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On double generating functions

of single hypergeometric polynomials (**)

1 - Introduction

Two interesting generating functions for the confluent hypergeometric func-
tion 1F1 and generalized hypergeometric function AFB [7], p. 73 (2) are given by
Exton [5], p. 7 (4.9) and p. 11 (6.5).

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
1F1y2m ;

a11;
zz 1 F1y2n ;

a11;
yz

4exp (xy2xz)0 F1y22;

a11;
2x 2 yzz

(1.1)

!
m , n40

Q ( (d) )m1n ( (u) )m1n (v)m1n x m (2x)n

( (g) )m1n ( (e) )m1n ( ( f ) )m1n m!n!

E1V1Q11FU1F1Py12 (e)2m2n , (v)1m1n , (q), 2m ;

12 (u)2m2n , ( f )1m1n , (p) ;
(21)11E2U yz

4D12V1PFG12F1Py(d), g v

2
h, g v

2
h1 1

2
, (q);

(g), g f

2
h, g f

2
h1 1

2
, (p);

4V2F xyz
(1.2)

where for brevity (q) denotes Q parameters q1 RqQ, with similar interpretation
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(**) Received August 9, 1999. AMS classification 33 C 45.
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for (d), (g) and so on. Also ((q) )m stands for P j41
Q (qj )m and so on. The purpose of

this work is to introduce equations (1.1) and (1.2) as a main working tools to de-
velop a theory of generating relations of special functions which are double gener-
ating functions of single polynomials.

2 - Generating relations

In (1.1), if we replace z by zt, multiply both sides by t l21 e 2pt and take their
Laplace transform with the help of the result [12], p. 219 (6).

�
0

Q

t l21 e 2st
AFBy(a);

(b);
ztz4Gl s 2l

A11FBy(a), l ;

(b);

z

s
z(2.1)

(Re(l)D0, AGB ; Re(s)D0 if AEB ; Re(s)DRe(z) if A4B), we obtain

!
m , n40

Q (a11)m1n

m! n!
x m (2x)n

2F1y2m , l ;

a11;
zz 1 F1y2n ;

a11;
yz

4exp (xy)(11xz)2l
1F1yl ;

a11;

2x 2 zy

(11xz)
z .

(2.2)

Next, if in (2.2), we replace y by yt, multiply both sides by t r21 e 2Pt and take
Laplace transform with the help of (2.1), we get

!
m , n40

Q (a11)m1n

m! n!
x m (2x)n

2F1y2m , l ;

a11;
zz 2 F1y2n , r ;

a11;
yz

4 (12xy)2r (11xz)2l
2F1yl , r ;

a11;

2x 2 zy

(11xz)(12xy)
z .

(2.3)

Now starting from (2.3) and making use of the Laplace and inverse Laplace
transform [2], p. 297 (1).

L21{s 2l
AFBy(a);

(b);

z

s
z: t}4 t l21

Gl
AFB11y(a);

(b), l ;
ztz ,(2.4)

(Re(l)D0, AGB11),
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it is not difficult to show by induction that (cf. [10], p. 305-311)

!
m , n40

Q (a11)m1n

m! n!
x m (2x)n

11L FK11y2m , (l);

a11, (k);
zz

11RFW11y2n , (r);

a11, (w);
yz4 !

S40

Q ( (l) )s ( (r) )s (2x 2 yz)s

( (k) )s ( (w) )s (a11)s s!
(2.5)

LFKy(l)1s ;

(k)1s ;
2xzz RFWy(r)1s ;

(w)1s ;
xyz .

Similarly, in case of equation (1.2), if we use the same method of proof of for-
mula (2.5), we get

!
m , n40

Q ( (d) )m1n ( (u) )m1n ( (v) )m1n ( (h) )m1n x m (2x)n

( (g) )m1n ( (e) )m1n ( ( f ) )m1n ( (t) )m1n m!n!

E1V1Q1A11FU1F1P1By12(e)2m2n,(v)1m1n,(q),(a),(2m);

12(u)2m2n,( f )1m1n,(p),(b);
(21)11E2Vyz(2.6)

4D12V1Q1A1HFG12F1P1B1Ty(d), g v

2
h, g v

2
h1 1

2
, (q), (a), (h);

(g), g f

2
h, g f

2
h1 1

2
, (p), (b), (t);

4V2F xyz .

