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Uniformly distributed sequences

and rings of complex numbers (**)

1 - Introduction

In this paper we want to study the distribution properties of special sequences
related to the factorization of elements in rings of complex numbers. Our work is
inspired by E. Hlawka’s article [H1990], where the author investigated sequences
in connection with Gaussian integers. We will extend these results to rings with
divisibility theory.

As usual N , Z , Q , R and C denote the positive integers, the ring of integers,
the field of rational, of real and of complex numbers, respectively. Let ]xn(n41

N

4]x1 , R , xN( be a finite sequence of points xn in the s-dimensional unit cube
[0 , 1 )s . Then its discrepancy is defined by

DN (]xn(n41
N )4 sup

I
N 1

N
]nGN : xn�I(2l(I) N,

where the supremum is extended over all subintervals I4 [a1 , b1 )3R3 [as , bs )
’ [0 , 1 )s of s-dimensional Lebesgue measure l(I). An infinite sequence ]xn(Qn41 in
[0 , 1 )s is called uniformly distributed if lim

NKQ
DN (v N )40, where v N denotes the

initial string ]x1 , R , xN( of the sequence ]xn(. The most classical example of a
uniformly distributed sequence is given by the multiples xn4na( mod 1) of a
point a4 (a 1 , R , a s )� [0 , 1 )s , where 1 , a 1 , R , a s are linearly independent
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over Q and where (mod 1) means the componentwise taken fractional part. For an
introduction to the theory of uniformly distributed sequences we refer to the mo-
nographs of L. Kuipers and H. Niederreiter [KN1974] and E. Hlawka [H1979];
for more recent developments in this theory and various applications see
[DT1997].

In section 2 of the present paper we establish quantitative refinements and
extensions to rings with divisibility theory (in the sense of Borevic-Shafarevic
[BS1966]). In the final section 3 applications to diophantine approximation on the
unit circle and to the construction of uniformly distributed points on the sphere
are presented.

2 - Sequences in [0 , 1 )s and rings with divisibility theory

In the following we consider a ring R%C with divisibility theory and canonical
homomorphismus c : RKG , where G is the semigroup with unique factorization.
For more details see the book of Borevic-Shafarevic [BS1966]. By (x , y) we will
denote as usual the greatest common divisor in G and by a the complex conjugate
of a . Our first simple result is the following:

T h e o r e m 1. Let a 1 , R , a s�R be such that aj�R , j41, R , s , and let
(c(a j ), c(a k ) )41 for jck and (c(a j ), c(ak ) )41 for arbitrary j , k .

Put for j41, R , s

a j

Na j N
4e 2piW j , W j� [0 , 1 ) .(1)

Then the numbers 1, W 1 , R , W s are linearly independent over Z .

P r o o f . Suppose

h1 W 11R1hs W s1hs1140 , hj�Z .

Then

2pih1 W 11R12pihs W s12pihs1140 ,

thus by (1) we obtain

g a 1

Na 1 N
hh1

R g a s

Na s N
hhs

41 .
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Therefore

a 1
h1
Ra s

hs4a1
h1
R as

hs ,

and applying the homomorphism c to the last equality we obtain h14R4hs40.
Hence also hs1140, which proves linear independence. r

From now on let us assume that R is a discrete ring, i.e. NaNFsD0, for ar-
bitrary ac0. For more examples we refer to [BS1966] or [N1990]. We will use
the following notation: aj4Na j N , j41, R , s , As4a1 Ras , where a j denote
numbers in R as defined in (1). Furthermore we suppose that Naj ND1,
j41, R , s .

T h e o r e m 2. Let W4 (W 1 , R , W s ) be a point in [0 , 1 )s , where W j is given
as in (1) and consider the finite sequence v N4]2kW ( mod 1), k41R , N( of
points in [0 , 1 )s .

Then the discrepancy DN4DN (v N ) of the sequence v N satisfies

DN4O g 1

log N
h .

P r o o f . We start from the Erdös-Turán-Koksma inequality (see
[DT1997])

DNGCsg 1

M
1 !

0EVhVGM
R(h)21 NWN (h)Nh ,(2)

where VhV4max ]NhjN ; j41, R , s( and R(h)4 »
j41

s

max (1 , Nhj N), MF1 and

WN (h)4
1

N
!

k41

N

e 4pikEh , WD ,

ah , Wb denoting the standard scalar product. Using Theorem 1 we obtain

NWN (h)NG
2

NNe 4piah , Wb21N
,

and

e 4piah , Wb4 g a 1

a1
hh1

R g a s

as
hhs

4
a

b
; a , b�R ,
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where NbN4a1
Nh1 N

R as
Nhs N . Thus

Ne 4piah , Wb21N4N a

b
21 N4N a2b

b
NF s

NbN
,

which yields

NWn (h)NG
2NbN

Ns
4

2a1
Nh1 N

R as
Nhs N

Ns
.

