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A simple approach to compute integrals
in collocation and Galerkin BEMs for 2D problems (**)

1 - Introduction

The Boundary Element Methods (BEM) have become an important technique
for solving linear elliptic partial differential equations appearing in many relevant
engineering applications (e.g. acustics, elastostatic, elastodynamics, etc.) (see [18],
[32], [33]). By means of the foundamental solution of the considered differential
equation a large class of both exterior and interior elliptic boundary value prob-
lems can be formulated as a linear integral equation on the boundary of the given
domain.

The numerical analysis of this method for two dimensional problems is now
fairly well studied; see [5], [13], [27], [31] for collocation methods and [15], [28],
[16] for Galerkin methods.

More recently, in [30] for collocation methods and in [29] for Galerkin BEM,
the analysis has been extended to a nonlinear boundary value problem, where the
partial differential equation itself is linear but the boundary conditions are nonlin-
ear. In various applications, the problems involve nonlinearities in the boundary
conditions. Among these is the steady-state heat transfer [6] where the boundary
has a variable thermal heat conductivity or the body obeys the Newton low of
cooling. Further applications arise in some electromagnetic problems that contain
nonlinearities in the boundary conditions; for instance problems where the electri-
cal conductivity of the boundary is variable.

(*) Dipartimento di Matematica, Universita di Parma, Via D’Azeglio 85, 43100 Parma,
Italy; Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129
Torino, Italy.

(**) Received October 4, 1999. AMS classification 65 D 30, 65 N 38.
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The BEM can offer substantial computational advantages over other numeri-
cal techniques. However, in order to achieve an efficient numerical implementa-
tion of general validity, a number of issues have to be dealt with special attention.
One of the most significant and important issue of the practical application of the
BEM analysis is the evaluation of weakly singular, Cauchy singular and even hy-
persingular integrals over boundary elements. The integral with a hypersingular
kernel is not defined in the usual sense, neither as a Cauchy principal value, but
as the finite-part. Boundary integral equations with hypersingular kernels arise
whenever the gradient (or, e.g. the normal derivative) of a classical boundary inte-
gral equation is taken.

Recently in ([2], [3]) we have considered problems on 2D domains. In particu-
lar, we have examined all «difficult» integrals whose evaluation is required when
the integral equations are solved by a Galerkin BEM based on piecewise polyno-
mial approximants of arbitrary local degree. By «difficult» integrals we mean the
singular and the nearly singular ones. To compute these integral we have pro-
posed new numerical integration schemes, which require the user only to define
an arbitrary mesh on the boundary and specify the local degrees of the approxi-
mant. These formulas enable the construction of adaptive routines for the imple-
mentation of the & — p version of the BEM. Of course these schemes can be used
also to compute the integrals generated by collocation methods. They are formu-
las of product-interpolatory type, which integrate exactly the nasty component of
the integrand.

In this paper we consider all difficult integrals required by collocation and
Galerkin BEMs, when these are applied to 1D weakly singular and singular inte-
gral equations. In particular we show that they can be evaluated very efficiently
by means of very simple quadrature formulas, thus avoiding the use of special
rules, such as those of product type. Numerical evidences of the effectiveness of
our approach, as well as some applications, are presented.

2 - Basic quadrature formulas

One of the most frequently used quadrature rule is certainly the well-known
Gauss-Legendre formula

1 n
@.1) [ f@)de= 3 4 &)+ R,(),
-1 o

which has the maximum degree of exactness, i.e., R,(f) =0 whenever f(x) is a
polynomial of degree at most 2n — 1.
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While it is very accurate when f(x) is smooth, its performance becomes poor
when f(x) has irreqularities. Indeed, given any fe C™[—1, +1] we have, for
example, R, (f) =o(1) when m =0 and R,(f) = O(n ™) otherwise. We will how-
ever show that,using very elemetary tools, with this rule we can also easily handle
several other cases where the function f(x) is not smooth at all. For instance,
one case of interest in Sect. 3 will be the one where f(x) is very smooth, usually
analytic, except at the endpoints =1 where it has mild singularities of the type
log (1 =) or (1 £ x)log (1 = x). Also in such cases we can recover the high accu-
racy of (2.1) for smooth functions, by introducing in (2.1) a simple change of vari-
able (see [24]).