Now we mention some interesting special cases of the equations (2.3), (2.5)
and (2.6). On setting r4a11, in (2.3), we get

!
m40

Q (a11)m

m!
y x

11x(12y)
zm

2F1y2m , l ;

a11;
zz

4 (12xy)l2 (a11) (12xy1xz)2l (11x2xy)a11

(2.7)

which for y41 reduces to a known result [12], p. 293 (12). For y40, (2.5) re-
duces to

(11x)2a21 !
m40

Q (a11)m

m!
k x

11x
lm 11LFK11y2m , (l);

a11, (k);
zz4LFKy(l);

(k);
2xzz .(2.8)

If in (2.8), we put L4L 811, lL114a11, we then have a known result [4],

p. 267. Further, if in (2.5), we put K4W40, L4R41, l14r14
1

2
and a40,

then it reduces to another known result due to Exton [5], p. 9 (5.10) in its correct-
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ed form

!
m , n40

Q (m1n) !

m! n!
y x

z1 (z 221)d
zmy 2x

y1 (y 221)d
z Pm (z) Pn (y)

4 (11xz 1 )
21

2 (12xz 2 )
21

2
2

p
K(kj)

(2.9)

where z 14
2(z 221)d

z1 (z 221)d
, z 24

2(y 221)d

y1 (y 221)d
, Pm (x) is Legendre polynomials

defined by [5], p. 8 (5.6)

Pm (x)4 [x1 (x 221)d ]m
2F1k2m ,

1

2
; 1 ; zl , z4

2(x 221)d

x1 (x 221)d
,

K(j) is the complete elliptic integral of first kind [3], p. 318 (5) and j

4
2x 2 z 1 z 2

(11xz 1 )(12xz 2 )
. If we replace x by

x

(12x)
in (2.6) together with V4U

4E4F4D4G4Q4P4T40 and H41, we get

!
m40

Q (h)m

m!
11AFBy2m , (a);

(b);
yz x m4 (12x)2h

11AFByh , (a);

(b);

2xy

(12x)
z(2.10)

NxNE1, which is a result due to Chaundy [12], p. 138 (8).
For E4U4V4F40, the left hand side of (2.6) becomes separable in the

form

!
m40

Q ( (d) )m ( (h) )m

( (g) )m ( (t) )m
D1HFG1Ty(d)1m , (h)1m ;

(g)1m , (t)1m ;
2xz

Q1A11FP1By(q), (a), (2m);

(p), (b);
2yz x m

m!

4D1Q1A1HFG1P1B1Ty(d), (q), (a), (h);

(g), (p), (b), (t);
xyz .

(2.11)

Now, on putting A4B4H4T40, (2.11) reduces to a known result due to
Exton [5], p. 11 (6.6)]. Next, we turn to some generating functions involving the
Jacobi polynomials Pn

(a , b) (x) [7], p. 254 (1). On setting B4E4U4V4Q4P40,
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F4A41, a14l and replacing y by 2y, equation (2.6) reduces to

!
m , n40

Q ( (d) )m1n ( (h) )m1n ( f1m1n)m x m (2x)n

( (g) )m1n ( (t) )m1n ( f )2m1n m! n!
2F1y2m , l ;

f1m1n ;
yz

411D1HFG1T12y(d), (h), l ;

(g), (t), f

2
, f

2
1 1

2
;

2xy

4
z .

(2.12)

For f42a2b , l42a, equation (2.12) yields an interesring generating
function for Jacobi polynomials given by

!
m , n40

Q ( (d) )m1n ( (h) )m1n (2x)n

( (g) )m1n ( (t) )m1n (2a2b)2m1n
k 2x

12y
lm Pm

(a2m , b22m2n) (y)

411D1HFG1T12y(d), (h), 2a ;

(g), (t),
(2a2b)

2
,

(2a2b)

2
1 1

2
;

22x

4(12y)
z(2.13)

which follow from [9], p. 593 (15)

Pn
(a2n , b2n) (x)4 gn2a2b21

n
h g 12x

2
hn

2 F1y2n , 2a ;

2a2b ;

2

12x
z .(2.14)

On replacing z and y respectively by g 12z

2
h and g 12y

2
h in (2.3), setting

l4r411a1b and using the definition [9], p. 593 (20).

