�
Br1 /2

Nwn , m NqG2q !
j41

n

�
B(xj , r)

Nwn , m2 (wn , m )j N
q1n2q sup

j

1

NB(xj , r)Nq21
�

B(xj , r)

Nwn , mN
q

G2q r q c3 !
j41

n

�
B(xj , r)

NXwn , mNq1n2qy c2

NBr1 /2 N
g r1

r
hbzq21

sup
j

�
B(xj , r)

Nwn , mN
q

on account of (7), B(xj , r1 )*Br1 /2*B(xj , r), and the doubling property. For small

eD0 we choose r4re4
1

2
g e

2c3 C
h1/q

, where �
Br1 /2

NXwn , mNGC for any n , m . Ta-

king into account that ( fn ) is weakly convergent in L q (Br1 /2 ), we can choose ne

such that, for n , mDne ,

sup
j

�
B(xj , r)

Nwn , mNqG
e

n2q11
y NBr1 /2 N

c2
g r

r1
hbzq21

.

Then for n , mDne we have �
Br1 /2

Nwn , m NqGe , i.e. ( fn ) is a Cauchy sequence in

L q (Br1 /2 ); then ( fn ) converges strongly in L q (Br1 /2 ).

C o r o l l a r y 2.5. Let 1GqEQ . The imbedding of W0
1, q (V , X) in L q (V) is

compact.
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P r o p o s i t i o n 2.6. Let 1GqEQ and 1GpE
qQ

Q2q
. The imbedding of

W0
1, q (V , X) in L p (V) is compact.

P r o o f (see [10], Theorem 7.22). If pGq the proof follows from Corollary

2.5. If qEpE
qQ

Q2q
, then let r be such that qEpErE

qQ

Q2q
. From Hölder’s

inequality we have VuVpGVuVq
l
VuVr

12l where l� (0 , 1 ),
1

p
4

l

q
1

12l

r
and

then, by (7), VuVpGVuVq
l
VXuVq

12l . Consequently a bounded set in W0
1, q (V , X)

must be precompact in L p (V) for pD1, and Proposition 2.6 is proved.

3 - The variational formulation

By (2) and (F1 ) there exists a constant CD0 such that

Nf (x , u)NGC exp (aNuNQ 8 ) , ((x , u)�V , (aD0 .(20)

By (20) and (4), f (x , u(x) )�L q (V) for all qD1 when u�W0
1, Q (V , X). In

fact

�
V

Nf (x , u(x) )NqGC�
V

exp (aqNu(x)NQ 8 )GC�
V

exp (aqVuV1, Q
Q 8 ) g Nu(x)N

VuV1, Q
hQ 8

GC

if aqVuV1, Q
Q 8 Ga Q . The relation

I(u)4
1

Q
�NXuNQ2�F(x , u)(21)

defines a C 1 functional I : W0
1, Q (V , X)KR such that

aI 8 (u), vb4�NXuNQ22 Xu Xv2� f (x , u) v , (v�W0
1, Q (V , X)(22)

where E Q , QD denotes the duality between W0
1, Q (V , X) and its dual space. It fol-

lows from (F1 ), (F2 ), (F3 ) that

)CD0 such that (NuNFR , (x�V , F(x , u)FC exp g NuN

M
h(23)

)R0D0, uDQ such that (NuNFR0 , (x�V , uF(x , u)Guf (x , u) .(24)
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L e m m a 3.1. Assume (F1 ), (F2 ) and (F3 ). Then I(tu)K2Q as tK1Q ,
for all u�W0

1, Q (V , X)0]0(.

P r o o f . Let u�W0
1, Q (V , X)0]0(, and let pDQ . By (20) and (23), there

exists a positive constant C such that (x�V

F(x , u)FNuNp2C(25)

and then I(tu)G
t Q

Q
�NXuNQ2Ct Q�NuNp1C. Since pDQ, we obtain I(tu)K2Q

as tK1Q .

