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PaoLo DE BARTOLOMEIS (¥)

Complex Casson invariants (**)

1 - Introduction

The methods and the techniques of gauge theory are widely recognized as one
of the main achievements in the theory of 4-manifolds over the last two decades,
yielding a vast range of fundamental results, which have shed a new light on
topology and geometry in dimension 3 and 4: just recall Donaldson theory (see
e.g. [8]) and Seiberg-Witten theory (see [9] for an excellent overview).

The extension to higher dimension appears as a quite demanding challenge
running through the research by many mathematicians in the quest for new
invariants.

The goal of the present paper is to echo, discuss, and explain some of the at-
tempts to define, via gauge theory, a Casson-like invariant for complex manifolds
(see [12], [6], [11]).

One of the basic settings is the description of moduli spaces of bundle complex
structures stemming from [5].

Note that we dare to insist (cf. [4]) with an «irregular» terminology: «com-
plex» instead «almost-complex», «holomorphic» instead of «complex», «Hermi-
tian» instead of «almost-Hermitian» ete...

2 - Real Casson invariants

We begin by quickly reviewing the geometric construction of Casson Invari-
ants (see [2], [1]).

(*) Dip. di Matem. Appl. «G. Sansone», Universita, Via Santa Marta 3, 50139 Firenze,
Ttaly.
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Let M be a compact oriented 3-manifold; it is well known that M is paralleliz-
able and so, for any Riemannian metric g on M, the principal SO(3)-bundle of ori-
ented orthonormal frames on M, SO,(M), is trivial and so we can work with its
SU(2)-covering P.

To simplify the situation, assume M has the homology of S3. Roughly speak-
ing, the Casson invariant counts the conjugacy classes of irreducible representa-
tions of s;(M) into SU(2).

Let feC*(M,[0, 3]) be a self-indexing Morse-Smale function; consider the
corresponding Heegaard splitting:

oot w3 ()

therefore, ¥ is a genus y surface and M_ =M, is a standard y-handlebody;

set:

M, ::fl([o, %D, M, :=f1([g,3]), My =M, NMy=3x [g,

RN

for k=0,1, 2, let:
ny, := {conjugacy classes of repr. of i (M;) into SU(2)}

= Hom (7,(M,), SU(2)) JAd(SU(2))

my = {peny|¢ is irreducible}
now:

1) m{(M;) =7,(M,) is a free group with y generators; therefore

m; =, = ];[SU(Z)/Ad(SU@))

2) mi(My) =m(2) = {[al, by, ..., a,, by] |a1b1a1’1bfl...aybyayflbyfl — 1}
and so:

m,=6"1(1)/Ad(SU(2))
with

6: ];/[SU(Z)—>SU(2), 6(ar, by, ..., @y, b)) =arbyag by e, by a, D!
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consider on the m’s the induced structure; we have:

for k=1, 2, the inclusion j,: M,— M, induces an embedding j/*: 11, — 1y; the
my’s are all equipped with an orientation; in fact:

a) given an orientation on X, H'(Z, R) has an intrinsic symplectic structure:

if [a],[fle H'(Z, R), then:

1ol 8D = [aNB

)

is a symplectic form (1 is the middle dimension and 7([a], [+ a]) > 0!), so an orien-
tation is induced on H'(Z, R);

b) since, for k=1, 2, M, is an handlebody, we have:

0—>H' (M, R)SH (=, R)

from Stokes’ theorem it follows that: j;* (H'(M,, R)) is a Lagrangian subspace of
H'(Z,R) and

(La), [BY) = [ (@) Aj#B)
z

is a duality between H'(M;, R) and H'(M,, R); therefore, the choice of an orien-
tation on H'(M;, R) produces an orientation on H?(M,, R), giving back the ori-
entation on H'(Z, R);

¢) a choice of a basis for H'(M,, R) (consistent with the chosen orientation)
identifies Hom (7t {(M;), SU(2)) with [ISU(2); this fact and a fixed orientation
Y

on SU(2) determine an orientation on 1, (and on my);

d) let X,:=X—pt; a choice of a basis for H'(Z, R) identifies
Hom (7,(Z,), SU(2)) with [[SU(2): this orients m,.
2y

Set:

k=i (my) N jg*(my) = Hom (7, (M), SU(2)) JAd(SU(2))
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and
1 K =g () Njst ()
finally define:
2O = 2 S (~ 1y
ek

according with a choice of orientation as in a + d.

We have:

Theorem 2.1. A(M) (which is called the Casson invariant of M) depends
only on M and its orientation.

We can immediately establish a bridge with the holonomy theory of connec-
tions.

Let 3’*(2) be /‘Ehe moduli space of simple flat connections on P|x (see next see-
tion); therefore F(X) is a finite dimensional manifold with an intrinsic symplectic
structure:

na, B) = [tr(a AP

)
set:
L* = {[w]e F(Z) |w extends as flat connmection on M. }
then L~ are Lagrangian submanifolds of J‘”(Z),
2 L*NL =k

is the moduli space of simple flat connections on M and A(M) is the intersection
index of L, and L_.