Pn
(a , b) (x)4 ga1n

n
h 2 F1y2n , 11a1b1n ;

11a ;

12x

2
z ,(2.15)

we get

!
m , n40

Q (a11)m1n x m (2x)n

(a11)m (a11)n

Pm
(a , b2m) (z) Pn

(a , b2n) (y)

4 mg12 x

2
1

xy

2
h g(11

x

2
2

xz

2
hn2(11a1b)

(2.16)

2F1y11a1b , 11a1b ;

a11;

2x 2 (12z)(12y)

(21x2xz)(22x1xy)
z .
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3 - Double generating relations for hypergeometric functions of several variables

We shall now generalize these relations of section 2 and we will show how Laplace
and inverse Laplace transforms of equations (2.5) and (1.2) would yield a generating
function of several variables, which are double generating relations. We recall the
definition of the generalised Ka’mpe de Fe’riet function of several variables [6], p. 28
(1.4.3).

FC : D 8 ; R ; D (n)
A : B 8 ; R ; B (n)

[x1 , R , xn ]4FC : D 8 ; R ; D (n)
A : B 8 ; R ; B (n) y(a): (b 8 ); R ; (b (n) );

(c): (d 8 ); R ; (d (n) );
x1 , R , xnz

4 !
m1 , R , mn40

Q ( (a) )m11R1mn
( (b 8 ) )m1R

( (b (n) ) )mn
x1

m1..........xn
mn

( (c) )m11R1mn
( (d 8 ) )m1R

( (d (n) ) )mn
m1 !.............mn!

.

(3.1)

On multiplying both sides of equation (2.5) by

t a121 e 2st FC : D 8 ; R ; D (n)
A : B 8 ; R ; B (n)

[z1 t , R , zn t]

replacing z by zt and taking Laplace transform with the help of (2.1), we obtain

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
!

m1 , R , mn40

Q

V(m1 , R , mn )

21LFK11ya11m11R1mn , (l), 2m ;

a11, (k);
zz 11RFW11y2n , (r);

a11, (w);
yz

4 !
m1 , R , mn40

Q

V(m1 , R , mn ) !
s40

Q (a11m11R1mn )s ( (l) )s ( (r) )s (2x 2 yz)s

( (k) )s ( (w) )s (a11)s s!

11LFKya11m11R1mn1s , (l)1s ;

(k)1s ;
2xzz RFWy(r)1s ;

(w)1s ;
xyz

(3.2)

where V(m1 , R , mn )4
( (a) )m11R1mn

( (b 8 ) )m1R
( (b (n) ) )mn

z1
m1..........zn

mn

( (c) )m11R1mn
( (d 8 ) )m1R

( (d (n) ) )mn
m1 !............. mn !

.

Now, replacing y by yt in (3.2) and multiplying both the sides by

t u121 e 2st FV : F 8 ; R ; F (r)
U : E 8 ; R ; E (r)

[y1 t , R , yr t]
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and taking the Laplace transform with the help of (2.1), we get

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
!

m1 , R , mn , k1 , R , kr40

Q

V(m1 , R , mn ) L(k1 , R , kr )

21LFK11 ya11m11R1mn,2m, (l);

a11, (k);
zz 21RFW11 yu11k11R1kr,2n, (r);

a11, (w);
yz

4 !
m1 , R , mn , k1 , R , kr40

Q

V(m1 , R , mn ) L(k1 , R , kr ) !
s40

Q (a11m11R1mn )s

( (k) )s ( (w) )s

(u11k11, R , kr )s ( (l) )s ( (r) )s (2x 2 yz)s

(a11)s s!

11LFK ya11m11R1mn1s,(l)1s;

(k)1s;
2xzz 11RFW yu11k11R1kr1S, (r)1s;

(w)1s; xy
z

(3.3)

where L(k1 , R , kr )4
( (u) )k11R1kr

( (e 8 ) )k1R
( (e (r) ) )kr

y1
k1..........yr

kr

( (v) )k11R1kr
( ( f 8 ) )k1R

( ( f (r) ) )kr
k1 !............. kr !

.

