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M. BIROLI (*)

An elliptic problem with a layer (**)

1 - Introduction

Let £ be an open set in Y. We denote by X the set 2 N {xy =0} and we as-
sume X # (. Moreover we denote x = (', xy) = (%1, X9, ..., Ly_1, Ly). We con-
sider the problem

1.1 jDuDvm(dx)Jr jD’uD’w(dx) =0

uweH}(2) with trace in Hj,(X)

Yve HL.(Q) with trace in H}.(2),  with supp (v)cQ

where m denotes the Lebesgue measure on R and o denotes the Lebesgue mea-
sure on R~ ~!; moreover we denote by D the gradient in RY and by D' the tan-
gential gradient on RY ~1. If u verifies (1.1) we say that u is a solution of (1.1). If
we replace in (1.1) the equality by the inequality < (=) and we consider only po-
sitive test functions v we say that u is a subsolution (supersolution) of (1.1) in Q.

The aim of this paper is to study the local regularity for a solution of
1.1).

If we consider a ball that does not intersect X the problem of the regularity of
u is reduced to the problem of the regularity of an harmonic function; then in par-
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ticular Harnack inequality for nonegative u and Hoélder continuity for u hold.
Problems arise in the case of balls having a non empty intersection with X (due to
the different rescaling by the usual dilation of the two terms in (1.1)).

We also observe that the bilinear form in (1.1) defines a strongly local regular
Dirichlet form on L2(2, m + 0 5), [3], but the measure m + J s does not verify a
doubling property, then the regularity theory in [1] [2] does not apply.

To study the local regularity of u in B(x,, r) with xye RY ! we modify the
definition of a ball defining B(xy, 7) = {x: |’ — ()" |* + oy — (o) |2 <7*}
and we write S(xy, ) = B(xy, ) N {xy=0}. We define a cut-off function bet-

1
ween B(x,, tr) and 1B(aco, sr), s, te [E, 1) s<t, as n(x) = ¢(d(x — xy)) where
d@) = (|a'|*+xf)4, ¢lo) =1 for o<sr, ¢p(0)=0 for p=tr, 0<p<1 and

C
"l < ————. Th
9] t—s)7r en

C C
D'nls ———  on S, ), |Dp|s —
DS o ' STy

on B(x, r).

With such a modification we obtain:

Theorem 1.1. Let u be a mnonegative solution of (1.1) in B(xy, 47),
xoe RN ™1 then

sup v <C inf u
B(xg, 1) B(wo, 7)

where C is a constant depending only on N.

Theorem 1.1. Let u be a solution of (1.1) in Q; then u is locally Holder
continuous m L.

In Section 2 we prove suitable Poincaré and Sobolev type inequalities, that
play a fundamental role in proving, by a Moser type iteration method, local L
estimates for solutions (or subsolutions) of (1.1), as we give in Section 3. In Sec-
tion 4 we prove Theorems 1.1 and 1.2. Theorem 1.2 is an easy consequence of
Theorem 1.1; the proof Theorem 1.1 uses an iteration method introduced by
Moser, [6], that allow us to consider estimates only on concentric balls B(x,, 7);
this last opportunity is usefull on account of the different forms of the balls in the
case XoeX or xg¢ .
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2 - Poincaré and Sobolev type inequalities

It is well known that a fundamental role in the local regularity theory of har-
monic functions relative to an uniformly elliptic operator is played by the usual
Poincaré and Sobolev inequalities.

The goal of this section is to prove suitably adapted Poincaré and Sobolev in-
equalities relative to the problem in consideration.

Proposition 2.1. Let u be a function in H'(B(xy, ), xoe RY 1, with a
trace in H'(S(xy, 7)) and u, be the average of u on S(xy, r) relative to the mea-
sure o; then

folu—wlPm@n+ | ju—u|2od)

B(xg, 1) S(xg, )

SC[V4 ][ | Dy |?m(d) + 7> ]( |D’u|20(dx)]
B(wg, 1) S(o, )

where ][ m(dx) ( ][ o(dx)) denotes the average on the set B(x, r)

B(xg, 1) S(ag, 7)
(S(xq, 7)) relative to the measure m (o).

The result in Proposition 2.1 is a consequence of the following Sobolev type
inequality:

Proposition 2.2. Let u be a function in H'(B(xy, 7)), xoe RY 1, with a
trace in H'(S(xy, 7).

(a) Let N > 3; there exists q>2 such that

2

[ ][ | —u, | Tm(dx) + ]( |u—uT|qa(dx)];

B(xy, 1) S(xg, )

sc[r“ t IDyul>m(de) +r2 f |D’u|20(dx)].