Recall that, for a general principal G-bundle z: P— M, if M denotes the uni-
versal covering of M, we have:

{o: m,(M)—>G|P=Mx,G} < {flat connections on P}

in fact:

—: just extend to P the natural flat connection on M
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< the parallel displacement gives a representation ¢: 7,(M) — G whose im-
age is the holonomy group of P and P =M X, G@.

In our special case, the assumption P = M X,SU(2) is automatically satis-
fied.

As we shall see in the next section, the relations between Casson invariants
and gauge theory are much deeper.

3 - Moduli spaces of connections

We briefly recall some general facts (see [3] for more).

Let w: P— M be a principal G-bundle over a compact Riemannian manifold
(M, g) and let v be a Riemannian structure on its adjoint bundle @ := P X, q; let
G(P) :={peDiff (P)|mop = ¢, ¢ is G-equivariant} be the gauge group of P;
let V be an R-vector space and let o: G—Aut (V) be any representation: recall
that

TJP(P,V,0):={ae NP(P,V)|a is G-equivariant and horizontal}

let TP(P, V, o) be the bundle whose sections are the elements of J?(P, V, 0);
C(P) denotes the space of connection forms on P: it is an infinite dimensional
affine space having J'(P, q, ad) as space of translations.

We recall also that the Yang-Mills functional

YM: C(P)—R"

is defined as:
1 2
YM(w) := 5 J |2, ]"du(g)
M

we have that:

YM '[0)(@) = [(D,a, 2,) du(g)
M

and so the Euler-Lagrange equation associated to YM is D*Q ,=0 and its
solutions are called YM-connections. In the case dimy = 4 there are special YM-
connections: the so called istantons, ie. the elements we C(P) satisfying
Q,=*=x8Q ; they represent absolute minima for YM;
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set:
G (P) := LZ-completion of G(P)
JE(P, q) := LZ-completion of J?(P, g, ad)(with respect to g®y);
fixing w e C(P), define
CP)=wy+ TP, g)
therefore, if Q is the curvature map, we have:

Q:C(P)—>J,_1(P, q) and Q.[lw]:a—D,a

G¢1+1 acts smoothly on the right on C,(P); this action is not effective, in
fact:

fro—o for every we G(P) « feC(G)c G, 1(P)

(C(G) being the center of G); therefore, if we set G¥, {(P) := G, 1(P) /C(G), then
GE, 1(P) acts effectively on C,(P); we have:

Proposition 3.1. Let we C,(P) then the following facts are equivalent:
a) D,: T (P, q) > TP, q) has a non trivial kernel;

b) w is a fixed point for some fe GE (P).

Definition 3.2. we C,(P) is said to be simple if a (or b) of previous propo-
sition does mot hold.

Set
C,(P) :={we C(P)|o is simple}
thus G¥,1(P) acts freely on C,(P); note that, for any w e C,(P), we have:
T,(Gf 1 (P)w) =D,T . 1(P, g).
We have the following

Proposition 3.3 (slice theorem). Let w e @S(P); then, there exists a nbd
Vof wgin wy+ KerD3, such that U:= G*,,(P) V is a nbd of o in Cy(P) dif-
feomorphic to V x G¥, (P); more precisely, there exists a smooth map
o: U— G¥, 1(P) such that:
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a) for every welU, olw)weV;
b) 2: U=V x G¥ 1(P) given by

() = (0(w) o, o(w))

is a ¥, | (P)-equivariant diffeomorphism (where G¥, (P) acts on the right on
VX G (P) as g(w, )= (0,97 "))

Therefore, we have:

Theorem 3.4.

DM,(P) := C,(P) /G, (P)

is a Hilbert manifold and /@\S(P)—>§1)V?S(P) 18 a principal GE, ((P)-bundle; if
w e C,(P), then TV (P) can be identified with {ae TP, q) |DEa=0}.

From now on, to simplify our notations, we shall drop the subscript s.
Coming back to the 3-dimensional case, consider the Chern-Simons functional
CS:C(P)—>R/Z

CS(w) := J’ tr(a)/\Qw— %a)/\[w, ]
a(M)

(where o is any section of P =S80,(M )); we have: CS: EﬁE(P) —R/Z ie. it is de-
fined on a Z-covering of Ii(P); moreover:

CS'[w)(a) = jtr(a/\gw)
M

clearly CS’ defines a closed 1-form y on (P) and the zeroes of y correspond to
the equivalence classes of flat connections on P.
Now

CS'[wl(@) = [(a, 2,) du(g)
M
and = Q, descends to a vector field £ on kﬁﬁ(P).

& can be thought as the gradient vector field of CS.

We are now in position to mimic the finite dimensional theory; Recall that, if N
is a compact differentiable manifold and & is a vector field, then we can assume
that, possibly after a perturbation, £ has non degenerate zeroes, i.e., as section of
TN, it intersects the zero section transversally; the zero section defines horizontal
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subspaces along itself and thus a covariant differentiation V; we have:
A(N)= > sign det(VE)p).
&p)=0

For every we C(P) define:
o Llw]eEnds(T,C(P)) as Llol(a) =+ D,a

o (V&)lw] eEndS(T[w]EFITVE(P)) as (VO[wl(a) :=+D,a—D,t(a) where
ta)e TUP, 3u(2), ad) satisfies 4 ,t(a) = = (2, A\ a).