Now starting from (3.3) and making use of inverse Laplace and Laplace trans-
form with the help of the results (2.1) and (2.4), the method of mathematical induction
and the relation (a)m1n4 (a)m (a1m)n, we obtain on obvious simplification

!
m , n40

Q (a11)m1n x m (2x)n

m! n!

FC : D 8 ; R ; D (n); K11
A : B 8 ; R ; B (n) ; L11y (a): (b 8 ); R ; (b (n) ); (l), 2m ;

(c): (d 8); R ; (d (n) ); (k), a11;
z1 , R , zn , zz

FV : F 8 ; R ; F (r) ; W11
U : E 8 ; R ; E (r) ; R11y(u): (e 8 ); R ; (e (r) ), (r)2n ;

(v): ( f 8 ); R ; ( f (r) ); (w), a11;
y1 , R , yr , yz

4 !
s40

Q ( (l) )s ( (r) )s ( (a) )s ( (u) )s (2x 2 yz)s

( (k) )s ( (w) )s ( (c) )s ( (v) )s (a11)s s!

FC : D 8 ; R ; D (n) ; K
A : B 8 ; R ; B (n) ; L y(a)1s : (b 8 ); R ; (b (n) ); (l)1s ;

(c)1s : (d 8 ); R ; (d (n) ); (k)1s ;
z1 , R , zn , 2xzz

FV : F 8 ; R ; F (r) ; W
U : E 8 ; R ; E (r) ; Ry(u)1s : (e 8 ); R ; (e (r) ), (r)1s ;

(v)1s : (f 8 ); R ; (f (r) ); (w)1s ;
y1 , R , yr , xyz .

(3.4)

Similarly on multiplying both the sides of (1.2) by

t a121 e 2st FC : D 8 ; R ; D (n)
A : B 8 ; R ; B (n)

[x1 t , R , xn t] ,
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replacing y by yt using Laplace transforms formula (2.1)and evaluting the integrals
on both the sides and then multiplying both the sides of the resulting expression by
t h21 e 2st replacing x by xt and again taking the Laplace transform with the help of
(2.1), we obtain

!
m,n40

Q ((d))m1n((u))m1n((v))m1n(h)m1nx m(2x)n

((g))m1n((e))m1n(( f ))m1nm! n!
!

m1,R,mn40

Q

F(m1,R,mn)

E1V1Q12FU1F1Py12(e)2m2n, (v)1m1n, (q), a11m11R1mn,2m;

(21)11E2Uy

12(u)2m2n, ( f )1m1n, (p);

z
4 !

m1,R,mn40

Q

F(m1,R,mn)

D12V1Q12FG12F1P y(d), g v

2
h, g v

2
h1 1

2
, (q), a11m11R1mn, h;

(g), g f

2
h, g f

2
h1 1

2
, (p);

4V2Fxyz
(3.5)

where F(m1 , R , mn )4
( (a) )m11R1mn

( (b 8 ) )m1R
( (b (n) ) )mn

x1
m1..........xn

mn

( (c) )m11R1mn
( (d 8 ) )m1R

( (d (n) ) )mn
m1 !.............mn!

.

Again starting from (3.5) and making use of Laplace and inverse Laplace trans-
form techniques with the help of the result (2.1) and (2.4) and the method of math-
ematical induction, we obtain

!
m , n40

Q ( (d) )m1n ( (u) )m1n ( (v) )m1n (h)m1n x m (2x)n

( (g) )m1n ( (e) )m1n ( ( f ) )m1n ( (t) )m1n m! n!

FC: D 8;R ; D (n);U1F1P
A: B 8;R ; B (n); E1V1Q11y(a): (b 8);R ;(b (n)); 12(e)2m2n, (v)1m1n, (q),2m;

x1,R , xn, (21)11E2Uy

(c): (d 8);R ; (d (n)); 12(u)2m2n, ( f )1m1n, (p);

z

4FC : D 8 ; R ; D (n); G12F1P1T
A : B 8 ; R ; B (n) ; D12V1Q1Hy(a): (b 8 ); R ; (b (n) ); (d), g v

2
h, g v

2
h1 1

2
, (q), (h);

x1 , R , xn , (4 )V2F xy

(c): (d 8 ); R ; (d (n) ); (g), g f

2
h, g f

2
h1 1

2
, (p), (t);

z .