By choosing a new function ¢(t), with ¢’ () = 0, mapping (—1, 1) onto ifself,
we obtain

1 1 1
2.2) [f@) dz= [fle®) g @) dt= [ Ft)at.
-1 -1 -1

If furthermore
P (-1)=0, @P)=0, i=1,...,p-1; j=1,..,p—1,

then we can make F'(¢) as smooth as we like simply by taking integers p;, p, suffi-
ciently large.
In [25] the following polynomial transformation

2.3) e(t) = (pr+py— D! fu”ll(l—u)mldu 1, Pe =1
' (pr = Dpo— D! PR

has been proposed. The integral in (2. 3) can be evaluated exactly (up to machine

+
accuracy) by means of (2.1) with n = P17 P

J . Finally, if we apply the n-point
Gauss-Legendre rule (2.1) to the final form of (2.2) we obtain

1 n
2.4) [ @) de= 22, £(g(E) @' E) + B, ().
-1

For this formula, with p; =1, we have the following convergence result (see

[22]).
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Theorem 1. If f(x) = (1 —x)"log (1 — x), with m being a non negative in-
teger, then we have

(2.5) R, (F) = 0O(n 212"+ D]og n).

The above smoothing procedure has been actually generalized to integrals of type
(2.1) with f(x) possibly having also (or only) a fixed number of internal weak sin-
gularities (see [24]).

Remark 1. If the function f(«) in (2.4) is of the form like that of Theorem 1,
but with an internal singularity, for example f(x) = x™log x, then we only have

RW(F) — O(?’L —p2(7)’L+1)+1).

Therefore, when the singularity is at the endpoints of the interval of integration,
the rate of convergence is more than twice that one has for corresponding interior
singularities.

The effectiveness of this approach is shown by the following two examples,
which can be taken as test cases for the applications we will consider in the next
section.

1

1
Il=j9clogacdac 12=J[2 log « +1log (1 —a)] d .
0 0

Some numerical results are reported in Tables I, II. Here and in the following ex-
amples, all computation has been performed on a PC using double precision (16
digits) arithmetic. The sign «—» means that full accuracy has been achieved.
In spite of the error estimate we have recalled at the beginning of the section
for the Gauss-Legendre rule, in practice also the requirement that f(«) is analityc
in [ -1, 1] is not sufficient to guarantee a high accuracy to (2.1). The presence of
(real or complex conjugate) poles very close to the interval of integration usually
gives rise to a poor performance of (2.1), at least when the number of nodes is not

TABLE 1. — Relative errors given by rule (2.4) applied to I.

P1 D2 n=2 n=4 n=28 n =16 n=32 n =64

12E -2 32E -5 15E -1 67K —-10 29E-12 12E-14
T9E -2 14E -5 25E -9 69E —-13 — —
11E -1 9.6E -5 17E-10 — — —
1.0E -1 29E -3 40E-11 — — —

T W DN
—
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TaBLE II. — Relative errors given by rule (2.4) applied to I.

P Py n=2 n=4 n=_§ n =16 n =32 n =64 n =128
2 2 43KE-1 25E-2 18KE—-3 12E—-4 8l1E—-6 b2E-7 33E-8
3 3 4TE-1 18E-2 27E—-4 46E-6 T7T7E-8 12E-9 20E-11
4 4 16E-1 bHE-2 T7E-5 30E-7 12E-9 bL1E-12 28E-14
5 5 28KE-1 17E-1 45E-5 3.0E-8 31E-11 36KE-14 —

very high. Indeed, although the estimate |R,(f)|<Cn ", with k arbitrarily
large, holds for analytic functions, the constant C' can be quite large when f has
poles very close to [ —1, 1]. This behaviour is clearly shown by the following sim-
ple example (see Table III):
1 e
I 3 :! m de .

For such type of integrals a smoothing procedure can be, however, easily sug-

gested. To illustrate it we consider the following integral

[(x—ae + D222

1
2.6) L= f@)
0

where a, b are two real constants, while ¢ is a positive parameter which may as-
sume very small values. This is the form of integrals that we shall encounter in
our BEM applications. Recalling some elementary complex variable calculus, it is
quite natural to set

x=ae+t?