We have the following

Theorem 8.5. Let we C(P) be a smooth, simple connection; then (V&) w]
defines a closed, essentially selfadjoint Fredholm operator; its eigenvectors form
a complete orthonormal basis of Tj,WUP) and the eigenvalues form a discrete
subset of the real line, with no accumulation points and unbounded in both di-
rections; each eigenvalue has finite multiplicity, and so, in particular,
Ker(VE)[w] is finite dimensional.

Definition 3.6. A nondegenerate zero of & is an equivalence class of flat
connections [w] such that 0¢sp (VE)[w]).
We have:

Lemma 3.7. A nondegenerate zero of & is isolated

and

Theorem 3.8 (C. H. Taubes [10]).

1
28 == > sign (det(VE[w])
2 E&lw]) =0

is well defined and depends only on M; x(§) can be thought as the Euler charac-
tevistic of VUP), thus call it x(VAP)). Moreover we have:

2 (M(P)) = A(M).

The proof of thm. (3.8) evokes the so called «standard elliptic theory» and it is
based on the key point that the complexes which are involved are elliptic and on
the possibility to build up an efficient deformation/perturbation procedure.

Recall that the integral curves of the gradient vector field £ of CS connecting
different critical points give a chain complex: the famous Floer’s complex (see [7]).
The resulting homology groups are independent of the metric g on M and are for-
mally the homology groups of D(P) in «semi-infinite dimensions».
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Consider a curve w: S'— C(P) and setting P :=p;*(P), where p;: M x S?
— M is the natural projection, interpret w as o e C(P) simply defining w[(u, t)]
:= w(t)[u]; consider in M x S the product metric g + dt ® dt and the Hodge op-
erator #; then we have:

d
Q:=Q,+ —o)dt
dt
and so
B d
Q=+ 5Q, < Ew(t) =09,

i.e. the gradient flow equation for CS coincides with the YM-instanton equation in
M x S*,

4 - Moduli spaces of bundle complex structures

The first step in order to extend the previous constructions to the complex
case is to study the moduli space of bundle complex structures; the theory of sta-
bility as developed in [5] enables us to describe it as a suitable moduli space of
connections, making therefore the tools of gauge theory fully available.

Let (M, Jy) be a n-dimensional complex manifold.

Definition 4.1. A complex vector bundle (E, J) of (complex) rank r over M
is a real vector bundle E of rank 2r over M equipped with a section J of End (E)
such that J%= — idy.

Given a complex vector bundle £ of rank r, we can consider the principal
GL(r, C)-bundle C(E) of complex linear frames on E'; thus:

E = C(E) Xgrr, o) R®"

where GL(r, C) acts on R®" via o: GL(r, C) —>GL(2r, R), the standard real
representation.

Definition 4.2. Let (F, J ) be a complex vector bundle of rank r over the
complex manafold (M, Jy);

1) a bundle complex structure (bues) on C(E) is a complex structure J on
C(E) such that:
(a) the bundle projection 7 :C(E)—M is (J, Jy)-holomorphic;
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(b) J induces the standard integrable complex structure Jg on the fi-
bres;
(¢) GL(r, C) acts J-holomorphically on C(E).
B(C(E)) will denote the set of bucs on C(E);

2) let Je B(C(E)); then J is said to be simple if any J-holomorphic endo-
morphism of E is of the form Aidg, with 1€ C* (M), satisfying Iy A = 0.
B(C(E)) will denote the set of simple bucs on C(E).

G(C(E)) acts in a natural way on the right on $(C(E)) and B(C(E)): given
ye G(C(E)) and J e B(C(E)), we define

yED) =yt e d oy,
The object we are interested in is therefore:

R(E) := B(CE))/G*(CE)).

Again, we have to make a massive use of connections (see [5] for details and
proofs).

Lemma 4.3. Let Je B(CE)) and let we C(CE)); then
0w Ve TOHCOE), gl(r, C), ad)
and consequently:
o VeC(CR)).
Proposition 4.4. Given we C(C(E)), there exists a unique J e B(C(E))
for which w is of type (1, 0); this J is given by the formula:

Jul(X) = (2™ oy 0 X P) + Tg[ul(X )

i.e. J is obtained considering the standard structure on the fibre (vertical compo-
nent) and Jy on the w-horizontal component.

Therefore, we have just constructed a surjective map y:C(C(E))— B(C(E));
it is easy to check that y is §(C(E))-equivariant.

Definition 4.5. Given Je B(C(E)), we set:

CyUCE)) =y ()
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i.e. CYO(C(E)) is the set of all connection 1-forms in C(E) that are of type (1, 0)
with respect to J.

We have now the following
Proposition 4.6. Let Je B(C(E)) and let we Cy°(C(E)); then:
D)= 9,
and consequently
D,: T°(C(E))— T(CE))
splits as
D,=38,+3,
where 3, := (D,)"°; more in general, we have that
D,: TP I(CE))— TP 1T (C(R))
decomposes as

Dw:AJ+ Qw—i—éJ—i—ZJ.

Proposition 4.7. Let Je B(C(E)) and let we CYy°(C(E)); then:
NJZAwoNJMoJ'[* +4(.Q?U’2)*
(where A, 1is the horizontal lLift with respect to w).