From R(h)F1 and (2) we obtain

DNGCsg 1

M
1

2

Ns
!

VhVGM
a1

Nh1 N
R as

Nhs Nh .

Now it holds

!
VhVGM

a1
Nh1 N

R as
Nhs NG2s »

j41

s

!
hj40

M

aj
hj42s »

j41

s aj
M1121

aj21
.(3)

Let us take a constant K4K(a1 , R , as ) such that

aj2aj
2M

aj21
GK .

Thus we obtain from (3)

!
VhVGM

a1
Nh1 N

R as
Nhs NG2s K s As

M ,

and so we have

DNGCsg 1

M
1

2

Ns
2s K s As

Mh .(4)

Put now M4
log N

2 log As

. Inequality (4) yields

DNGCsg 2 log As

log N
1

2

sN
2s K s N 1/2h4O g 1

log N
h ,

which completes the proof. r
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In the following we will sketch a continuous analagon. Let v(t) denote a conti-
nuous curve on the s-dimensional torus Rs /Zs

` [0 , 1 )s . The corresponding
discrepancy

DT (v(t) )4 sup
I

N 1

T
�

0

T

1I (v(t) ) dt2l(I) N

is defined as the maximal deviation of the mean values with respect to time and
with respect to space; 1I denotes the characteristic function of the s-dimensional
interval I . For more details on continuous discrepancy we refer to [DT1997].

T h e o r e m 3. Let us consider the function

v(t)42 tW ( mod 1) t� [0 , T] ,

where W is chosen as in Theorem 2. Then we have

DT (v(t) )4O g 1

log T
h .

P r o o f . In this case we use the continuous version of Erdös-Turán-Koksma’s
inequality, see [DT1997], page 279. Put

WT (h)4
1

T
�

0

T

e 4pitah , Wb dt ,

thus

NWT (h)NG
2

TNah , WbN
.

For each t we have NtNFNe 2pit21N , and so

NWT (h)NG
2

TNe 2piah , Wb21N
4

2

T
a1

Nh1N
R as

NhsN .

Following the proof of Theorem 2 we obtain the result. r
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3 - Applications

In the following let A(N , J) denote the number of positive integers kGN such
that 2kW (mod 1) belongs to the subinterval J of [0 , 1 )s , where W is a point in [0 , 1 )s

chosen as in Theorem 2. Obviously, A(N , J)FN(V(J)2DN ). Therefore the
inequality

V(J)DDN

yields that 2kW (mod 1)�J for some k .
Put a j4uj1 ivj , j41, R , s . Then

a j

aj

4
uj1 ivj

uj2 ivj

4e 4piW j , j41, R , s ,

and so

e 4pikW j4 u a j

aj

vhj

4
uj , k1 ivj , k

uj , k2 ivj , k

4pj , k1 irj , k , j41, R , s ,

where

pj , k4
u 2

j , k2v 2
j , k

u 2
j , k1v 2

j , k

, rj , k4
2uj , k vj , k

u 2
j , k1v 2

j , k

.

Using this notation we will establish a result for simultaneous diophantine approxi-
mation on the unit circle.

T h e o r e m 4. Let (A1 , B1 ), R , (As , Bs ) be points on the unit circle. Then the-
re exist positive integers kGN such that

NAj2pj , k NG g c

log N
h

1

s

, NBj2rj , kNG g c

log N
h

1

s

,

for some constant cD0.

P r o o f . Let Zj4Aj1 iBj4e 2pikg j and consider the interval J43j41
s [g j

2D
N

1

s , g j1D
N

1

s ]. Then V(J)42s DNDDN , hence 2kW (mod 1)�J for some k .

This yields Ng j22kW j NG2pD
N

1

s , and so NZj2e 4pikW j NG2pD
N

1

s . Thus the asser-
tion follows. r
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In the following we present an application to the construction of uniformly di-
stributed points on the sphere. Consider the unit sphere K : X1

21X2
21X3

241 in R3

with surface area 4p and equipped with a probability measure

P(S)4
1

4p
��

S

dK

(for each measurable set S%K). Let F be a real valued continuous function defined
on this sphere, then

�
K

FdP4
1

4p
��

K

FdK .

