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G. CIMATTI and I. FRAGALA (%)

Existence of weak solutions

for the equations of the electrorheological fluids (**)

1 - Introduction

An electrorheological fluid consists of a suspension of fine dielectric particles
in a liquid of low dielectric constant [6], [2]. Its peculiar property is a dramatic in-
creasing of the viscosity in presence of an electric field. Moreover, when the inten-
sity of the applied field exceeds a critical value, the fluid behaves as a rigid body.
The phenomenon is reversible. The transition’s time-scale and the intensity of the
involved electric currents are respectively of a few milliseconds and microam-
péres. These properties make electrorheological fluids of potential use in industry,
especially in the automotive and aerospace sectors.

In this paper we model electrorheological fluids as electrically controlled
Bingham fluids. The Einstein’s convention on repeated indices is adopted, while
an index preceded by a comma denotes the derivative with respect to the corre-
sponding variable. We recall that a Bingham fluid is a visco-plastic material gov-
erned by the constitutive equations (see [4], Chapter VI)
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here D is the tensor of the strain velocity, o” is the deviation of the stress tensor,
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1
oni= o 0% 0% is the second invariant of ¢”, and the positive constants 4 and g

are respectively the viscosity of the Bingham fluid and its threshold of plasticity.
Thus, according to the magnitude of the function o}f?, we may observe either a
classical viscous fluid, or a rigid medium. To take into account of the influence of
the electric field £ we define a yield limit g as non-negative, continuous increasing
function of |E|, vanishing when |E| does not exceed a critical value |E|., and

assuming a constant value for |E| large enough (see Figure 1.1 below).
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Figure 1.1. The function g =g(|E|).

If |E|<|E|., then g(|E|) =0 and we have a Newtonian fluid (see [3]). If
|E| = |E|,, the behaviour of the fluid depends on the stress tensor: if the second
invariant oy satisfies olff < 9(|E|), the system behaves as a rigid medium; if
ol =g(|E|), we have a fluid whose viscosity is an increasing function of

Thus we have

0 if ol <g(|E|)

1 p-1 (1_9(|E|)
2u(|E|) i

)O‘D if oif=g(|E|),
011

where the dynamic viscosity u is also an increasing and continuous function of
|E|, which satisfies

O<wosul@)spu; <+, VEeR™.

We recall that the symmetric tensor D represents the rate of deformation: if u is
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the velocity field we have

Let Dy denote the second invariant of D:
1
Dy = 5 DDy

It follows from (1.1) that, when o iff = g(| E|), the second invariants of ¢” and D
are related by the equation

oif =2u(|E|) Di* + g(|E|).

If we decompose the stress tensor into a spherical and a deviatoric part, we
have

where p is the pressure of the fluid, and by (1.1)
indeterminate if oif<g(|E|)

(1.3) o’ = (|E])
2+ 17
II

D if o> g(|E|).

Since electric currents are very small, all magnetic effects are neglected and
the electric field derives from a potential @, hence E = —V®. The unknown
functions describing the behaviour of the system are then the electric potential @
and the velocity field u.

We recall that the Poisson equation

(1.4) —edd =g

relates the potential @ to the charge density q, being ¢ the dielectric constant.
Additionally, we assume that the current density is given by

(1.5) J=—-kVqg+qu+ oFE

where the positive constants k and o are respectively the diffusion coefficient and
the electric conductivity. Thus, taking into account (1.4) and (1.5), the



130 G. CIMATTI and I. FRAGALA [4]

conservation of charge
q+V-J=0,
yields
(1.6) AD, —kA* D + V- (uAP) + e V- (oVD) =0.
The fluid is incompressible, therefore

(1.7 Viu=0.

Finally, we assume that only the electric body force f:= gF is acting on the fluid.
Therefore, by the conservation of momentum, the law of motion is
D%i

(1.8) O i -+ Ei: —_—,
T ARy

where % = (u;); + Vu,;-u.
Dt
Goal of the paper is to give a weak formulation and an existence result for the
following initial-boundary value problem.
Problem (P). Let 2 be a bounded open subset of R? with smooth boun-
dary 0Q. Find & and u satisfying equations (1.3), (1.6), (1.7), (1.8) on

Qp:=02x(0,T), and the initial-boundary data
AD(x,0) =0, u(x,0)=u(x) on Q;
D(x, t) =Dy(x), AD(x,t) =0, u(x,t)=0 on 92 x(0,T).