Let Je B(C(E)), assume a Hermitian structure & is assigned on E and let
U, (E) be the principal U(r)-bundle of h-unitary frames on £; we have the follow-
ing basic result:

Proposition 4.8. There exists a unique connection wj,e C(U,(E)) such
that its extension to C(C(E)) is of type (1,0) (in other words C¥°(C(E))
NC(U,(E)) consists of a single element); we have:

= h_laJh
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where h: C(E)— GL(r, C) 1s defined as

h(u) =g (u*(h))
w;, 18 called the canonical Hermitian connection.

Note that the uniqueness stems from the relation () Niu(r) = 0; we have
also that the projections

p1: T (UL (E), u(r), ad) = T+ (C(R), gl(r, C), ad)
and

pe: T (UL (E), u(r), ad) — T (C(R), gl(r, C), ad)
are both injective and, given ae J(U,(E), u(r), ad), we have:

1 1

a= — (al,O _ (al’o)#) —— (ao,l _ (ao,l)#)
2 2

where, #:J°(C(E), gl(r, C), ad) — T°(C(E), gl(r, C), ad) is defined by the

relation

s#(u) := k" (w) s(u) h(u)

and extends naturally to positive degree forms.
Therefore we have:

Corollary 4.9. There is a one-to-one correspondence between the set
B(C(E)) of bucs on C(E) and the affine space C(U,(E)) of connections on
U, (E).

The one-to-one correspondence between B(C(E)) and C(U,(E)) induces a
right action of G§(C(E)) on C(U,(E)); more precisely, we have the follow-
ing

Proposition 4.10. G(C(E)) acts on the right on C(U,(E)) in the follow-
ing way: for ye G(C(E)) such that y(u)=up(u) and we C(U,(E)), we
have:

3) y¥ () i=w+p*3,p*) 1 +p13,p

this action corresponds to the natural action of B(CE)) on B(C(E)) via the bi-
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jection B(C(E)) <= C(U,(E)); moreover, if ye G(U,(E)) then

yE=y*
and so (3) extends the standard action of S(U,(E)) and G(C(E)) can be viewed
as the complexification of G(U,(E)).

Remark 4.11. a) The action of S(C(E)) on C(U,(E)) can be described
also in the following way: let y € G(C(E)) such that y(u) = up(u) and let k such
that & = h(pp*)~'; therefore

y: Uy (&) = Up(E)
let we C(U,(E)) and let J:=y(w) be the corresponding bucs (and so w
=1718,h); let w), =k ' 3,k; therefore we have:
Y4 (o) =y*(wy)
b) it is easy to check that B(C(E)) corresponds to C(U,(E)) and so:
R(E) = C(U,(E))/G*(C(E))

this, of course, is mot a moduli space of comnections, so we mneed further
investigations.

From now on, let (M, J3;, g) be a compact n-dimensional Hermitian manifold
with Kihler form x normalized in such a way that dx"~!1=0;
given we C(U,(E)), set:
K}l :=4,.0QL1 (contraction with x)
o, =trK!'!
deg (E) := fcl(E’)/\K"‘1 = . J%ﬂ”

2 ideg ()

H,=Ky'- ————1.
" Vol (M)

If dx"~2=0, we have:

YM(w) = - %C}@(E).[I(ﬂﬂ_{_ g(cl(E)_[Kn—l])z
“4) .
0,212 _.n - 2 n
+2J|9w |K+2f|H(U|K,
M M

First of all, we have a standard Hermitian structure on J} := (U, (E), u(r), ad);
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in fact: let a, Be T}, a=a*(u)Qa, B=a*V)RD, for u, ve N'(M), a, be T; set:
1
(a, B) = — Eg(,u, v) trab

and
1
(@)= — [(a, py&*
n.
M

moreover, set:
Ja=a*(Jyu)@a
therefore:

<JOL, ﬁ> == <(X, Jﬂ>

and, consequently:

Ja, p) =~ (a, JB)

clearly (,) and /f extend to T} and so (J7}, J,(,)) is a Hermitian vector space; note
that, if ae I3, then

Ja=1ia""—ia®! and  Jalul(X) = a[u](Y)

where 7. [u](Y) =Jy 7. [u](X); moreover

Qa, )= Qa, p) = [trla AP AR,
M

Clearly, j and Q extend to the Sobolev LZ2-complection V:= JL(U,(E), u(v), ad)
of J} and, in particular, @ represents a symplectic form on V.

d
Let {w;} _.<:;<. be a curve in C(U,(£)) such that w (= w and (—a)t)
= a; therefore =0

d _
(—Hwt) — i@ -5 a=—(DFoYa.
de lt=0

Consider the map:

l[l: wHHU)
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we have: for any Xe 9, we C(U,(E)), aeT,C(U,(E)):
(X, dulw)(a)) = (X, =D} Ja) = (JD,X, a) = Q(X*(w), a)

ie. u is a momentum map; of course u induces a momentum map on
C(UL(E)).
Let

E(UWE)) := {we C(U,(B)) |H,=0}
we have the following:

Proposition 4.12.