Consider now the parametrization of K given by

X14k12 (122 t1 )2cos 2pt24: g1 (t1 , t2 )

X24k12 (122 t1 )2sin 2pt24: g2 (t1 , t2 )

X34122 t14: g3 (t1 , t2 ) ,

for t1 , t2� [0 , 1 ].
Setting

f (t1 , t2 )4F( g1 , g2 , g3 )(5)

we obtain after simple calculations

��
K

FdK44p�
0

1

�
0

1

f (t1 , t2 ) dt1 dt2 .

Thus we derive

�
K

FdP4�
0

1

�
0

1

f (t1 , t2 ) dt1 dt2 .(6)

Let I 24 [0 , 1 ]3 [0 , 1 ] and (u1 , v1 ), R , (uN , vN )�I 2 be a sequence in [0 , 1 )2 with
discrepancy DN . Suppose that f given by (5) is of bounded variation V( f ) in the sen-
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se of Hardy and Krause. Then by Koksma-Hlawka’s inequality (see [DT1997]) we
have

N 1

N
!

k41

N

f (uk , vk )2�
0

1

�
0

1

f (t1 , t2 ) dt1 dt2NGV( f ) QDN .(7)

Put now X(k)4 ( g1 (uk , vk ), g2 (uk , vk ), g3 (uk , vk ) ) for k41, R , N . Then X(k) are
points on the sphere K , and F(X(k) )4 f (uk , vk ). Thus by (6) and (7) we
obtain

N 1

N
!

k41

N

F(X(k) )2�
K

FdPNGV( f ) QDN .(8)

Let W4 (W 1 , R , W s )� [0 , 1 )s such as in Theorem 2. Consider the vector W

4gW 1 ,R,W s,
1

2N
h4gW,

1

2N
h, and the sequence vN4]2kW(mod 1), k41RN(.

For abitrary sequence ]xn(n41
N it holds NDNgmgxn,

n

N
hn

n41

N hbmax
mGN

mDm(]xn(n41
m )

and so by Theorem 2 we have

DN (vN )4O g 1

log N
h .(9)

Let a be a Gaussian integer relatively prime with its complex conjugate a. Consi-

der W� [0 , 1 ) such that
a

NaN
4e 2piW . Then

a

a
4e 4piW , g a

a
hk

4e 4kpiW ,

and moreover

g a

a
hk

4
ak

22bk
2

ak
21bk

2
1 i

2ak bk

ak
21bk

2
.

Thus

cos 4pkW4
ak

22bk
2

ak
21bk

2
, sin 4pkW4

2ak bk

ak
21bk

2
,

where ak , bk are given by linear reccurence relations a14a , b14b , ak114aak

2bbk , bk114bak1abk . Hence, by (9) the two-dimensional sequence of points

mg2kW ( mod 1),
k

N
hn, k41, R , N has a discrepancy DN4O g 1

log N
h . Therefo-
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re, for the points

X(k,N)4uo 2k

N
2

k 2

N 2
Q

ak
22bk

2

ak
21bk

2
, o 2k

N
2

k 2

N 2
Q

2akbk

ak
21bk

2
, 12

2k

N
v , k41,R,N

we obtain

N 4p

N
!

k41

N

F(X(k , N) )2��
K

FdKN4O g 1

log N
h .(10)

Now, let us consider the pointset w(N)4]X(k , N), k41, R , N( and a Jordan
measurable set S%K . Then (10) yields

lim
NKQ

4p

N
card (w(N)OS)4area S .(11)

We conclude with the following result.

T h e o r e m 5. Let ]X(k)( be the sequence ]w(1), w(2), w(3)R( consisting
of the blocks w(N), N41, 2 , R . Then ]X(k)(k41

Q is uniformly distributed on
K .

P r o o f . For S%K put A(S , N)4N]kGN ; X(k)�S(N . Let k(N) be defined
by a number that Nw(1)N1R1Nw(k(N) )NGNENw(1)N1R1Nw(k(N)11)N.
Then A(S , N)4Nw(1)OSN1R1Nw(k(N) )OSN1O(k(N) ). Thus we obtain
from (11) that for any Jordan measurable set S%K

lim
NKQ

A(S , N)

N
4

area (S)

4p
,

which proves uniform distribution of the sequence ]X(k)(k41
Q . r
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A b s t r a c t

The discrepancy of special sequences related to the factorization of elements in rings
with divisibility theory is estimated. Applications to diophantine approximation on the
unit circle and to the construction of uniformly distributed sequences on the sphere are
established.
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