TABLE III. - Relative errors given by the Gauss-Legendre rule applied to I5.

n e=1 e=0.1 e=0.01
4 65K —4 0.59 0.96
8 58K -7 0.32 0.92
16 41FE —-13 TAE — 2 0.84
32 — 3.1K -3 0.69

64 — 53E -6 0.43
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with ¢ positive integer, odd when ae > 0. Indeed, in the new form
_ ae)a

C e + 1) 01

f—g | Qe

(t29 + h2g2)l2 dt, q odd, when ae>0,

—(ae)lld
2.7

(1—ae)lla o
flae +t9)t?
=q f Wdt, when ae <0,
(- CLe)l/q
the presence of (2¢) poles in the integrand function is less adverse as q increases,
up to a certain value after which there is no improvement. The case ae < 0 is more
favorable and this shows up also in the example we consider next. In this case, as
q— o the length of the interval of integration tends to zero, since here we are
considering |ae| very small.

To show the effectiveness of this procedure, we take in (2.6) first a = b =1 and
then a= —1, b=1, with f(x) =e" rewrite the corresponding integrals in the
form (2.7) and then apply to them the Gauss-Legendre rule. In Tables IV-VII we
report the results we have obtained.

As remarked earlier, the case ¢ <0 is more favorable. Moreover, values of q
larger than those reported do not seem to produce any further improvement. This
phenomenon is a straightforward consequence of the behaviour of the poles in the
new form (2.7) (as well as that of its interval of integration).

In some applications of interest, however, the integral is of the form
1
2.8) L= [K@, &) f) do
0

where K(x, &) has the behavior [(x — ag)? + b%2]~ 12 but we may not want to de-

TABLE IV. — Relative errors given by the Gauss-Legendre rule applied to (2.7).

e=1E-2 [,="7531164310779 a=b =1

n q=1 q=3 q=5

4 21E -1 13E -1 31TE -2
8 6.6E —2 88E -3 21E -2
16 1.7TE -2 31K -4 31E -4
32 6.9E —4 98E -7 6.7TE -8
64 44E -7 27E - 12 1.7E-11

128 15E - 12 — —
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TABLE V. — Relative errors given by the Gauss-Legendre rule applied to (2.7).

e=1.FE—-4 1,=12. 103560321358 a =b=1

n g=1 q=3 g=5 q="

4 55K -1 12E -1 17E -1 2TE -1
8 44F -1 14E -1 52K -2 31K -2
16 33E -1 22F -2 12E -2 48FE -4
32 20E -1 12E -3 32E -4 37K -4
64 35E -2 48E -6 21E-17 64F —8
128 1.1E -2 1.2E -10 1.7TE - 12 1.8E—-12

256 1.6E -3 — — —

termine the value of a. In this situation one can then set x =¢? in (2.8), obtaining
the new form

1
(2.9) 14=qu(tQ, €) f(t9) 1= 1dt .
0

This transformation leaves unchanged the interval of integration and it is a bit
less effective than the previous one. This is clearly shown by the following Tables
VIII-X, which refer to the cases considered in Tables V-VII, respectively. There-
fore the explicit evaluation of a turns out to be worthwhile.

A final variant of (2.1) is the corresponding «Gaussian» formula for Hadamard
finite part integrals, of the form

flx)
1 —

X

1 n A
(2.10) f—dv=uf)+ 3 T SEI R,
-1 i

where RIP(f) = 0 whenever f(x) is a polynomial of degree 2n. Notice that (2.9)

TABLE VI. — Relative errors given by the Gauss-Legendre rule applied to (2.7).

e=—1.E—2 I;,=5.6906262374672 a= —1,b =1

n q=1 q=2 q=3 q=4 q=38 q=12
11E -1 51K -3 25K -3 T0E -4 43E -4 bTE -4
14E -2 45E -6 12E -5 18E -6 50E -7 6.9E -8
16 14E -4 3.8E -8 1.1¥-10 62E-11 37E-13 10E-12
32 4.0E -8 — — — — —

00
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TABLE VII. — Relative errors given by the Gauss-Legendre rule applied to (2.7).

e=—-1E—-4 1,=10.339112542551 a= —1,b=1

n q= q=2 q=3 q=4 q="6 q=38 qg=12
47EF -1 14E-1 13KE-2 83E-3 82E-3 bH0E-3 1.7E -3
8 35E—-1 18E-2 45E-3 85E-4 18E—-4 12E-4 3.0E -5
16 22E-1 24E-3 b5E-5 13E-6 12E-9 64E-8 33E -9
32 11E-1 15E-5 11E-8 89E-11 5HOE-13 — —

64 24E-2 89E-10 — — — — —

128 31K -4 — — — — — —

256 25E-6 — — — — — —

[N

can be viewed as a Gauss-Radau rule associated with the weight function
The coefficient w, is given by the expression

1—x

n /1
wy=log2— > US
0 & i=11-§&;

For this rule we have the following result (see [23]).