The remaining of the paper is organized as follows. In Section 2 we give a
weak formulation of the initial boundary problem (&) by using Sobolev spaces.
Section 3 contains our main existence result. The proof in divided into four steps:
in subsection 3.1 we define two approximating sequences of problems (&,) and
(P,); in subsections 3.2 and 3.3 we show respectively the existence of a weak so-
lution to problems (&£,,,) and (&,); finally, the weak existence theorem for (&) is
proved in subsection 3.4.

2 - Weak formulation of the problem

In this section we present the weak formulation of problem (&) which we
adopt. We shall use as basic tool the Sobolev spaces [1]. We denote by (-, -),
((-, ), and |- |, ||-|| respectively the scalar product and the norm in L?(£2) and in
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Hl(RQ), as well as in (L2(Q))? :=L%(R; R?) and in (H{(Q))? := H}(2; R?).
We start with the weak formulation of (1.6).To work with homogeneous boun-
dary conditions, we introduce the solution @ to the problem

AP =0 in Q
D=, on IR,

where we assume that @ is the trace on 92 of a function in the Sobolev space
H*»?(Q), p>2. We set ¢ :=® — ®. Looking for ¢ with

2.1)  @eL*(0,T;H¥Q2)NH{()NL*0,T; H¥ X)), A¢'eL*0,T;H X)),
2.2) Ap=0 on 92 x (0, T), Ap(x,0)=0 on Q,
the weak formulation of equation (1.6) reads

(Ag’, &) —k(dgp, A8) — (udg, V&) — & 1oV, VE)

2.3) S
—e 1o(VP,VE) =0 VEcHN(Q)NH*RQ).

We turn now to the weak formulation of (1.7) and (1.8).

Let ©:= {tpe (Cy~(2))3: V"l/)=0}, and let H, V be the closures of © in
(L%(2))? and in (H{(R))% For functions u, v, w defined on © such that the
following integrals exist, we set

blu,v, w) = Juivj,iwjdx,
Q

a(u, v, E) = jzﬂ(|E|)Dij(u)Dij(u) dw,
Q

2.4) ju, B) = [2g(|E]) (Dy) ) d.
Q

It follows from the above definitions that, for any u, v, weV, there holds

b(u)vaw)z_b(uywav)y b(uyuau):07

(2.5) )
a(u,u,E)Bﬂ()”u”, a/(u7v7E)$2;u1||u||||v||'

Furthermore, we recall the inequality (see [7])

2.6) |6, v, w) [ < V2{u V2l ol o |2 oo 2.
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Take now a test vector field v in ©, multiply equation (1.8) by u; — v; and integrate
on Q. Recalling that o, =0, one gets

@2.7) joij(u)pij(u —u)de = Jqu(vi—ui) dee — jg(u; g ) (v — ) dae
Q Q Q

We can also multiply by u; ; — v; ; the equation satisfied by ¢ for o i > g(|E|)
(see (1.2) and (1.3)). It results, summing over i and j, and using D; =0,

o5 Dyto — ) dw = [g(|E]) (D))~ Dytar) Dy (o) o
Q Q

2.8)
~ [ ED (Du@) 2 Dy(w) Dy(w) do + atu, v —u, B).
Q

Recalling (1.7), assume now that u satisfies
(2.9 uelL”(0,T; HHNL20, T;V), u'eL?0,T;V")),

(2.10) u(e, 0) =u’(x) on Q;

here and in the following, we let u’e H.

If we couple equations (2.7) and (2.8), using the definition of the functional
j(u, E), the Schwarz inequality, and the identity b(u, u, u) =0, we get the
following weak formulation for (1.8)

w,v-—u)-bu,v,u)+au,v-u,E)+jv, E)—ju, E)

(2.11) _
= e(deVop, v —u)+e(dpVOP,v—u) VveVl,

where we set o =1 for the constant density of the fluid.
Summing up, we can reformulate problem (&), having introduced suitable
non-dimensional constants a,, j=1, 2, 3.