B(xy, 1) S(acg, )



M. BIROLI

[4]
(b) Let N =3; for every q>2 we have

2

[ ][ |u —u, | Tm(dx) + ]( |u—u,,|qa(dac)]q
B(xg, 1) S(xg, )

B(wo, 1)

sc[w f 1Dyul?mde) + 2 f |D’u|20(dx)].
S(xg, 1)
(¢) Let N=2; then

—

2
B?sc>u$C[T4 ][ | Dy u|*m(de) + 72 ]( |D’u|2a(dx)] )
X, T
B(xg, 1) S(ao, r)

Proof. We prove the result for the case (a); the proof in the cases (b) and (c)
is analogous.

It is enough to prove the result in the case » =1 and we write B(x,, r) = B,
S(xy, ) = S.

2
Let s=

; we have

2
[ f|u—u1|“"0(dac)]S SCJ|D’M|20(dx),
s 5

where we denote by C possibly different constants depending only on N.
Let = 2+s 2N-—-4

; by easy computations we obtain
2 N_3 y y p

sup I |u —uy|?o(de)
((xg)y — 1, ()N + l)B N {ay=t}

o
|=

sCl(“DNmzm(dm))
B

scl( [ |DNu|2m<dac>)% + (le’u|20<dw>) ]
S

+ (SJ |u—u1|so(dx)) s l

N |

B

and the result follows.
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3 - The local L * estimate for subsolutions

We prove at first an L * estimate for nonnegative subsolution of (1.1) and fi-
nally we prove the general L * estimate for nonnegative solutions of (1.1)

Proposition 3.1. Let u be a function in H'(B(x,. 1)), xge RY 1, with
a trace i H'(S(xy, 7). Assume that w is a nonmegative subsolution in a

neighbourhood of B(x,, 7); then there exists constants d and C such that for

1
ae[E,l) and p =2 we have

1

p C -
sup U ) § ——— P m(dax) + p P
(B(xo,gr) ) (1 — a)d [B( of) “ WL( 90) s :f;) u G(d%‘) ]
g, T X, T

Proof. Let =1 and 0 <M < + o; we define
Hy@t)=t? for te[0, M]

Hyt)=MP+pMP-Y(t—M) fort>M.

The function Hy(t) is Lipschitz-continuous for every fixed M.

We assume that « is Lipschitz continuous (if it is not the case we use an ap-
proximation of u in H'(B(x,, r)) and in H*(S(xy, 7)) by a sequence {u;.} of non-
negative Lipschitz-continuous functions).

For a fixed M we define

()

$@) =@ [ Hj(t7dt
0

where # is a Lipschitz continuous function with support in B(x,, ) to be choosen.
We observe that ¢ are nonegative Lipschitz continuous functions defined in
B(xy, ) and

u()

3.1) D;¢ =n*Hjy(uf*Dyu+2nDin | Hyp(t7dt
0
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for 1=1,2, ..., N. Since u is a subsolution we have

JDunzHﬂ’,,(u)zDum(dx) + fDuann ( fl—]l{,,(t)zdt) m(dz)
(3.2) ‘.
+ JD’unsz{/,(u)ZD’ua(dx)nL jD'uan’n( jH/W(t)Zdt) o(dx) <0.
0

We observe that

s 1
D;u2nDiy JHl{l(t)zdt) < EDiunZHl{l(u)zDiu
0
1 [ 2
+2|Diy 2( fH'(t)zdt)
P g ) 1

1
< EDiunij(/,(ufDiu—i—Z|Di17|2(uH1{4(u))2.
From (3.2) it follows

1 1
—ﬂnwmmn%%mm+—jw%mmmPﬁdm>
3.3) 2 2
<2 J | D |2 (uH jy (w) > m(da) + 2 J |D " n|*(uHy(w) ) o(dx).

We choose now 7 as the cut-off function between B(x,, s*) and B(x,, tr). From
(3.3) we obtain

[ IDWH @) Pmda) + [ D (Hyw) [*o(de)

3.4) B, o) Sz, s7)
¢ , c ,
< (t_82)21"4 J (MHM(M) )2m(d96') + m f (/MHM('LL))z(T(d.’X})

B(xy, tr) S(g, tr)
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Using the Sobolev inequality we obtain

1

1 Hy ) = (Hy ), [ty + | |HM(u)—(HM(u))srIqo(dx)];

B(xy, sr) S(xg, sr)

1

[ f i) Pmcan) + | (uHZ(,,(u))ZU(dx)]E

By, tr) S(ag, tr)

s
t—s

$(73

where ¢ is as Proposition 2.2 for N =3 and is an arbitrarly fixed real number
greater than 2 if N =2.
We use the inequality H(t) <tH '(t) and we obtain

1

][ | Hy(w) |9m(de) + )[ |HM(u)|"a(dx)];

B(xy, sr) S(ag, s1)

1

< (:5( — 1) [ f @ P+ (a2 otde) ] :
B(xy, tr) S(ag, tr)
We observe that ( ; + 1) <2 ; i . We take into account the definition of H),
-5 -

and we let M — + «; then

1

[ ]£ wP m(de) + ][ uﬁqa(dx));

B(xy, sr) S(xo, s1)

—

S

sc
L

{ f outman+ | uzﬂo(dm)]g.