Theorem 2. Let feC™([—1,1], m=1, with f”’”e[—]ﬂ[—l, 1] for some
O<u<1l. Then

(2.11) REE(f)=0(mn"""").
Our last basic quadrature rule refers to the evaluation of double integrals of

TABLE VIII. — Relative errors given by the Gauss-Legendre rule applied to (2.9).

e=1E—-—4a=b=1

n qg=1 q=2 q=3 q=4 q=5

4 55K —1 19E -1 34K -1 19E -1 18E -1
8 44F -1 12E -1 11E-1 95K -2 TAE -2
16 33E -1 T2E -2 13E -2 12K -2 2.1FE -4
32 20F -1 15E -2 4.0F -3 25K -4 1.8E -3
64 35E -2 24E —4 2TE -5 2.0E -5 6.3E —6
128 11E -2 20E -6 1.6E -8 9.7E - 10 11E -9

256 16E -3 70E —12 — — —
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TABLE IX. — Relative errors given by the Gauss-Legendre rule applied to (2.9).

e=—-1E—-2a=-1,b=1

n q= q=2 q=3
4 1.1E -1 84K —3 34K -3
8 14K -2 6.5FE —4 41K -4
16 14F — 4 6.6F —17 29K — 8
32 40F -8 42K —13 47K —13
the form
1Y
(2.12) [ [E@, o) f@, p) dedy,
00
where
(2.13) Ky, y) =y“Ku, 1), a=-1,
or
(2.14) K(uy, y) =logy + K(u, 1),

and both K(u, 1) and f(«x, y) are smooth functions, while K(x, y) is singular at
x =19y =0. Consider for example

K(OC, ?/) — (902 +y2)—1/2,

TABLE X. — Relative errors given by the Gauss-Legendre rule applied to (2.9).

n q=1 q=2 q=3 q=4 q=06

4 47E -1 T7E -2 15E -1 91F -2 49K -2
8 35K -1 6.8E — 2 26E -2 1.0E -2 14E -2
16 22E -1 49E -3 T6E —4 76E -5 35E -4

32 11K -1 6.3E — 6 h2E -1 50E -7 27K -7
64 24FE -2 26FE -8 15E -11 84FE —13 12E - 13
128 31E -4 — — — —

256 25E -6 — — — —
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and
K(x,y) =log|x +y| .

By introducing the very simple change of variable x =wuy, usually called
«Duffy transformation» (see [12]), we obtain

1 1
2.15) jy“”jl{(u, 1) fluy, y) dudy
0 0

or

1 1 1 1
(2.16) Jy logyjf(uy, y) dudy + JyJ'K(u, 1) fluy, y) dudy =: I + L,.
0 0 0 0

To compute (2.15) we use a Gauss-Legendre rule for the inner integral, and a
Gauss-Jacobi rule with weight % “*? for the outer. For the evaluation of I; we use
a Gauss-Legendre rule for the internal integral and (2.4) for the outer. Integral I,
can be computed by means of the product of two Gauss-Legendre rules or by «op-
timal» cubatures for the unit square, such as those reparted in [9].

3 - Evaluation of the elements of collocation and Galerkin matrices

In this section we consider those integrals which are required by collocation
and Galerkin methods, and whose evaluation cannot be performed efficiently by
means of Gaussian rules. In the collocation case, these are integrals which refer
to collocation points that are inside, or outside but close to, an element of integra-
tion. In the Galerkin case, they are double integrals refering either to the same
boundary element or to two consecutive ones (see however [11]).