(3.6)

4 - Special cases

It is easy to observe that the equations (3.4) and (3.6) give a large number of
generating functions, new as well as known. In this section, we will mention only



153ON DOUBLE GENERATING FUNCTIONS...[9]

some special cases of our formulas (3.4) and (3.6). The well known Ka’mpe de Fe’riet
function of two variables [1] is defined and represented in the following manner

F (2)y(a): (b); (b 8 );

(c): (d); (d 8 );
x , yz4 !

m , n40

Q ( (a) )m1n ( (b) )m ( (b 8 ) )n x m y n

( (c) )m1n ( (d) )m ( (d 8 ) )n m! n!
(4.1)

where A1BGC1D11, A1B 8GC1D 811, and the equalities hold when
(NxN1NyNEmin (1, 2C2A11) ). By specializing the various parameters in (3.4) and (3.6)
to suit case (4.1) above and letting zi4yj4xq40, i42, 3 , R , n , j42, 3 , R , r
and q42, 3 , R , n, we obtain the generating functions

!
m , n40

Q (a11)m1n x m (2x)n

m!n!

F (2)y(a): (l); 2m ; (b);

(c): (k), 11a ; (d);
z , tz F (2)y(u): (r); 2n ; (e);

(v): (w), 11a ; ( f );
y , vz

4 !
s40

Q ( (l) )s ( (r) )s ( (a) )s ( (u) )s (2x 2 yz)s

( (k) )s ( (w) )s ( (c) )s (a11)s s!

F (2)y(a)1s : (l)1s ; (b);

(c)1s : (k)1s ; (d);
2xz , tz F (2)y(u)1s : (r)1s ; (e);

(v)1s : (w)1s ; ( f );
xy , vz

(4.2)

!
m , n40

Q ( (d) )m1n ( (u) )m1n ( (v) )m1n ( (h) )m1n x m (2x)n

( (g) )m1n ( (e) )m1n ( ( f ) )m1n ( (t) )m1n m! n!

F (2)y(a): 12 (e)2m2n , (v)1m1n , (q), 2m ; (b 8 )

(c): 12 (u)2m2n , ( f )1m1n , (p); (d 8 );
(21)11E2U y , vz

4F (2)y(a): (d), g v

2
h, g v

2
h1 1

2
, (q), (h); (b 8 );

(c): (g), g f

2
h, g f

2
h1 1

2
, (p), (t); (d 8 );

4V2E xy , vz .

(4.3)

Note that, when y , vK0, x4
x

12x
, L4L 811 and lL114a11, formula

(4.2) would reduces to a result due to Srivastava [8], p. 94 (7.1). Also for D4G4U
4V4E4F4T40, H41, (4.3) reduces to the same result of Srivastava men-
tioned above. It may be of interest to remark that the relations (3.4) and (3.6) can also
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be specialized fairly easily to yield a large number of result involving series of the
type.

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
f(v , y) f*(u , v)(4.4)

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
F(v , y , z) f*(u , v , s)(4.5)

!
m , n40

Q (a11)m1n x m (2x)n

m! n!
V(x1 , R , xn )V*(y1 , R , yr )(4.6)

!
m , n40

Q C(m1n)x m (2x)n

m! n!
f(v , y)(4.7)

!
m , n40

Q C(m1n)x m (2x)n

m!n!
C(v , y , z)(4.8)

!
m , n40

Q C(m1n)x m (2x)n

m! n!
V(x1 , R , xn )(4.9)

where f(v , y) and f*(u , v) are one or the other of the Appell’s functions F1 , F2 and
F3 , [12], p. 53, C(v , y , z) and C*(u , v , s) are hypergeometric functions of three
variables F (3)[12], p. 69 (39), V(x1 , R , xn ) and V*(y1 , R , yr ) are one or the other
of the Lauricella’s functions FA

(n) , FB
(n) and FD

(n)[12], p. 60 and C(m1n) is function of
(m1n) only and is independent of any variable.

For instance, in terms of Lauricella functions FA
(n) and FD

(n), equation (3.4) would
give us the following special cases of type (4.6).

!
m, n40

Q (a11)m1n x m(2x)n

m! n!
FA

(n11)[a, b1, ......., bn,2m; d1,R , dn, k; z1,R , zn, z]

FA
(r11) [u , e1 ,....... , er , 2n ; f1 , R , fr , w ; y1 , R , yr , y]

4!
s40

Q (a)s(u)s(a11)s(2x 2yz)s

(k)s(w)ss!