Problem (&), weak formulation. Find ¢ and u, with

@212)  @eL =0, T;HXQ)NHNQ)NLXO0, T;HYRQ)), Ag'eLX0,T;H (),
2.13) Ap=0 on 3Q x (0, T), Ap(x,0)=0 on Q
(2.14) uelL”(0,T; HHNL20, T; V), u'eL?0,T;V"),

(2.15) u(x, 0) =u’(x) on 2,
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satisfying on Q, the equation

(Ao’ &) —ay(Agp, A8) — (udep, V&) — az(Ve, VE)

(2.16) —
—a3(VP, V&) =0  VEeH{(2)NH*(Q),

and the variational inequality

@ ,v-—u)-bu,v,u)+au,v—u,E)+jw, E)—ju, E)

2.17 _
= (ApVep, v —u) + (ApVP, v —u) VYveV.

3 - Existence of weak solutions

In this section we show that there exists a solution to problem (&). The proof
consists of a double approximation. We construct a sequence of problems (£,), ¢
in which the inequality (2.17) is replaced by a sequence of equations. Then, we
approximate each problem (&#,) by a sequence of finite-dimensional problems
(P )men. Standard results in the linear theory will give the existence of a solu-
tion to (&,,,) for any & > 0 and m e N. Then, passing to the limit as m — + « and
£e—0"%, we shall find a solution to the limit problem ().

3.1 - Definition of the approximating problems

We replace the non-differentiable functional j defined in (2.4) and appearing in
(2.17), by a sequence of differentiable functionals j.. For every ¢ > 0, and for any
function u on Q such that the integral makes sense, we set

. 2 |
jetu, B = —— [¢(|E]) D) d .
I+eg

The Fréchet differential of j, on V exists and is given by

3.1) (ji (u, E), v) = Jg( |E|) Dyy(w) = "*Dy(w) Dy(v) dz .
Q

We then approximate inequality (2.17) with a sequence of equations, considering
the following problem, where we set E,= —V(¢, + D).
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Problem (&,). Find (¢,, u,) solutions to (2.12)-(2.15), and to the following
system of PDE’s

(AQJ;, 5) _a2(A§05’ AE) - (usA()ve’ Vg) - ﬂs(prsa VE)

(3.2) _
—ag(VP, V&) =0  VEeHj(2)NH*(Q),

(u;) U) _b(us) v, us) + a(ue" v, Eé) + (jsr(us) Es)’ U)

(3.3) o
=g, Vo, v)+ (4 VP, v) VveV.

Each problem (&,) is approximated by a sequence of finite-dimensional pro-
blems, using the Faedo-Galerkin method. Let {w;};. be the base of V given by
the normalized eigenfunctions of the canonical isomorphism A: V—V"', ie.

(Vw;, Vo) =1,(w;, v) VYveV, |w;|=1.
We set V,, :=span{wi,i=1, ..., m}, melN.

Problem (#,,). Find (@,.,, u,,) solutions to (2.12)-(2.15) and to the
system

(A(pfwu E) _QZ(A(:D ems AE) - (uemA(p ems VE) - aS(V(p ems V‘E)

3.4) —
—ag(VD,VE) =0 VEeH(Q)NHAQ).

(3 5) (uém’ wi) _b(uema w;, uem) + a(uem’ w;, Esm) + (je,(uem’ Esm)’ wi)
:(Aq)amV(psmawi)+(A(/7£mV6; wz) Vi:lr ey, M

3.2 - Existence of a weak solution to (P,,)

For any given function v,, € V,,, consider the initial-boundary value problem in
the unknown ¢ given by (2.12), (2.13) and by the equation

de', & —ay(dp, AE) — (v,, 49, VE) — a3 (Ve, VE)

(3.6) -
—a3(VD, VE) =0 VEeHNQ)NHX(Q).

Such problem admits a unique solution, which will be denoted by @(v,,). Indeed,
notice that the parabolic problem

{q’—aqunLvm-Vq—aSq:O on Q,
q=0 on 92 x (0,7, q(x,0)=0 on 2

admits an unique solution ¢q:= ¢(v,,)eL (0, T; L%(2))NL2(0, T; H'(Q)).
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So ¢(v,,) will be the unique function ¢ satisfying (2.12), (2.13), and solving
_A(p = (}(Um) on £rp.