Thus, first we examine the case of collocation integrals, assuming that the col-
location point belongs to the element of integration. Using the parametric repre-
sentation of the element, the integrals of interest to us can be written (see [3]) in
the form

1
3.1) jK(u, s) fw)du, sel0,1]
0

with

3.2) K(u, s) = log |u — s|Ky(u, s)
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or

(3.3) K(u, s) = M ,
u—Ss
where K,(u, s) is smooth and s is a parameter representing the collocation
point.
In the case of kernel (3.2) we can make use of relation (2.2), taking a function
@(t) which smooth the log singularity. For example, setting

u=q¢(t)=s+1t9,
q being an odd positive integer, we obtain

(1- S)llq

(3.4) q j K(s+1t9,s) f(s+t9) t9-1dt .

—sl

This integral is then evaluated using the Gauss-Legendre rule (2.1). This ap-
proach appears to be cheaper than the classical product rule for the log |u — s|
kernel (see [20]).

Remark 2. In the case of an integral equation defined on a curve given by a
parametric representation I'(u) = (y1(u), y»(%)), and with a log-kernel, the form
of this latter becomes

(3.5) k(u, s) log {[y 1(w) — y1(s)F + [y2(u) — y2(s)F},

where k(u, s) is smooth. In this situation there is no need to reduce (3.5) to the
form (3.2), by adding and subtracting log |« — s| to the above log factor, as done
in [3]. Indeed, one can introduce the proposed change of variable directly into the
original expression (3.5).

Kernel (3.3) gives rise to a Cauchy principal value integral (3.1) if se (0, 1),
and to a finite part integral when s = 0 or s = 1. In former case we rewrite (3.1) as
follows

S 1
Ky(u, s)
3.6 4+ 00 d
3.6) j SjE o flu) du

and apply rule (2.9) to each of the two (sub-)integrals. The composite formula is a
(2m + 1)-point rule which has degree of exactness 2#; thus it is of interpolatory
type and represents, at least in this case, a more convenient alternative to the
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classical product rule (see [21]). See also the formula proposed in Sect. 5 of that
paper. When s=0 or s=1 we apply (2.9) directly to the whole interval.

Next we consider the case of a collocation point that belongs to an element
which is consecutive to the element of integration and has the same parametric
representation functions. In this circumstance the kernel of integral (3.1) assumes
one of the following two forms

3.7 K(u, s) =log |u + as|Ky(u, s),
3.8) Ku, 5) = ot 8)
U+ as

where o denotes a positive constant, and as is supposed small; let us say
as <0.50).

In the case of (3.7) we proceed as for (3.2); in particular we introduce the
change of variable u = ¢(t) with

@) = —as+19,

and use the Gauss-Legendre rule. Notice that also this situation can be treated as
described in Remark 2.

The case of (3.8) is even simpler. Since K,(u, s) and f(u) are both defined also
in the element where the collocation point is lying, we rewrite the integral as
follows

1
JKo(u,S) fw) = Ky(—as, s) f(—as) QG+ Ky(—as, $) f(—as) log 1+as

0 U+ as
and then apply (2.1) to the integral above. Since the pole —as is outside the inter-
val of integration, no significant numerical cancellation is generated by the above
divided difference when it is evaluated at the Legendre points.

In the final case the collocation point is assumed lying on an element consecu-
tive to that of integration, but having a different parametrization. In this situation
the behaviour of the kernel around the corner is either of the type

3.9 log [(u — as)® + b?s?],

(1) Otherwise the integral can be evaluated efficiently by means of (2.1).



[13] A SIMPLE APPROACH TO COMPUTE INTEGRALS IN COLLOCATION... 203

or
(3.10) [(w—as)®+b%s?]7 12,

with a and b that can be easily determined (see [3]). Here too we are considering
the critical case, ie., |b|s very small, otherwise also these integrals can be effi-
ciently evaluated using (2.1) directly.

To compute these integrals we suggest to use the procedure we have proposed
in the previous section to evaluate I,. In particular we introduce into the expres-
sion of K(u, s) the change of variable we have proposed for the evaluation of I,.
Unless |b|, hence |b|s, is excessively small, in which case the use of product for-
mulas as those described in [3] appears to be more convenient. By excessively
small we mean |b|s=1075

In the case of integrals arising from the application of Galerkin boundary ele-
ment methods we basically follow the approach proposed at the end of the previ-
ous section to compute integrals over a reference triangle (2.12).

