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Electromagnetic waves in stratified media (**)

1 - Introduction

Electromagnetic wave propagation in inhomogeneous media is investigated
both in the frequency domain and in the time domain. Recent approaches to the
time domain involve imbedding, Green’s functions methods and wave splitting
techniques [1]-[4]. The frequency domain is decisively more familiar, especially in
dispersive media [5]. The present investigation is framed within the frequency do-
main and shows that new properties and results can be derived on the basis of an
appropriate decomposition of the matrix governing wave propagation through a
first-order system.

The material properties are modelled by incorporating both instantaneous re-
sponse and memory effects in a linear way. Since we let the pertinent fields be
time-harmonic, the material properties result in complex-valued coefficients be-
tween independent and dependent vector fields. Recent investigations [6]-[7] of
thermodynamic character allow us to specify the sign of the imaginary parts of
the permeability and of the effective permittivity.

The constitutive parameters and functions are taken to depend on Cartesian
coordinates x, ¥, z and the Maxwell’s equations are ultimately written in the
form

J,w=Aw
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where w is the set of x- and y-components of the electric and the magnetic field
while A is a 4 X 4 matrix operator. This form may be viewed in the spirit of Stroh
formulation [8] and is applied [9] to determine the reflection matrix for stratified
anisotropic media. The system is then shown to decouple in two 2 X 2 systems if
the trasverse inhomogeneity occurs through one coordinate only.

Next wave propagation is investigated by letting A depend only on z and the
fields be independent of one coordinate (y). The Fourier transform of the perti-
nent fields with respect to x is considered; the remaining dependence on z is the
subject of our analysis. By a proper choice of the eigenvectors of the (Fourier
transform of the) matrix A, the evolution equation results in a peculiar form. Ap-
plication to the Cauchy problem, relative to a surface z = constant, shows that fin-
er approximations to the solution are obtained. In general, the standard method
of successive approximations may be applied to determine a single scalar un-
known which in turn produces the solution to the Cauchy problem. Also, the re-
course to the thermodynamic restrictions provides a deeper understanding of the
results in that the solution proves to be given by suitable integrals of wave-like
functions which decay as they propagate. As a check of consistency, Fresnel’s for-
mulae for reflection and transmission are shown to hold in the thin-layer limit for
the slab.

The crucial step in the present approach is that, by means of the Stroh-like
formulation, a proper choice of the unknown vector function and of the eigenvec-
tors results in a peculiar form of the evolution equation. Hence a simpler and
more convenient expression follows of the integral equation for the initial value
problem. Also, the connection with the limit case of thin layers is more immedi-
ate.

2 - Time-harmonic waves

Consider an electromagnetic isotropic solid and let E, D, H, B, J be the elec-
tric field, the electric displacement, the magnetic field, the magnetic induction,
and the electric current density. Hence, in MKSA units, we write Maxwell’s equa-
tions as

1) VXxE=-B, VxH=D+J,

2 V-B =0, V-D=op.
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The free-charge density ¢ and the electric current density J satisfy the continuity
equation

VJ+0=0.

The material is taken to exhibit memory effects. We let B, D, J and H, E be re-
lated by linear memory functionals in the form

B()=uH®) + [i@HE -9 ds, D) ="E®) + [ Bt -9 dg,
0 0

Jt) =0 EM) + [5(5) Bt - &) &,
0

where u’, £°, 0° are the positive-valued instantaneous permeability, permittivity

and conductivity. The functions 4, &, ¢ on R™ = [0, ») are required to be inte-

grable so that the response B, D,J to constant histories is bounded.
Consider time-harmonic fields with time-dependence factorized by exp ( —iwt).

Hence eqs. (1) become

3) VX E =iwB, VxH=—1iwD+J.