FA
(n11)[a1s,b1,....... , bn , 11a1s ; d1 , R , dn , k1s ; z1 , R , zn , 2xz]

FA
(r11)[u1s,e1,....... , er , 11a1s ; f1 , R , fr , w1s ; y1 , R , yr , xy]

(4.10)
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!
m , n40

Q (a11)m1n x m (2x)n

m! n!
FD

(n11) [a , b1 ,....... , bn , 2m ; c ; z1 , R , zn , z]

FD
(r11) [u , e1 ,....... , er , 2n ; v ; y1 , R , yr , y]

4 !
s40

Q (a)s (u)s (a11)s (2x 2 yz)s

(c)s (v)s s!

FD
(n11) [a1s , b1 ,....... , bn , 11a1s ; c1s ; z1 , R , zn , 2xz]

FD
(r11) [u1s , e1 , . . . . . . . , er , 11a1s ; v1s ; y1 , R , yr , xy] .

(4.11)

If in (4.10), we set y14R4yr40, and u4w, we obtain

[11x(12y) ]2a21 !
m40

Q (a11)m

m!
y x

11x(12y)
zm

FA
(n11) [a , b1 ,....... , bn , 2m ; d1 , R , dn , k ; z1 , R , zn , z]

4 (12xy)2a21 !
s40

Q (a)s (a11)s

(k)s s!
y 2x 2 yz

12xy)
zs

FA
(n11) [a1s , b1 ,....... , bn , 11a1s ; d1 , R , dn , k1s ; z1 , R , zn , 2xz] .

(4.12)

For y41, (4.12) reduces to a multivariable extension of a known result [12],
p. 293 (12), (see (2.7)).

On taking z24R4zn4y14R4yr4y40, (4.10) reduces to

!
m40

Q (a11)m x m

m!
F2 [a , 2m , b ; k , d ; z , v]

4 (12x)2(a11) F2ka , 11a , b ; k , d ;
2xz

12x
, vl .

(4.13)

Now, on replacing a11 and x by l and
x

l
in (4.13) respectively, letting lKQ

and using the results [8], p. 94 (7.3)

lim
lKQ
g12 z

l
h2l

4e z and lim
lKQ

(l) g z

l
hn

4z n(4.14)

equation (4.13) reduces to a known result of Srivastava [8], p. 94 (7.5). On setting
z14R4zn4z , y14R4yr4y and using the reduction formula [11], p. 34 (6)

FD
(n) [a , b1 , R , bn ; c ; x , R , x]42F1 [a , b11R1bn ; c ; x]
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equation (4.11) reduces to

!
m , n40

Q (a11)m1n x m (2x)m

m! n!

2F1yb11R1bn2m , a ;

c ;
zz 2 F1ye11R1er2n , u ;

v ;
yz

4!
s40

Q (a)s (u)s (a11)s (2x 2yz)s

(c)s (v)s s!
F1 [a1s, 11a1s, b11.......1bn; c1s;2xz, z]

F1 [u1s , 11a1s , e11....... 1er ; v1s ; xy , y] .

(4.15)

On putting yK0, bi40, i42, 3 , R , n, (4.15) evidently reduces to a known re-
sult [12], p. 150 (44). For bi40, i42, 3 , R , n and u4v, formula (4.15) may atonce
written in the form

!
m40

Q (a11)m

m!
y x

11x(12y)
zm

2F1yb2m , a ;

c ;
zz

4(12xy)2a21 (11x(12y))a11 F (3) ya :: a11;2;2:2;2; b;

c ::2;2;2:2;2;2;
2xz , 2x 2 yz

(12xy)
, zz

(4.16)

where F (3) [x , y , z] is Srivastava’s triple hypergeometric series [12], p. 69 (39) and
(40). It is important to note that, the left-hand side of equation (4.16) can be summed
by using one or other of the results [12], p. 150 (43), (44) and p. 151 (45), to obtain
some transformation formulas for F (3) (right- hand side of (4.16)) in the form of func-
tions of Gaussain 2 F1 , Appell F1 and a special case of Ka’mpe de Fe’riet of two vari-

ables F (2). For example, if in (4.16) we set a114l , t4
x

(11x(12y) )
and use

[12], p. 150 (44), we get the transformation formula

F1ka, b, l; c; z,
zx

xy21
l4F (3) ya :: a11;2;2:2;2; b;

c ::2;2;2:2;2;2;
2xz , 2x 2 yz

(12xy)
, zz .(4.17)