In particular, in the case of kernels (3.2), (3.7) and (3.9), that we denote in the
form k(t, s) Ky(t, s), we write

. . 1 s 11
[0 [Rtt, 9 Kott, ) g dras= [ [+ [ |
; g 00 05
1 1 1 1
= J‘Pj(s)fk(u, 1) Ky(us, s) ¢ ;(us) duds+f¢»i(t)fk(1,u) Ky(t, ut) ¢ ;(ut) dudt
0 0 ’ '

= ffF(u, s) duds,
00

where we have set
(B.11)  F(u, s)=¢ ;(s) k(u, 1) Ky(us, s) @ ;(us)+ ¢ ;(s) k(1, u) Ko(s, us) ¢ ;(us).

Hence we apply a product of two Gauss-Legendre rules or a (global) rule for the
unit square.

In the case of (3.10), k(%, 1) and k(1, u) have poles which are very close to the
interval of integration when the angle 6 between the left and the right tangents at
the corner (see [3]) is very close to 0 or s. In such a circumstance the approach
based on product rules, described in [3], can be more efficient.

Notice also that in practice there is no need to rewrite the kernel of the inte-
gral, that in the following we shall denote by K(t, s), in the form k(t, s) K,(t, s).
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Indeed, in (3.11) k(u, 1) Ky(us, s) and k(1, u) Ky(s, us) can be replaced by
K(us, s)/s and K(s, us)/s, respectively.

The treatment of the cases (3.2), (3.7) and (3.9) is very similar and follows
from relationship (2.14).

Also in the case of kernel (3.3) we essentially apply the previous procedure,
but with some modifications. First we write

1= [0 [ S
0 0

then we proceed as follows:

, 8)
S

¢ ;) dtds = ff-f- J}f:: I+ 1,
00 0s

Il:f‘“(s)fKO(t, s>¢i(t>t—_18(0<s,s>¢i<s> i d8+0f¢j (s)KO(s,sm(s)Of :_ts i
_ fgb 56 leO(us’ S)W?’:)__IKO(S’S)%(S) du ds— Jllogs¢j(s)K0(s, $) ¢ (s)ds,
i 0
. =Of¢j(s>st° (¢, 8)%(2:;{0(8’ 9P o +Of 56 K5, (S)_f i_ts s
_ f f(pj t K,(t, ut) ¢ i(t)l— _K;L(ut, ueut) o flog 599 (0 Koo ).
00 0

The expression that finally we propose to evaluate is

1_
: % 9,(5) ¢(s) Ko(s, ) ds

(3.12) I= f fG(u, s) duds + flog
00 0

where we have set

G(u, s)

= ¢ () K(us, s)p(us) — K(s, $)p (8)V/s + ¢ j(us)[K(s,us)¢p (s) — K(us, us)p (us)ls.

Since this function is smooth, we propose to approximate the double integral in
(3.12) by the product of two Gauss-Legendre rules, or by an optimal rule for the
unit square. The weakly singular integral in (3.12) can be evaluated using
2.4).



[15] A SIMPLE APPROACH TO COMPUTE INTEGRALS IN COLLOCATION... 205

4 - Test problems

The first example we consider is the computation of integrals of the
form

1
4.1) I=JE1(|u—s|)f(u)du, sel-1,11,

-1

where F,(t) is the exponential integral function (see [1]) and f(u) is generally a
smooth function, for example a polynomial. Here we will take f(u) = e". Integrals
of this type arise, for instance, in the solution of the linear transport equation in
slab geometry (see [20]).

An efficient procedure to compute these integrals, suggested in [20], is based
on the decomposition

4.2) Ei(t) =k, (t?) + thy(t) + log t,

where k; and k, are entire functions. In this case the quadrature rule used to com-
pute (4.1) requires the (fairly expensive) construction of two product rules based
on Gauss-Legendre nodes: one for the kernel log |u — s| and one for the kernel
|u—s|.

With our procedure we do not need to use (4.2), neither to construct special
product rules. We simply introduce in (4.1) the change of variable u =s+ 19, ¢
odd integer, and then approximate the corresponding integral by using our
Gauss-Legendre rule (2.1). Routines for the evaluation of £, (f) are easily avail-
able from many standard software libraries. Thus we have

(1-s)'
@3 I=q [ B0t ai=ql X AB (D0t e,

—(1+s)le
where
y=(1—s)+ (1+s)

and
1 1/ 1/
ni= E[V§i+(1_3) 7—(1+s)].