B(xg, tr) S(zy, tr)
We write 26 =v, ¢ =27 (z>1) and we obtain

1

[ ]f w™ m(de) + ][ uWa(dx)]”
By, sr) S(g, sr)

(3.5)

2 1

$(c6vts )V[ ]( u”m(dx) + ]( u”a(dx)];.

— S
B(xy, tr) S(xo, tr)
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From (3.5) an iteration method of Moser’s type (see for example [3]) gives the
result.

Proposition 3.2. Let u be a local nonnegative solution of our problem (1.1)
in B(xy, 27), xge RY 1. Then there exists constants d, > 1 and C such that for

1
ae 2’ 1) and every real number p we have

1

P C ?

( sup u) s ——(1+ |p|)2’/<’_1)[ ][ wP?m(dx) + ][ wPo(de) |”.
Blay, ar) 1-a) . St
, X, T

Proof. It is enough to prove the result in the case — o <p<2 and
u=e>0.

By Proposition 3.1 « is bounded in B(x,, r); we define ¢ = n%u’, with <1
and we can prove that ¢ is in H'(B(x,, r)) and its trace is in
H'(S(xy, 7).

We recall that

Di¢ = ﬂzﬁuﬁ_lDiu + 277D177'Mﬂ

Bl
Di(u 2z )= P

+
—

AV

Then for = —1 we obtain

B+1 B+1
|51 [ pe @+ | L | [ pra o)
B, 7) S(xo,7)
3.6) p+1 pr1 p+1 p+1
< J D 2 )Dplu = nmda)+ f D' 2 )D'ylu T yo(de).
Bl(xg, ) S(ag,r)

From (3.6) we easily obtain for =0, —1

pr1 pr1
|D(w 2 ) |*n*m(dx) + J |ID'(u 2 )|*n*o(dw)
B(xg, 1) S(xg, 1)
B+1)\° B+1)\°
S(—)’ J |D77|2u/”1m(dac)+(—) J |D"n|?uf*lo(de).
ﬂ B(xg, 1) ﬂ S(xg, 1)

Then, taking again # as the cut-off function between B(x,, s¥) and B(x,, tr),
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1
E$s<t<1, we have
p+1 p+1
J D ) [Pm(da) + f D' 2 )[2o(de)
B(xg, sr) S(ig, s1)
2 2
s(ﬁ+1) 12 - f wP  m(de) + ﬂ+1) 12 _ J wflo(dx).
ﬁ (t—S) r B(xy, tr) 'B (t—S) r S(xg, tr)

We use now the Sobolev inequality in Proposition 2.2; then by the same methods
as in Proposition 3.1 we have

B+1 B+1 !

_q — "
]f wz Tm(de) + ]( w2 qo(dx)]q
B(xg, sr) Sy, sr)

3.7

1

Sc’%’( 5 +1)[ ][ w? Tm(de) + ]( uf’“o(dac)r.

t—s
By, tr) S(ag, tr)

Setting f+1=v and ¢ =27 we have for any —o <v <2, v=0, —1

1

][ w™ m(dw) + ]f uso(dx)]"”'
B(xy, sr) S, sr)

3.8)

2 R
Sc%(|vil|tis+l)lvl[ ‘J[ u” m(dx) + ][ uva(dx)]lvl.

B(wy, tr) S(aq, tr)

From (3.8) the result follows by a Moser’s type iteration argument (see for
example [3]).

Proposition 3.3. Let the assumptions of Proposition 3.2 hold and assume

1
that w=¢>0. For aE[E’l) let us define k by

logk = )[ loguo(dx),

S(xg, ar)



10 M. BIROLI [10]
xoe2; then for A >0 we have
u() C
mixeB(xy, ar); |log| —= | | > A} =2 ———— m(B(xy, ar
{e<oa>|g(k)| ] T " B, an)
u() C
xeS(xy, ar); |log| —— || > A} = ——— 0 (S(xq, ar
O[e(oa)|g(k)| } =y O (St ar)
where C is a constant that does not depend on e.