Also a similar transformations can be obtained from the main result (3.4). Fur-
ther, on setting y14R4yr4y4z24R4zn40, in (4.11), replacing a11 and x

by l and
x

l
respectively, letting lKQ and using (4.14), formula (4.11) reduces to an-

other known result [8], p. 94 (7.4).
On other hand, as particular cases of our result (4.3) we obtain three linear gener-

ating relations involving the Appell function F2 and F3. Indeed we have the following
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generating relations of the type (4.7).

!
m , n40

Q (u)m1n (h)m1n x m (2x)n

(t)m1n m! n!
F2 [a , 2m , b ; 12u2m2n , d ; y , v]

4F2 [a , h , b ; t , d ; xy , v]

(4.18)

!
m , n40

Q (d)m1n (h)m1n x m (2x)n

(e)m1n m! n!
F3 [2m , b1 , 12e2m2n , b2 ; c ; y , v]

4F3kd , b1 , h , b2 ; c ;
xy

4
, vl(4.19)

!
m , n40

Q (v)m1n x m (2x)n

m! n!
F3 [2m , b1 , v1m1n , b2 ; c ; y , v]

4F3k v

2
, b1 ,

v

2
1

1

2
, b2 ; c ; 24xy , vl .

(4.20)

Finally on setting H4B i41, D i40, i41, R , n and E4F4V4U4T4Q
4P4D4G40 in (3.6) together with the reduction formula for the generalized
Ka’mpe de Fe’riet series of several variables [11], p. 39 (32), we get a generalization
of (2.10) given by

!
m40

Q (h)m

m!
A11FByb11R1bn2m , (a);

(c);
yzx m

4 (12x)2h F (2)y(a): b11R1bn ; h ;

(c) :222;2;
y , xy

(x21)
z .

(4.21)

Now, if in (4.21), we set bi40, i42, 3 , R , n, then it reduces to a known result of
Srivastava [12], p. 150 (43).

References

[1] P. APPELL and J. KA’MPE DE FE’RIET J., Functions hyperge’ome’tricuest, hyper-
spheriques, polynomes d’Hermite, Gauthier Villars, Paris 1926.

[2] A. ERDE’LYI et al., Tables of integral transforms I, McGraw-Hill, New York
1954.



158 M. A. PATHAN and M. G. BIN SAAD [14]

[3] A. ERDE’LYI et al, Higher transcendental functions II, McGraw-Hill, New York
1953.

[4] A. ERDE’LYI et al, Higher transcendental functions III, McGraw-Hill, New York
1953.

[5] H. EXTON, A multiple generating functions suggested by an extension of a theorem
by Bailey, Pure Appl. Math. Sci., XXXVII (1993), 1-13.

[6] H. EXTON, Handbook of hypergeometric integrals, Ellis Horwood, U.K. 1978.
[7] E. D. RAINVILLE, Special functions, Macmillan Co., New York 1960.
[8] H. M. SRIVASTAVA, Certains formulas involving Appel functions, Comment. Math.

Univ. St. Pauli (1972), 73-99.
[9] H. M. SRIVASTAVA, Generating functions for Jacobi and Laguerre polynomials,

Proc. Amer. Math. Soc. 23 (1969), 590-595.
[10] H. M. SRIVASTAVA, An extension of the Hille-Hardy formula, Math. Comp. 23 (1969),

305-311.
[11] H. M. SRIVASTAVA and P. W. KARLSSON, Multiple Gaussian hypergeometric series,

Ellis Horwood, U.K. 1985.
[12] H. M. SRIVASTAVA and H. L. MANOCHA, A treatise on generating functions, Halsted

Press Ellis Horwood, Chichester, U.K., New York 1984.

A b s t r a c t

Our starting points are results due to Exton [5] on Confluent and generalized hypergeo-
metric functions whose applications give certain double generating functions for polyno-
mials of Gauss and Jacobi and functions of several variables of Ka’mpe de Fe’riet, Lauricella
and Appell.
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