8(E) = 8(U(E)) / S*(U,(E))

18 an nfinite dimensional symplectic manifold; in particular, given [w]
e 8§(U,(E)) we have:

Tiy 6 (UL (E)) = Ker D N JKer D = {ae T} | 35a® =0}

and thus T[w]é( U,(E)) is J-invariant and so ((NS’(E'), J) is an infinite dimension-
al complex manifold.

Now

Proposition 4.13. The natural map
ji 8(B) — K(E)
is an embedding.
Proof. Letwe &(U,(E)) and y e §*(C(E)) such that y e &(U,(E)); thus,

if y(u) = up(u) and k := h(pp*)~", then h and k are Hermite-Einstein structures
with respect to w; by uniqueness, =k and so ye §*(U,(E)). =

Recall now the following

Theorem 4.14 (PdB-G. Tian [5]). Let (M, J, g) be a compact n-dimension-
al Hermitian manifold whose Kdhler form n satisfies 3,,0yn" 1= 0; let (E, J)
be a complex vector bundle of rankr over M and let J € B(C(E)) such that E is
J-stable; then there exists a unique (up to homotheties) Hermitian structure h
on E satisfying the Hermite-Einstein condition H,, = 0.
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Recall also that stability is a generic condition; therefore we have:
Proposition 4.15. The image of j is dense in K(E).

Proof. As a consequence of (4.14), we have that g*(C(E))g(Uh(E)) dense
in @(Uh(E); moreover:

G*(CE)) 8(UL(E)) [ G*(C(E)) = 8(U(E)) /G*(Uy(E)) =
we can set the following

Definition 4.16. It is natural to call é(E) the sound moduli space of buecs
on E; an element [w] e () is called an (equivalence class of) E-holomorphic
connection(s) if it satisfies Q%%=0;
set:

WE) = {[o] e 8§E)|2%2=0}.

It is clear that, if J),; is integrable, then E-holomorphic connections correspond to
integrable bucs.

The complex counterpart of the topological triviality of the tangent bundle of
oriented 3-manifolds is represented by Calabi-Yau manifolds, i.e. Kdhler n-mani-

folds (M, k) equipped with a holomorphic (n, 0)-form ¢, satisfying e /A€
K'YL

n!
In any CY w-manifold (M, K, €), we can define

. 0, 0,n—
s.0 AVP— A p

by means of the relation a A =, a = |a|25 and so #,a= *(a/e); note that

(xea, B) = (a,*.p)

if n=4, then a e A%2(M) is said to be complex asd (resp. sd) w. r. to e if *,a =
—a (resp. *,a=a); set

AN%2(e) :i={ae A" 2(M) | *,a = +a}
4
since the condition e AT = % defines € up to A € U(1), complex asd and complex

sd interchange simply passing from e to —e: the special elements in C(U,(E))
are therefore the eigenvectors of =,: given such a connection, ¢ can be always nor-
malized in such a way the corresponding eigenvalue is 1.
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Consider a Calabi-Yau 3-fold (M, k, ¢) and set, with some abuse of nota-
tion:

ceS(w]) := Jtr(gw/\w— %w/\[w, ol Ae

M

this is a multivalued function defined on a covering space of &(E) with covering
group at most H*(M, 7); we have

3,CCS =0

and

3,CCSwl@) = [tr(@y* A Ae
M

5)
= Jtr(ao’l/\ *(#(R%%Ne)) = f(ao’l,*39%2>dﬂ(9).
M M

The complex gradient vector field of CCS at [w]is given by #, 2% 2 and the ze-
roes of #,Qw"? (i.e. the elements of \W(E)) are the equivalence classes of holo-
morphic bundles of a fixed topological type over M and «counting» them will con-
jecturally yield an invariant which represents the complex counterpart of the Cas-
son invariant; the ellipticity still holds as in the real case, but, in order to produce
a rigorous definition, we must handle with some care the perturbation/deforma-
tion theory and this is not yet entirely available.

If [w] e 8(E) satisfies 2%2=0 then

”Qw“Z: — C’hz(E).[K]n—2+ g(cl(E)'[K]n_l)Z

(cf. also in the following) and this ensures the compactness of the moduli
space.

Consider now a map w :T2—>§(Uh(E)); again setting P := p;*(P), where
p1: M x T2 — M is the natural projection, interpret w as @ e C(P) simply defining
ol(u, 2)] := w(z)[ul; consider, in M x T?, ¢ = ¢ Adz; we have:

0,=0,+ 2 at 22 az
oz 0z
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and so
0,1 Q%2 _ .002
©) (8_(0) =i*sQ?U’2©{ @ o 00,
9z H-=0.
These equations make sense in any CY 4-fold and they are called SU(4)-istanton
equations.
We have:

SU(4) = Spin (6) —s Spin (7)
and the Spin (7)-representation splits as
N(M)=ADB
restricting to SU(4) we have:
B=Rx® A% 2(e)

and so the SU(4)-instanton equations correspond to the vanishing of the B-com-
ponent for Spin (7)-connections and so they make sense for any Spin (7)-struc-
ture, i.e. for any Riemannian 8-manifold with holonomy c Spin (7).
SU(4)-istantons fit, as a special case, in a much more general theory: 5-anti-
selfduality (-asd) ([11]), which will be the object of next section.
We want to show first two things:

a) we have the following picture:

1) In the Real Case: Geometric Definition of Casson invariant <> Definition
via Gauge Theory

2) In the Complex Case: Definition via Gauge Theory — Conjectural Geomet-
ric Definition ([6]).