Proof. By easy computations we obtain

f|D(logu)|2n2m(dm)+J|D’(logu)|2n20(dx)

<4f|Dn|2m(dx)+f|D'n|2a(dx)

_ (m(B(xo,T)) N U(S(xo,"’)))

T (- ay 7l 72

where # is the cut-off function between B(x,, ar) and B(x,, 7). By Proposition 2.1
we obtain

B
3.9) ][ | log u — log k|*m(de) < — > a (xf’ 2
B(xy, ar) (1 B a) "
C O(S(xo, ’I"))
(3.10) f ltogu—logk|*o(an) < 1-af =

S(xg, ar)
From (3.10) and (3.11) the result easily follows.
4 - Proof of Theorems 1.1 and 1.2
We are now in position to prove Theorem 1.1.

1
Lemma 4.1. Let m, u, C, 0 e [E , 1) be positive constants and let w > 0 be
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a function in H'(B(x,, 7)), xoe RN, such that

C 1
sup w? < 7 J wrm(dz)
B(xg, sr) (t = )" m(B(xy, 1) )B(xo )

4.1
4.1) c )

+ P o(d
= oS m, ) "W

)

1
for all 5 <O<s<t<l, 0<p<u~'. Moreover, let

(4.2) m(x e B(xy, r);logw=1) < %m(E(mo, 7))

(4.3) o(xeS(x, r);logw=1) < %O’(B(%O, 7))

for all 2> 0. Then there exists a constant y =v(0, d, C) such that

sup u <y~
B(xyg, 0r)

Proof. We assume, without loss of generality, » = 1. Replacing w by w* and
A by Au we reduce us to the case u=1.
Define

¢(s) = sup log w, f<s<l1.
B(xy, s)

We observe that ¢(s) is a nondecreasing function.
We now prove that the following inequality holds:

3 Y1
4.4 < —o(t _—
(4.4) < o0+

where O <s<t<1 and y,; is a constant depending on 6, d, C.

1
We decompose B(x, t) and S(x,, t) into the sets where log w > E(P(t) and
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1
where log w < Eq&(t); then taking into account (4.2) and (4.3) we obtain

wP m(de) < (e”“’“) ;T(tj) + e”%) m(B(x,, 1))

B(w, )

J wPo(de) < (6”"’(” (ij) + e”%) o (S(x,, 1)).

S(ay, t)

Summing up the two inequalities we have

! uPm(dx) +

1
I R P g (dx)
m (B(x,, 1))3%” o (S, 1))S(xgjt) oo

o(t)
s2(ep¢“> 2 +ep7).
t

We choose now p such that the two terms in the right-hand side are
equal:

o 2 log( p(®) )
@) 2C
provided the term in the right-hand side is less than x4 ! = 1; this last inequality
requires
(4.5) () >

where c¢; depends only on C.
In that case we have

1 o(t)

1 R
_— u”a(dm)$4ep 2,
o (S(ay, 1)),

(g, t)

- p
(B, 1>>BJ e

0, )

Hence by (4.1) we obtain

1 4C () 1 4C 1
\—1 P— :—1 —_— —_ .
= Og(@—s)de : ) P Og(<t—s>d)+ 5 70
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Then, taking into account the fixed value of p, the above inequality becomes

o 4C
g((t—s>d)
B A

1
P(s) < 3 P

lo ( @ )
8\ 20
If
(4.6) Pp(t) = LCS
. - (t— 8)2d
we obtain

3
P(s) < 1 P(t)

then (4.4) holds.
If (4.5) or (4.6) does not hold then

Y1
~ t\—
#e) <90 <

)Qd

0<s<t<1, where y; is a constant depending on C, ¢;, d, 0; so (4.4) holds
again.

We have so proved the inequality (4.4); the result now follows by iteration as
in Lemma 3 in [6].

We are now in position to prove the result of Theorem 1.1. We assume, with-

U
out loss of generality, # = ¢ > 0. We use the result in Proposition 4.1 for % and

k
o where log k = ]£ log wo(dx). The assumptions of proposition 4.1 hold in

S(ao, 1)
B(xy, 27) by Proposition 3.2 and 3.3; then

u k
sup — <C, sup — <C.
B(wg, ) k By, 7) U

Then the result follows.
Theorem 1.2 follows from Theorem 1.1 by standard methods (see [5]).
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Abstract

We consider the problem of local regularity for a local solution of an elliptic problem

with a layer. The difficulty comes from the different homogeneity degree between the mea-
sure of a ball and the measure of its intersection with the layer. The main tool is a modi-
fication of the balls centered on the layer.
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