Taking the divergence and using the continuity equation yields (2). We then re-
strict attention only to eqs (3). Meanwhile, the constitutive equations become

B =uH, D=¢E, J=0oE

where

w=u'+ [@(© expliod) dg, o=+ [ &) exp(iwd) dE,
0 0

o=0"+ j&(g) exp (iwE) d& .
0

Substitution in (3) yields

o V x E = iouH, VxH=—iozE
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where
E=¢+io/w

is the effective permeability.
Compatibility with the second law of thermodynamics [6] requires that

Us(w) >0, &(w)+ o Yo+ o.(w)) >0, VYoeR"™ ™,

where the subscripts s and ¢ denote (half-range) sine and cosine transform,
e.g.

©

(@) = [ii(®) sinwg dg, Go(w) = [5(8) cos wE de .
0

0

Denote by I and N the imaginary and real parts of a complex number. Since
Su =, and Iz =&(w)+ o (0°+0,(w)), the thermodynamic requirements
become

5) Su>0, Jz >0, VoeR™ .

No thermodynamic restriction is placed upon ik, &, and ;. However, u° and &°
are likely to be larger than the frequency-dependent terms z, and &, + o,/w.
Hence, since #°, ¢">0 it is reasonable to assume that

(6) Ru=u"+u,>0, Ne=e"+¢,+0,/0>0.

Because of the inhomogeneity, the permittivity x4, and the effective permeabili-
ty € are C' functions of the position x. In Cartesian components, egs. (4)
read

H, ~H

.—H, ,=iwek,, H,.-H, = —iwek,, H, Y

Ly = wwEE,,

E, .—E. ,=—iouH,, E,.—-E, ,=iouH,, E,,—E,,=—iouH,

where the subscripts, x, ¥ and z stand for the partial derivatives 9, = 9/dx,
9, =0/dy, and 9, = J/3z. Hence we have
1 1
Ez:__(Hy,x_Hx,y)’ Hz:__(Ey,x_Ex,y)'
weE wu

Upon evaluation of K, ,, E, ,, H, ,, H, , and substitution we obtain a system of
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four equations in the four unknowns H,, H,, E,, E, in the form

H.’t Hx
y 0 M ] H,
2, =1
E, N O0]|E,
E?/ E?/

where 0 denotes the 2 X 2 zero matrix while M and N are given by

M= [ (1/oww), .9, + (1/wu) 9, we—1/ou) 0, — (1/wu) 3,
wg+1/ow), ,0,+ (1/ww) 8,  —(1/wu), 0, — (1/wu) 3.,

v [ ~(1/w?),, 8, — (1/we) 3,, ou + (1/we), , 8, + (1/wE) 3,
—owu — (1/we), 8, — (1/w) 3, (1/wE), , 8, + (1/wE) 8,, |

The entries off the secondary diagonal involve mixed derivatives J,, or prod-
ucts such as (1/wu) ., 9,. Hence, if the transverse dependence is only through one
coordinate, x or y, the off-diagonal entries vanish. The system then decouples in
two 2 X 2 systems, one for H, and E,, the other for H, and E,. If, further, the de-
pendence of the material properties is only through z and H,, H,, E,, E, are in-
dependent of y we have

o 5, H, _ i[ 0 we+(1l/ww) am] H, ,
E, wu 0 E,
H, g1[H,

ol S
E, ou + (l/we) d,, 0 [|E,

3 - Property of A in the Fourier-transform domain

The form of the systems (7), (8) suggests that we apply the Fourier transform
with respect to x. Letting

[

Fle) = [ exp(—ik.2) f@) do

—
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we obtain
w' =Aw

where the prime denotes differentiation with respect to z and

H 0 (1 k2
) w:[il“], A=—i[ we = Lo ]
E, wu 0
or
[f[y] . 0 wE
(10) w=|_ |, A=1 .
E, [wﬂ— (1/w®) k2 0 ]

The eigenvalues A, A, of the 2 X 2 matrices A in (9) and (10) satisfy

22 ,=k? - wuz

(11)
= — 0 {(Mu)N?) — (Su)(I7) — k7 /w® + iL(Ju)(RE) + (I)(NRuw)]}.

It follows from (5) and (6) that
(12) 2452 <0, w>0.