Let us now look for a solution (¢, U.,) to (,,) with u,,, € C*(0, T;V,,),

that is u,, (x, t) = > g.,(t) w;(x), with g’,eC(0, T; R) for i =1, ..., m. This
i=1

is equivalent to find u,,, e C*(0, T;V,,) satisfying (2.14), (2.15), and

(u;:m) wi) _b(usm’ w;, usm) + a(usmv w;, Esm) + (jsl(usm’ Esm)’ wi)

3.7 _
:(A(PemV@smawi)‘*’(ﬁfpmv‘p, wi) Vi:ly M,

where ¢,,, and E,, equal respectively ¢(u.,) and —V[¢(u,,) + P].

Then, the existence of a solution u,,, to (3.7) follows from the observation that,
writing u.,, as u,,(x,t) = > ¢l.(t) w;(x), 3.7) becomes a first order ODE’s

i=1

system in the unknown g/, (t), i = 1, ..., n, while the initial condition (2.15) can be
reformulated as

(38) gszm(o):g()la @.:1, e, M,
being {gilicn a sequence such that lim || X giw; —u’|| =0.
m—+o||j=1 v

3.3 - Euxistence of a weak solution to (P,)

In the following we shall denote for simplicity by (¢,,, u,,) a solution to pro-
blem (&#.,). In the next lemma, we collect some a priori-estimates on

(QD m um)-

Lemma 3.1. The following sequences are bounded in the corresponding
Sfunctional spaces:

3.9) u, i L>0,T; HHNL*O0,T;V),

(3.10) u, in L*0,T; V"),

(3.11) Ag,, i L0, T; L2(2))NL*0, T; Hi (2)),
(3.12) A, i L*(0,T; H '(Q)),

(3.13) Vo, in L=, T; H(Q)).
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Proof. Taking u,, and ¢,, as test functions in (3.5) and (3.4) respectively,
we get

1d
(3 14) E a |um(t) |2 +a(uma Uy, Em) + (jel (umr Em); um)

= (A(pmV(pﬂ’L’ u’ﬂ’b) + (A¢WLV6’ u’ﬂl)
and

1 d
— — |V, ® |2+ ax |49, &) |? + (W, A0 10, VO
3.15) 201tl(p()l o | A9, () |? + (W, A9 1, VO )

+a3(V(pm9 qum) + CLS(V57 VQDM) =0.

We add now (3.14) and (3.15), taking into account that a(u,, u,,, E,,)
= uolle,, ®IF by @5y, and (j!(u,, E,), u,) =0 by (3.1). Using the
inequality

0/2

(3.16) abs — + ébz,
20 2

to estimate the terms (4¢,,V®, u,,) and a3(V®, Vo ,,), we get

1 d
E Euum(t) |2 + |V§0m(t) |2] +,u()”um(t)H2 + ) |A§0m(t) |2 + 2} |V€0m(t) |2 S

o' 1 —
> Vo, @) |2+ — |VP |?|.

+ a.
K 20’

—_ 0 1
sup [VD | || = |d@,, @) |2+ — |u,,(t) |
(100151 )| 5 14w+ 55 o)

o} —
If we choose 6 such that a, — Esup|V¢>| =1, and 0' =3, we infer
Qr

| =

1
> [, @) |2+ Ve, @) |21+ wolle, O F + |40,,@) |?

o

t

s Cl[|um(t) |2+ |V§0m(t) |2 + |V6|2]a
1 _
with C; := max 23 sup |V, % . By the Gronwall inequality, it follows that
a7
u,, remains bounded in L * (0, T; H) N L%(0, T; V), and we have proved (3.9).
Additionally, we have proved that

8.17) Vg,, remains in a bounded subset of L~ (0, T; L%(2)),
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Let us take §=A4¢,, in (3.4). Noticing that (u,,4¢ .., V4¢.,) =0, we get

1d _
E a |A(psm(t) |2 + ) |VA¢sm(t) |2 - a3(v(§0em + @), VA@&M) =0.