Let us explain a little bit more about the last arrow; a possible way to recon-
struct, in the complex case, the Heegaard splitting situation is the following: let >
be a Calabi-Yau surface; let M = be two Calabi-Yau 3-folds such that > is embed-
ded in M * as the zero set of a section of the anticanonical bundle K,;}; consider
My=M " UsM ~; then we can find (mod obstructions) a deformation {M,} of M,
with M; smooth for ¢ # 0; more precisely, locally around X, we can perform the
following construction (and then extend): let v . be the normal bundle of Xc M *;
consider p=v , @v _—23; then p*(v.) has a tautological section o . ; for any
holomorphic section € of v , @ v _, the equation ¢ , 0 _ = ¢ cuts out a 3-dimension-
al subvariety V, of v . @v _ (and, of course M,=Vy); if ¢ has transverse zeroes
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giving a smooth curve Z in X, then V, is smooth: for such an ¢ we can set
M, :=V,.

Now, a holomorphic bundle over M, is given by a pair of bundles E * over M *
which are isomorphic over X; let 6 s A*°(Z) be a never vanishing holomorphic
(2, 0)-form; let £ — X be a complex vector bundle and extend it to M *; Ws(F) is
a complex symplectic manifold:

dlol(a, B) := ja/\ﬁ/\ez.

b))

Set:
L=(E) = {lo]le Ws(B) |[w] € Wy (E)}
then:
W, (B) = {([o , ],[w 1) € Wy + (E) x Wy (B) [ ]=[w_] on X}
therefore (cf. (1) and (2)):
Wy, (B) =L (E)NL ™ (E).
We have the following ansatz

L*(E)NL (E)= tlirr(l)WMr(E)
i.e. the intersections points L * (E) N L ~ (E) appears as the limit of the “W(E) on
the Calabi-Yau manifold M; as the complex structure degenerates.

b) We want to show that, in some sense, the previous version of Casson In-
variant Theory cannot be further extended; in fact, assume M is a real n-dimen-
sional manifold and let 7 € A"~ 3(M), dy = 0 and let (E, h) — M be a rank r, Her-
mitian bundle; consider:

GCS(Jw]) := ftr(Qv,Aw— %w/\[w, ol| A7y

M

defined on a suitable covering of EiTVE(C(E)); then:

GCS ' [o](a) = jtr(gw/\a) An
M
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the induced linearized complex is essentially

) A5 AT LS AT S AT

equivalently, considering a curve w : S'— ij(C(E’) ), in the same notations as be-
fore, we have:

Qu=—%(LQ:N\n)

0
dw
— Anp=—%Q,
© a T
dw
_ = — _Qw/\
% # ( n)

the system (8) reduces to a single equation if and only if the map a— = (a A7) is
invertible (and this is also equivalent to the ellipticity of (7)); it is well known that
this corresponds to the fact that =% induces a non degenerate cross-product
R" x R"—R" and this is possible if and only if n =3, 7.

n=3,n=11is the standard case, n =7 corresponds to Spin (7)-manifolds, with
Go-manifolds as a special case.

5 - p-antiselfduality

Let @ :(E, h) — (M, ¢g) be a unitary bundle of complex rankr over a compact
Riemannian manifold of dimension % and let e A"~ *(M) with di = 0. We have
first the following

Lemma 5.1 ((11]). Let we C(U,(E)) such that:

9 trQ, is a harmonic 2-form

1 1

(10) n/\(Qw——(tfr'on)I):—*(Qw——(terw)I)
P P

then w s a YM-connection and

(11)

1 1 1
ot fIQwIZdMg)— —fltmwlzdu(g>)=(—0hz<E>+ —(cl(E))Z)-[n]
47 % 'y'M r
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Proof. From

Q,=—({tr2,)1+=

/AN (Qw— l(trQw)I)]
r

< |~

it follows:

DFQ, =

[

1
DF(trQ )1+ *Dw[n/\ (Qw— —(trQw)I)] =
r

S| =

(12) )
—d*(trQ,) 1+ =
r

1
(D" g A (Dwa— —d(trQw)I)] =0
%
1
to get (11) simply multiply (10) by 2, — — (tr2,) I and integrate. =
7

Definition 5.2. A solution of (9) and (10) is called an n-asd connection (or
n-asd istanton).