In Table XI we have reported some relative errors produced by this rule. The
reference value has been computed using (4.3) with n =256 and ¢ =29.
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TABLE XI. — Relative errors produced by rule (4.3).

I =2.45800813061196 s=0.5

n q=1 q=3 q=5 q="1 q="9
8 15E -1 1.6E —2 42E -4 89E —4 27E -3
16 39K -2 1.6E -3 54FE -5 26E -6 26FE —17

32 3TE -2 17E — 4 13E -6 93E -9 43E -10
64 99E -3 1.1E -6 22E -9 1.7E -10 —
128 94E -3 41E -6 20E-9 50E —13 —
256 25E -3 32E -7 5TE -11 — —

The second example refers to a classical weakly singular integral equation of
the second kind, that for simplicity we take of the form

1
(4.4) z(y)+jlog|y—x|z(x)dx=1, ~1<ys<1.

-1

We consider this equation defined on [-1,1], but our numerical procedure would
performe equally well also in the case of a curvilinear domain.

The solution z(x) of this equation is analytic in (-1,1), but not at the endpoints
+1 where it has a singular behaviour of the form (1 = x)log (1 = x). An efficient
method to solve (4.3), recently proposed in [25], suggests to introduce prelimi-
narly the change of variable

y=¢(s), x=¢(u)

where ¢ is defined by (2.3) with p; = p, = p. This has the effect of transforming
(4.3) into the new equation

1
v(s)+ [log|p(s) = p(w) ¢ () vw) du=¢'(s), —1<s<1,
-1

where the new unknown v(u) = z(¢(u)) ¢’ (u) can be made arbitrarily smooth at
+1, by taking the integer p sufficiently large. At this point a classical collocation
method can be applied, setting

N-1
v(u) =vy(u) = IEO e Pr(u),



[17] A SIMPLE APPROACH TO COMPUTE INTEGRALS IN COLLOCATION... 207

where P)(u) denotes the Legendre polynomial of degree k, and taking as colloca-
tion points the N zeros of Py(s).
The entries of the final linear system one has to solve are of the form

1
(4.5) o' (s) jlog |p(s;) — p(u) |Pp(u) du, k=0,..,N—1.
-1

To compute these integrals we simply set
u=s;+1t9, q odd integer ,

and apply the n-point Gauss-Legendre rule (2.1) to the resulting form. In our case
(4.4), taking as in [25] n = 2N, and setting, for example, p = 5 and ¢ = 9, we obtain
for vy the same accuracy that the method proposed in [25] gives for the same
value of p. But in that method the rule used to compute the quantities (4.4) is
more expensive. Incidentally we remark that special care must be taken when
|p(s) — ¢p(s +t9)| is excessively small; instead of computing the corresponding
log term we can neglet it, since it ought to be multiplied by the factor t7~ 1.

The third example we consider the following Dirichlet problem for the Laplace

3

-3 1 T 1 T T

-3 -2 -1 0 1 2 3

Figure 1 - Domain of Example 3.
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Flux
N ————— Analytical
6 2o Numerical Approximation

0 4 8 12 16 20
Length of I

Figure 2 - Analytical gradient and the behaviour of the approximated flux on 7.

equation

{Vzuzo in Q

U = Uy on I'.

This equation stands for many physical problems, such as a steady-state heat con-
duction, fluid flou in porous media, potential of electrostatic field and more. Fig-
ure 1 shows the domain employed, the boundary I" is parameterised by

y(t) = ((2 + cos 3t) cost,(2 + cos 3t) sint) te (0, 2m).
The potential distribution over the domain is the harmonic function in h?
w(zx, y) =log[(x — 47+ (y — 412 + 2% — y2.