Using the elementary inequality (3.16), we deduce

1d as| o 1 _
__|A(pem(t)|2+|VA§0sm(t)|2$_3 _|VA(pem(t)|2+_(|V¢snz(t)|2+|vq5|2) )
2 dt al2 0

az6 _ 1
with «:=min {1, a,}. If we choose 6 >0 such that 1 — —— > =
2@3 2a 2
C, := —, it follows
ad

and we set

d _
(3.18) s |4 0 (8) |+ | VA@ 1, () |* < Co(| Vg () |2+ | VP |?).
By (3.17) and (2.12), this implies (3.11) and (3.13).
Let us write (3.4) as A¢,,=V-F,,, where
Fm = aZV(A(pm) - umAQm —ag V((;D m + 6) .

Then (3.9), (3.11) and (3.13) give (3.12).
It only remains to prove (3.10). To this aim we write (3.5) as

(319) (u;na U) + <Bm + Am + Km - Hm) U)(V’, V) = 0 ’ VU € ‘fmy

where the functionals B,,, 4,,, K,, and H,, are defined on V as follows.
Let B,,=B,,(u,,(t)) be the linear functional defined on V by

<Bm’ v>(V',V) = b(um,(t)y v, um(t))-
From (2.6), we have
|6, (1), 0, w,, () | < V2, ()] [, 8 | [0]];

since u,, is bounded in L*(0,T; H)NL?*0,T;V), B, is bounded in
L%, T; V).
Let A, =A,,(u,(t)) be the linear functional defined on V by

<Am(t), U>(V', v = a(um(t)y v, Em) .
From (2.5),, we have

la(u,,(t), v, E,) | <2uu,®l ] ;
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then, since u,, is bounded in L2(0, T; V), it turns out that the sequence A,,
belongs to a bounded subset of LZ(0, T; V').
Let H,,=H,(¢,,(t)) be the linear functional defined on V by

<Hma U> = (Agamv(q)m +5)7 U)-
For a suitable positive constant C; it holds
| (49, V(@ + @), v) | < |49, V@, + B) | |v] < C5 |49, V(@ ,, + D) ||lv]|;
then each H,, is continuous on V. Moreover, by (3.11) and (3.13), 4¢,, and Vg,
are bounded respectively in L2(0, T; L*()) and L (0, T; L?()) for any
p < + o, hence

(3.20) A9, Vg, is bounded in L2(0, T; L%(Q)),

which proves that H,, is bounded in L2(0, T; V").
Finally, let K,, be the linear functional defined on V as

<Km7 v>(V’, V= (jer (umr Em); U) .

Using the Cauchy-Schwarz and the Hoélder inequalities, we get, for a positive
constant Cy,

| (je/ (um7 Em); U) | =

Jg( |Em | )DII(u7n)£7 1/2Dij(um) Dz;(v) dx
Q

(3.21) <2 [g(|E, |) Dy, Dy (0)* do
Q

12
<¢ Lj Dy(u,, dx] ol

Thus each K, is a continuous functional, and by (3.9) the sequence K,, is bounded
in L%0, T; V").

Let =, be the orthogonal projection of V' onto V,, :=span{Aw;,
i=1,...,m}; we have =, u,,=u,,, so that (3.19) gives u,,=x,,(H,,— K,,—A,,—B,,).
By the choice of the basis {w;};w, it is easy to check that 7, is a contraction on
V'. Thus the boundedness of H,, — K,,—A,,—B,, in L%(0, T; V') yields the
boundedness of u,, in the same space. =
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We are now in a position to prove the existence of a solution to problem
(Pe).

Lemma 3.2. For every e >0, there exists a solution to problem (P,).

Proof. By Lemma 3.1, we can assume that, when m — + o, possibly
passing to a subsequence, we have

(322) u,—u, weakly star in L~ (0, T; H), weakly in L2(0, T; V),
strongly in L?(0, T; H) and a.e. (by components) on £,
(323) u),—u. weakly in L%(0,T; V"),
(324) Ag,—Ap, weakly star in L *(0,T;L*Q)), weakly in L0, T;H}(Q)),
strongly in L2(0, T; L*(2)) and a.e. on .,
(825) A, —Ag!. weakly in L2(0, T; H 1(Q)),
(826) V¢, —Ve, weakly star in L*(0, T; H(Q)),
strongly in L *(0, T; L%(2)) and a.e. on Q,

827  A¢,V¢,,—A9 Vg, weakly in L*0,T;L*Q)) and a.e. on Qp,

Indeed, the weak and weak star convergence in (3.22)-(3.26) is satisfied (possibly
passing to a subsequence) by Lemma 3.1, respectively by the reflexivity of the
corresponding functional spaces, and by the Alaoglu-Bourbaki compactness
theorem. The compact embedding H{ () <s < L2(2) (see [1]) then yields the
strong convergence in (3.22), (3.24), and (3.26).