Fundamental Examples (see [11]).

a) Let (M, Jy, g) be a compact Kéhler manifold of complex dimension m with
Kéhler form k or, more in general, let (M, k) be a 2m-dimensional compact sym-
plectic manifold equipped with a k-calibrated complex structure J,:
set

Km—z

A —Y

we have the following algebraic facts:

e ac N2 MYDN"2(M) = nNa==*a
e ac AVIY(M), nNa=—+a = A.a=0 therefore

/AN (Qw— l(trQw)I) = — = (Qw— l(t'r‘S.?w)I
r r

<

(trQ%2) I

S | =

90,2 —
(13) ¢
L H, =0

assume now ¢, (K) is of type (1, 1); therefore, if w is n-asd (and so it satisfies (13)
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and tr £, is harmonic), we have:
trQ,=a'+dp

and, by Hodge decomposition, d3 =0 and thus tr 2%%=0 and n-antiselfduality
reduces to

Q%2=0
(14) { [

H,=0

note that w e C (U, (E)) satisfiying (14) is #-asd because, by the curvature identi-
ty (4), it is an absolute minimum of YM and so, in particular D} 2 , = 0 and thus
trQ, is harmonic.

b) Let (M, k, ) be a CY 4-fold;
set

1
n=4Nee+ —K*
2
it is easy to check that we C(U,(F)) satisfies (10) if and only if

1 1
Q%2 Z(trQ% ) I=—#,[Q%2— —(trQ%?) 1
r r

15
15 d(tr 2%2%) = — d(x,tr Q%2

H,=0.

If (¢;(E))" 2 is complex antiselfdual, then tr Q%2 = «,tr Q%2 and so (15) re-
duces to the istanton equations (6); note that, for any

aeJ"E(CE), gl(r, C), ad),
from

a=—s,0+ (a+*,a)=—x(aNe)+(a+ *(aNe))
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we obtain:

[l = jma/\ wa)= —fmaAa)Awa(a/\ F(a+ 7 (aNe))
M M M

= — ftfr(a/\a)/\e—k % J’tr((a+ S NN #=(a+ x(aNe)))
%

(16) M

+ % Jtr((a— TAAIA Tt Tane))
M

1 1 1
- fw(a/\a)/\H Slat s+ 2 (@0~ ~ (o0,
M

consequently, if we normalize ¢ in such a way that

ftr(a/\a)/\eeR
M
we have (a,*,a)eR and so:

1
loff = = [tr@na ne+ Sla+ «df
M

in particular, for a = 29%2, choosing ¢ in such a way that —Chy(E)-[e] =0, we
obtain:

[Q%2|F = — Chy(E)-[e] + J |(1+%,) Q%2 |2k"
M

and so

® Chy(E)[e]#0 = ﬂwe@(Uh(E)) with ,Q?U’Z:O
® Chy(E)[e]=0 = (1+%,) Q3%=0 if and only if Q%*=0.

Note also that (4) can be rewritten as:

YM(w) = — Chy(E)- ([kF + [¢]) + g(cl(E)'[KS])Z

1
+2f|(1+ #) QUZPK" + EJ|HW|2K”
M M
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and so SU(4)-istantons are absolute minima for YM and thus they are #-
asd.

For example, let (M, k, ¢) be a CY 3-fold and let (£, ) — M be a Hermitian
bundle of rankr; consider M := M x T2, & := e Adz, Kk := k+ dz AdZ (dz, dZ be-
ing the standard forms on T?) and let E = p*(E) with the induced structure;
then:

@ e C(U,E)) is T?-invariant
0
=w+fdz—f*dz
for we C(U,E)), fe T°(CE), gl(r, C), ad) (see Appendix (B)) and so:

'Q(T):'Q(u+Dwf/\dz_Dwf#/\d§_[f7f#] dz/\d%

now:
o 1s a SU(4)-istanton
0
90,2 — A%
(17) { w wq
H,&*=1q, q"]

where ¢:=f*%; but Chy(E)-[¢] =0 and so 2%%=0 and 3,f* = 0.
Completely similar results can be obtained for Spin (7)- and Gy-manifolds (see
again [11]).

6 - A more abstract setting

We want to summarise and put everything on a more abstract set-
ting; Let (M, g) be an n-dimensional Riemannian manifold and let (&, k)
be a rankr Hermitian bundle on it; let L be a section of
Homy (TP(U,(E), u(r), ad), " ?(U,(E), u(r), ad)) such that:

1) for every o, BeTP(U,(E), u(r), ad), tr(a AL(B)) =tr (L(a) AfB)
2) L=L,+ L, in such a way that:

(a) for every we C(U,(E)), Ly-D, =D, oL,
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(b) there exists c¢eR, 0<e¢<1, such that, for every «
e (U (E), u(r), ad), —tr(aALy(a)) <c|a|*du(g)

(in the previous section we confined ourself to the case L: a—=a A n with e
A" 72P(M), dn =0, p=2);

let ¢ be the section of Endg (32(U,(E), 1(r), ad)) defined as ¢(a) := —*(L(a));
then:

(a, p(B) du(g) = —tr(a AL(B)) = — tr(LI) \B) =(— L(a), =p)=(p(a), B) du(g)

and so ¢ is pointwise symmetric; assume: for every xeM, 1 =maxsp(plx])
(sp(plx]) being the spectrum of ¢[x]); then, writing a € T2(U,(E), u(r), ad) as a
=¢(a) + (a — ¢(a)), we obtain:

lltl? = Jtr(a/\*a) = — ftr(a/\L(a))+ Jt%(a/\*(a—qﬁ(a)))
M M M

= Jtr(a/\L(a))+ % Jtr((a—¢(a))/\*(a—¢(a)))

M M

(18) .
. jw((a+ $(a)) A*(a - p(a)))
M

- - Jirtanans Sl = p@lf + ol = 2 ol

by the assumption on the spectrum of ¢ we have:
lo = () [P + [lal* = lp(e) [F = 0

with equality if and only if ¢(a) =a;
in the special case a=Q, for we C(U,(E)), we have:

—Jtr(!)w/\L(Qw))= —jtr(gw/\Ll(gw))— jw(gw/\Lz(Qw))
M M M

(19)
< —ftr(gw/\L1<9w>)+cj|9w|2du(g)
M M

now — f tr(2,N\L(R,)) is independent of w : call it ¢, (E); consequently:
M

e if p(R2,)=2,, then

(1=0)[QuF<c (B)
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e if =L, then

1 1 1
||‘Qw||2 = CL(E) + E ||‘Q o ¢(‘Qw)”2 + E ||‘Qw||2 - E ||¢('Q(u)||2 = CL(E)

with equality if and only if $(2,)=2,.
Finally, let
My (B) = {we C(UE)) |¢(2,) = 2,} /S (U(B))
then set
T2 (ULE), u(r), ad) :== I — ¢) T*(U,(E), u(r), ad)
and let
S,: THUL(E), u(r), ad) — T °(U,(E), u(r), ad) ® T2 (U, (E), u(r), ad)
be defined as
Sy(a) :=(Dja, D,a—¢D,a))

then

T[w] gsz = Ke”V‘ Sw

and the ellipticity condition (cf. (7)) is given by the following: for every xe M,
n—1)(n—-2
¢lx] has 1 as eigenvalue of multiplicity M

Appendix A. Regular manifolds

Let (M, Jy, g) be a compact Hermitian manifold of complex dimension » with
Kéhler form x and let w:(E, h) — (M, g) be a Hermitian bundle of rank r.
In order to guarantee that the map

Chy: C(C(E))—C

n(n—1) Ly
whr—> — T JtT(Q/\.Q)/\K”
M

is constant, we need dx” 2 = 0 and this condition sounds somehow too restrictive;
we set:
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Definition A.l. An n-dimensional Hermitian manifold (M, Jy, g) with
Kdihler form k is said to be regular if

1) de""'=0
2) dK.n—Zz (dKn—Z)n,n—3+ (dKn—Z)n—S,n.

Remark A.2. It is easy to check that:

a) if n=3, then (2) = (1)
b) (S8, Cay, std) is regular.
In general, given w,w e C(U,(E)), ® =w + o , we have:
1
tr(.Q(;)/\Qa,)—tT(Qw/\Qw)=d[tr(a/\Q@)+t7‘(a/\Qw)— Etr(a/\[a, al)

therefore if Q%2=0%%=0 and (M, Jy, g) is compact and regular, then:

Chy (@) — Chy() = — % fw(a/\ [a, a]) A di 2
M

= < [l @ AL, ab ) (A D Al, AR
M

therefore, if [w],[w] € \W(F), then we have:

YM() = Chy (@) + g(¢31(l'7)'[1<”‘1])2

= Chy(w) + (Chy (@) — Chy(w) ) + g (c(B)[&""11)?=C+ Ma)

where 1 is of order zero; this provides a local LZ-bound for the curvature of ele-
ments of W(E).

A similar setting arises if we perform the construction of the example at the
end of Section 5, starting from a symplectic 6-fold (M, k) with a K—calibratecg com-

plex structure J for which there exists e e A% (M) such that e AZ = % and
dNee=0. ’
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Appendix B. Some constructions involving invariant connections

Let 7r: P— M be be a principal G-bundle and let p: M — M be a principal K-
bundle over the differentiable manifold M, where G and K are Lie groups with
Lie algebras g and f respectively.

Consider:

P =p*(P) ={(@, uw) eMXP|p(9~C) =m(u)}

K acts on the right on P and so P is

1) a principal G-bundle over M
2) a principal K-bundle over P with bundle projection r;
when considered as in 2), call it 13; @ e C(P) is K-invariant if and only if

o =r*(w)+ (gor)(0)

where

® weC(P)
® 0c P
® geJ(P, g, ad)@Ff*

for a K-invariant @ e C(P), setting ¢ := (qor)(0), we have:
~ 1
Qs=r*(2,)+D,q+ E[q, ql.

Consider, as a special case, M =M x K: let {¢%, ..., (%} be a basis of f*, and
identify every ¥ with the corresponding invariant section of 7* K; o € C(P) is K-
invariant if and only if

d
a):w‘*'hEl(IhC?’;

with w e C(P), ¢, ..., gz TP, g, ad);
for a K-invariant @ e C(P) , we have:

d
'Q(B = 'Qw +h§:41Dth/\§7§ + E[f]u qs] ny’k/\é?

For example, if K=T%, G=U(r), then & e C(P) is T*invariant if and only if

® = w + adx + bdy
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with we C(P) and a, be T°(P, u(r) ad); now setting f:=a—1ib and so f
e TP, gl(r, C), ad), we obtain:

o=w+fdz—f*dz
and

Q:=2,+D,fANdz—D,f*dz —[f, f*1dz Ndz.
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Abstract

The aim of this paper is to echo, discuss and explain some of the attemps to define, by
gauge theory, a Casson-like invariant for complex manifolds. One of the basic settings is
the description of moduli spaces of bundle complex structures stemming from [5].



54

PAOLO DE BARTOLOMEIS

[30]