The boundary condition provided every where is the potential, with the normal
gradients as unknowns. The solution can be obtained applaying the Galerkin



[19] A SIMPLE APPROACH TO COMPUTE INTEGRALS IN COLLOCATION... 209

BEM to following integral equation

wy) dly) wel

1 _ [ 9K, y)
(4.1) Eu(oc)—er(m,y)q(y)dF(y) t 5

r

is the fundamental solution of

where the function K(x, y):= i log

2 |z —y| Su
Laplace’s equation in a two-dimensional isotropic domain, q(y): = S0 and n is
the unit outward normal vector of I'. Figure 2 shows the analytical gradient and
the behaviour of the approximated flux on I, obtained with a uniform decomposi-
tion of the interval (0, 27) in 32 elemets and using shape functions of degree
p = 1. Figure 3 shows the behaviour of the relative error obtained with a uniform
decomposition of the boundary in 32 elements and using shape functions of de-
gree p=1 and p=2.

1
| | |
L | N}
\ Tt
L ,v
o "
i \\ E )"\
1/ A& o 7N R |
4 01 S = %
o . ‘\ {_} [l = /’ A'I /’ —
= i T A4
() I v AT v VA
() N NN v L=
~ L
% HREN s o0 ~ L
[} I o '
©  0.01 Qo -
: S ——r
ot i
17 ' ‘
O
& v &
0001 T ! T "[ T I T 1 T 1
0 4 8 12 16 20
Length of T"

Figure 3 - Relative errors on the boundary of Example 3.
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B, U, C,
1 C
B, 2
Fs u, G,
0.75 F1 Gz
uo 05 ] uo uo uo
0.25 — E, H;
E, u, H,
A,
0 T T T D,
0 0.25 05 0.75 1
9,

Figure 4 - Domain of Example 4 and boundary conditions.

L— o— p=1 n=4]

1E-004
. @ i L o
o \ &
© \ / \ 7 \ /
2 1E-005 — o e
% x —
© : /
o — 7
LV <
1E-006 T I I T I
0 0.2 0.4 0.6 0.8

Figure 5 - Relative error on the side AD of Example 4.

[20]
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TABLE XII. — Nodal fluxes at the endpoints of each side of the domain of the Example 4.

Point Exact p=3 p=4 p=>5

A, —3.1416 —3.1341 —3.1431 —3.1415
B; —36.4172 —36.2917 —36.4101 —36.4167
B, 0.0 0.1 0.01 0.0001
C, 0.0 0.1 0.01 0.0001
C, —36.4172 —36.2917 —36.4101 —36.4167
D, —3.1416 —3.1341 —3.1431 —3.1415
E, 1.9297 1.9298 1.9297 1.9297
E, 2.9425 2.9420 2.9426 2.9425
F, 11.8242 11.8203 11.8241 11.8242
F, —11.6136 —11.6082 —11.6137 —11.6136
Gy —11.6136 —11.6082 —11.6137 —11.6136
G, 11.8242 11.8203 11.8241 11.8242
H, 2.9425 2.9420 2.9426 2.9425
H, 1.9297 1.9298 1.9297 1.9297

In this final example we consider the Dirichlet-Neumann problem for the
Laplace equation

VZu =0 in
U= U on I',
ou

— =q=¢qy on [,
on

where Q is a bounded domain in R? shown in Figure 4 with boundary I'=T', U I,
and we choose as boundary data

uy(x, y) =sinaxrcoshay on I’y

a’uo

— on .
on ?

q(x, y) =

The function %, is harmonic, it also serves as a reference analytical solution. The
solution can be obtained applying the Galerkin BEM as in the Example 3. The
unknowns of our equation (4.1) are therefore the potential u on the side AD and
the flux ¢ on the remaining part of the countour. In a corner point, e.g., B with the
potential prescribed over both elements forming the corner, the potential is
approximated by continous elements while the flux should have a jump at B.
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Hence two unknown fluxes (g2, g%) and one known potential uy are associated
with this node. In Figure 4 the numbers 1 and 2 attached to letter e.g., B; and B,
associated the vertex denoted by the letter B with the left side (B;) and the right
side (B,), respectively. Table 12 contains analytical results compared with the
results produced by p —version of the Galerkin BEM, with local polynomial
degree p =3, 4, 5, at the endpoints of each side of the domain. Figure 5 shows
the behaviour of the relative error on I', obtained by using local Lagrange basis
of degree p =3 on a uniform decomposition (7 =4) of the side AD.
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Abstract

In this paper we consider all difficult integrals required by collocation and Galerkin

BEMs, when these are applied to weakly singular and singular 1D integral equations. In
particular we show that they can be evaluated very efficiently by using very simple
quadrature formulas. Several numerical examples are presented.