L e m m a 3.2. Assume (F1 ), (F2 ), (F3 ). Then there exist d , rD0 such
that

I(u)Fd , if VuV1, Q4r(26)

P r o o f . Using (F1 ), (F2 ), (F3 ) and (20) we can choose lEl 1 such that

F(x , u)G
1

Q
lNuNQ1C exp (aNuNQ 8 )NuNq , ((x , u)�V3R , (aD0(27)

if qDQ . By Hölder’s inequality and (4) we obtain

�exp (aNuNQ 8 )NuNqG {�exp yarVuV1, Q
Q 8 g NuN

VuV1, Q
hQ 8z}1/r

Q m�NuNsqn1/s
GC(Q) m�NuNsqn1/s

(28)

if arVuV1, Q
Q 8 Ea Q , where

1

r
1

1

s
41. Then, by (27), (28), (3) and (7), we have

I(u)F
1

Q
g12 l

l 1
h VuV1, Q

Q 2C(Q)VuV1, Q
q . As lEl 1 and qDQ , we can choose

rD0 such that I(u)Fd if VuV1, Q4r .

P r o p o s i t i o n 3.3. Assume (F1 ), (F2 ), (F3 ). Let (un ) be a Palais-Smale se-
quence, i.e.

I(un )Kc and I 8 (un )K0 in W 21, Q 8 (V , X) as nK1Q .

Then (un ) has a subsequence, still denoted by (un ) for sake of simplicity, and the-
re exists u�W0

1, Q (V , X) such that

(i) f (x , un )K f (x , u) in L 1 (V) as nK1Q
(ii) NXun NQ22 XunKNXuNQ22 Xu weakly in (L Q 8 (V) )m as nK1Q
(iii) u solves (1).
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P r o o f . The proof follows the outline of [7], Lemma 4. As (un ) is a Palais-
Smale sequence, then

1

Q
�NXun NQ2�F(x , un )Kc(29)

N�NXunNQ22 Xun QXv2� f (x , un ) vNGe n VvV1, Q , (v�W0
1, Q (V , X)(30)

where e nK0 as nK1Q . Multiplying (29) by the constant uDQ of (24) and sub-
tracting (30) with v4un , we obtain

g u

Q
21h�NXunNQ2�[uF(x , un )2 f (x , un ) un ]GC1e n Vun V1, Q .(31)

From (31) and (F3 ) we deduce that (un ) is bounded in W0
1, Q (V , X). Moreover,

unless we extract a subsequence, still denoted by (un ), we have as nK1Q

unKu weakly in W0
1, Q (V , X)

unKu in L q (V), (qF1

un (x)Ku(x) a . e . x�V .

(32)

Then NXun NQ22 Xun is bounded in (L Q 8 (V) )m and, from (30), we have

� f (x , un ) unGC .(33)

From (32), (33) and [6], Lemma 2.1, we have

f (x , un )K f (x , u) in L 1 (V) as nK1Q(34)

and the first assertion of Proposition 3.3 is so proved. It follows from (F2 ) and
(34), using the generalized Lebesgue dominated convergence theorem, that

F(x , un )KF(x , u) in L 1 (V) as nK1Q .(35)

From (29), (30) we obtain

lim
nK1Q

Vun V1, Q
Q 4Q gc1�F(x , u)h

lim
nK1Q

� f (x , un ) un4Q(c1F(x , u) ) .
(36)

By (F3 ) and (36) we conclude cF0. So any Palais-Smale sequence approaches a
nonnegative level. To prove the second assertion we observe that, by simple calcu-
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lation of vectorial algebra, we have

(NXun NQ22 Xun2NXuNQ22 Xu)(Xun2Xu)

4
1

2
NXun2XuN2 (NXun NQ221NXuNQ22 )

1
1

2
[NXun N

22NXuN2 ][NXun N
Q222NXuNQ22 ]F0 .

(37)

By proving that

�
V

(NXun NQ22 Xun2NXuNQ22 Xu)(Xun2Xu) cK0(38)

as nK1Q , for any test function c�C0
Q (Br ), Br%V, c41 on V0Br , 0GcG1,

we obtain XunKXu as nK1Q a.e. in V , and then, taking into account that
(NXun NQ22 Xun ) is bounded in (L Q 8 (V) )m , unless we take a subsequence, we con-
clude the proof.

Let’s observe at first that, by (2), (3) and the boundedness of (un ) in
W0

1, Q (V , X), we have, for any qD1

�
V

Nf (x , un )NqGC , for every n .(39)

Notice that

�
V

Nf (x , un ) un2 f (x , u) uNG�
V

Nf (x , un )2 f (x , u)NNuN1�
V

Nf (x , un )NNun2uN .