Since the sequence Ag,, V¢, is bounded in L2(0, T; L*(R)) (see (3.20)),
possibly passing to a subsequence we have Ad¢, Ve,—¢g weakly in
L%(0, T; L?(R)); by (3.24) and (3.26), it must be g=4¢,.Vep,, and (3.27)
holds.

Finally, the pointwise convergence almost everywhere on Q ; in (3.22), (3.24),
(3.26), and (3.27), is fulfilled possibly passing to subsequences, because of the
strong convergence of the involved sequences.

We can now pass to the limit, as m— + o, in (3.5) and (3.4). Using (3.25),
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(3.24), (3.22), and (3.26), if we pass to the limit in (3.4), we obtain

(A, &) —ay(dg, A8) — (w A, V&) —az(Ve,, V&)

—a3(VP, VE) =0 VEecHI(Q)NHAQ).

Let us pass to the limit in (3.5). By (3.21) and (3.9), 5. (u,,, E,,) is bounded in
L%(0, T; V'), hence we can assume that j, (u,,, E,,) —x weakly in L2(0, T; V").
Moreover, by (3.23), (3.22), (3.27), and (3.24), for every v eV,, we have

(u,, v) = (u;, v), ao(u,, v, E,) —>au,, v, E,),

(49, V(@ + D), v) = (49 V(g + D), v),

and b(u,, v, u,,)—b(u,, v, u,). Therefore, by the completeness of the system
{w;};cx, passing to the limit in (3.5), we obtain

(u;,v)-b(u,,v,u,)+awu, v, E,)+ (x,v)

(3.28) a
=(d¢ Vo, v)+ (49 VP, v) VveV.

It remains to prove that y =3, (u,, E,.). Let fe L%(0, T; V), f e L*(0, T; V"),
with £(0) =u°, and set

T
Xm = [( -Sl(uﬂ’b’ Em) - .s’( f’ Em)7 uy, _f)
(3.29) J / J
+a(u,,—f,u,—f,E,)+ W,—f,u,—~f)]dt.

Notice that X, =0, because j, is a convex functional, a(u,, — f, u,, —f, E,,) is
T
1
non-negative by definition, and J'(u,’n -f,u,—f)dt= E |w,, (T) —£(T) |2.

0
Let us insert into (3.29) the equation
(u’;ﬂ, b u”ﬂ,) + a’(u’ﬂ’L b u’ﬂ'L ) EWZ) + ( jé'/ (um ) E’WL )7 um)
= (A(ﬂ m un mr um) + (A(P m Va, u'm)

(obtained by taking u,, as a test function in (3.5)), and pass to the limit as
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m— + . We get X,,— X, with X=0 given by

T
X= (e Vo u)+ Ag VB, u) ~ (o, ) = (G (F, E) u,~ 1)
0
_a/(uufr Ee)_a(fr us_fr Es)_(ue,’f)_ (F9u5_f)] de

T
= f[(ug—f”,us—f)nLa(ug—f, u,—f,E)+(y—j/(f,E), u,—N]dt,
0

where the last equality has been obtained using (3.28), with v = u,.
Now, choosing f=u,— Ay, where A is a positive parameter, and
YweL?0,T;V), v eL?0,T; V') with y(0) =0, we get

T T
X=22[[(y, v) +aly, 9, EDVdt+ 4 [ (= j! (w,— 2y, B, ) dt.
0 0

Dividing by A, letting 1 tend to zero, and recalling that X must be non-negative,
we conclude

T
f(x—j;(us, E), ¢)dt=0.
0

Hence, by the arbitrariness of v, it follows y =5,/ (u,., E,). =

3.4 - Euxistence of a weak solution to (P)

Our main existence result can now be proved using Lemma 3.2, and passing to
the limit as e —0".

Theorem 3.3. The nitial-boundary value problem (P) admits a solution.