Since f (x , un )K f (x , u) in L 1 (V) as nK1Q , then f (x , un )vK f (x , u)v in
L 1 (V) as nK1Q , (v�D(V), and then

lim
nK1Q

�
V

Nf (x , un )2 f (x , u)NNuN40 .(40)

On the other hand, by Hölder’s inequality and (39) we have

�
V

Nf (x , un )NNun2uNGC g �
V

Nun2uNq 8h1/q 8
K0 as nK1Q .(41)
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Hence by (40) and (41)

lim
nK1Q

�
V

Nf (x , un ) un2 f (x , u) uN40 .(42)

To prove (38) we observe that, if we take v4cun or v4cu in (30), then we
obtain respectively

�
V

NXun NQ c1un NXun NQ22 Xun Xc2cf (x , un ) unGe n Vcun V1, Q(43)

�
V

2NXun NQ22 cXun Xu2NXun NQ22 uXun Xc1cf (x , un ) uGe n VcuV1, Q .(44)

Then

0G (NXun N
Q22 Xun2NXuNQ22 Xu)(Xun2Xu) c

4�
V

NXun NQ c2NXun NQ22 cXun Xu2NXuNQ22 cXu Xun1NXuNQ c

G2�
V

un NXun N
Q22 Xun Xc1�

V

cf (x , un ) un1e n Vcun V1, Q

1�
V

uNXun NQ22 Xun Xc2�
V

cf (x , un ) u1e n VcuV1, Q

4�
V

NXun N
Q22 Xun Xc(u2un )1�

V

cf (x , un )(un2u)1e n (Vcun V1, Q1VcuV1, Q ) .

(45)

Now it suffices to prove that each term in the last member of (45) tends to 0 as
nK1Q . Using the interpolation inequality abGda Q/(Q21)1Cd b Q with Cd4d 12Q ,
we have

�
V

NXun NQ22 Xun Xc(u2un )Gd�
V

NXun NQ1Cd�
V

NXcNQ Nu2un NQ

GdC1Cdg�
V

NXcNrQh1/rg�
V

Nu2un N
sQh1/s

where
1

r
1

1

s
41. Thus, since unKu in L sQ (V) as nK1Q and d is arbitrarily

small we obtain that

lim sup
nK1Q

�
V

NXun NQ22 Xun Xc(u2un )G0 .(46)
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On the other hand, since unKu in L q 8 (V) as nK1Q and by (39), we
have

�
V

cf (x , un )(un2u)G g�
V

f (x , un )qh1/qg�
V

Nun2uNq 8h1/q 8
K0 .(47)

So (ii) is proved. (iii) follows from (ii) and (30).

4 - Proof of Theorem 1

It follows from Lemma 3.1, Lemma 3.2 and the Mountain-Pass Lemma [1]
that there exists a positive level c and a Palais-Smale sequence (un ) in
W0

1, Q (V , X) i.e. I(un )Kc , I 8 (un )K0 in W 21, Q 8 (V , X) as nK1Q . In view of
Proposition 3.3 there are a subsequence of (un ), still denoted by (un ), and u
�W0

1, Q (V , X) such that (29), (30) hold and u solves (1). The proof is concluded if
we prove that uc0. If u40 we have from (36),

lim
nK1Q

�
V

NXun NQ4 lim
nK1Q

�
V

f (x , un ) unG lim
nK1Qg �

V

Nf (x , un )Nqh1/q
Vun Vq 840 .

But, from (F3 ), lim
nK1Q

�
V

F(x , un )40, and, by (36), lim
nK1Q

�
V

NXun NQ4Qc . A
contradiction.
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[11] L. HÖRMANDER, Hypoelliptic second order differential equations, Acta Math. 119
(1967), 147-171.
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A b s t r a c t

In this paper we study the existence of solutions for the problem 2D Q u4 f (x , u), u
�W0

1, Q (V , X), where D Q is the Q-Laplacian in the Hörmander vector field setting, Q is
the homogeneous dimension associated to V and the nonlinearity f has a subcritical gro-
wth on V .

* * *