Proof. By Lemma 3.1 and Lemma 3.2, for any ¢ > 0 there exists a solution
(p,, u,) to problem (Pe) such that the sequences ¢, and u, satisfy the estimates
(3.9)-(3.13), with the index m replaced by the index e. In particular, possibly pas-
sing to a subsequence, (3.22)-(3.27) hold (again replacing m by ¢). Then, passing to
the limit in (3.2) as e— 07, one gets (2.16). The passage to the limit in (3.3) can be
done similarly as in [4]: we set, for a fixed veL%(0, T; V),

T
Z, = J[(ug, v—u,)—-bu,v—-u,u,)+aou,v—-u,kE,)
0

+js(vv Eé) _je(us’ Ee) - (A¢év¢u U — us) - (A¢sva7 U — ue)] dt.
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By (3.3), we have

T
Z.= [Lj.w, B) = j.(u,, E) = (j, (u,, E,), v —u,)] dt =0,
0
hence
T
J[(u;, v)—-bu,v,u,)+au,v,E,)+j.(v,E,)
0
—(4¢ Vo, v—u,)— (Agp VD, v —u,)] dt
1 1 T T
> |u (D) |2— = |u® |2+ fa(ug, u,, E,)dt + fjg(us,Es)dt.
2 2
0 0
Passing to the liminf as eé—0% in the above inequality, we obtain

T
f[(u’, v)-bu,v,u)+a(u,v, E)+j, E)
0

_ 1
(3.30) —(UeVep, v —u)— (ApVD, v —u)] dt = limigfg |u.(T) |2 _
T T
+ limiglf a(u,,u,, E,)dt+ limiglf fje(ue, E,) dt.
0

We claim that

1
(3.31) liminf — u, (T) |*> |u(T) |,
T T
(3.32) liminf [a(u,, u,, E,) dt = j au, u, E)dt,
e—0 0 0
T T
(3.33) liminf j jo(u,, E,) dt = j ju, E)dt.
0 0

1
~|u
2

[16]

0|2

The inequality (3.31) is a straightforward consequence of the weak convergence of
u,(T) to u(T) in H. In order to prove (3.32), we use the continuity assumption on
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the function u=u(&) on R* and the lower semicontinuity of the function
T

v ja(v, v,E)dt on L%(0, T; V); we get
0

T T
limi{)lf aou,, u,, E,)d = limi{]lf [a(u,, u,, E,) - a(u,, u,, E)] dt
£—> o £—> o
T T
+ liminf a(ue,uS,E)dtaja(u,u,E) dt .
SR 0

Similarly, the continuity assumption on the function g =g¢g(&) on R* gives

T T
liminf [J,(u,, E.) dt > limint j [j.(u,, E,) —j.(u,, E)] dt
0 0

T T
+ liminf j jo(u,, B) dt > liminf j jo(u,, E)dt .
0 0

By the Hoélder inequality, we infer

fTJ;(uE, E)di= [iu,, By at
0

T 1+e¢
(1+8)(291|~QT|)8|_0 ] ’

Then, using the weak lower semicontinuity of the convex functional

T
v— Jj(v, E)dt on L%(0, T; V), we get
0
T T T
limin j jeu,, E) dt > limin j j(u,, E) dt = f ju, E)dt,
R R 0
and (3.33) is proved. From (3.30), (3.31), (3.32) and (3.33), it follows

T
f[(u’, v—u)—-bu,v,u)+au,v—u,E)+jv,E)—ju, E)
0

— AoV, v —u)— (4eVP, v —u)]dt=0 VveV.
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@

Choosing

_ . -1 - 1
v ifte|t— —,t+ —
n n

v=v, =

u(t) otherwise,

where ¥ is a fixed function of V and ¢ is arbitrary in [0, 7], and passing to the
limit as » — o we deduce that the integrand function in the above inequality must
be non-negative for a.e. te [0, T']. Hence (2.17) holds, and this completes the
proof.
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Abstract

Electrorheological fluids are characterized by a relevant increasing of the viscosity
under the action of an electric field. We state a constitutive law which consists in viewing
them as Bingham fluids controlled by a yield function depending on the intensity of the
applied electric field. We couple this constitutive equation with the fundamental conser-
vation laws which govern the motion of the fluid, and prove an existence result for a weak
formulation of the corresponding initial-boundary value problem.
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