Also, if k,#0, NA3 ; is positive for small values of w and negative for large
values of w, if Ry > Ju and Ne > IJ&. Let 1, be the value with the minimal argu-
ment. Irrespective of the value of &k, and w >0, it follows from (12) that

(13) 2, >0, MA, <0,

namely arg 1, e (7/2, 7).

As a consequence of (11) and (13) we have 1, = — 1, # 0 and hence the matri-
ces A are simple, which means that the eigenvectors w(), we, are linearly
independent.

Let @ be the matrix whose columns are the eigenvectors of A. Hence
u=@Q 'w satisfies the differential equation

(14) w'=Au—-Q Q' u

where A =diag(1;, —1;) =Q 'AQ. An equation of the form (14) for the evolu-
tion with z is considered by Kennett [10] within seismic wave propagation and by
Karlsson [3] in electromagnetic one-dimensional media. The form (14) occurs also
in a paper by Keller & Keller [11] on systems of linear differential equations. In
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electromagnetism, @ ' Q' can be given a peculiar form - cf. (16) and (17) - which
allows for simpler procedures to obtain the solution to related problems.

Look at the matrix A of (9). To find the expression of @ 1Q' we choose the
eigenvectors w; sy as

A/ Ao/
(15) Wy = |: ! a)‘u:|, W) = [ z w/’t:| .

(16) Qre= 2=
where
_ 1 -1
::[_1 1 ]
and
¢ =Ai/ou.
Also,
w=Qu= [M—l(ul—uz), Uy + Uy '
ou

Concerning the matrix A of (10), the eigenvalues turn out to be the same as
for (9) while

1 1
W) = , W) = .
W [—ml/wz] @ [—ixz/wg]

Hence we find that

am Qg -Lz
2y
where

The result that, in both cases, @ ~'Q’ is a scalar function times the constant
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symmetric matrix =, is crucially related to the choice of the eigenvectors. That is
presumably why, so far, such a property has not been exhibited. By (16) — or
similarly by (17) — we can write
! 1
(18) w =du— 2 g
207 -1

where g = (Eu); = u; — uy. Upon an integration, « is then determined in terms of
the single scalar variable g = u; — u,. Indeed, summation of the two components
gives

(g +ug)' =419

and hence u; + uy is determined by g¢.

A single scalar unknown occurs also in other approaches but then the perti-
nent problem is governed by a second-order differential equation. The next sec-
tion examines how the function g(z), and hence % and w, may be determined by
solving an integral equation.

The peculiar properties of the model under investigation is that a 2 X 2 matrix
A occurs with zero diagonal terms, and hence with equal and opposite eigenvalues
Ao = — A, such that J13 , < 0 as w > 0. Moreover, by a choice of the eigenvectors
the pertinent first-order system takes the form (18). The same aspects pertain to
the system for a transmission line where

[V} [ 0 (L + iR/w)
w= , A=1 ,
I o(C +1G/w) 0

where V is the voltage, [ is the current and L, R, C, G are the inductance, the re-
sistance, the capacitance and the shunt conductance per unit length.

The same properties pertain also to horizontally-polarized mechanical waves
in isotropic solids where

U, 0 1
w=|"], Az[ /ﬂ],
t, uk?—ow?* 0

where u, is the (horizontal) displacement, ¢, is the traction and u is the shear ela-
sticity, o is the density. Such different contexts provide a further motivation for
the investigation of the system (18).
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4 - The solution in a layer

We consider the differential equation (18) in C together with the initial condi-
tion on %(0). Here u is a pair of complex quantities while @ 'Q' = (¢’ /2¢) E.
Since u and z are complex valued, both 1; and ¢ are complex valued. The depen-
dence of u and € on the space variable z is taken to be of class C! and hence so is
¢. Also, A3 # 0 everywhere in R and so does ¢. With a view to later use, we let
¢'=01in (—o,0]U[d, ), d>0.

Though the matrix A is dependent on z, the diagonal form allows us to
write

d ¥4 ¥
- P [ Oj AE) d&] = exp [ Oj A®) ds] AG).

Hence integration of (18) yields

(19) u(z) = exp fA(&) dé | u(0) - f"&&) exp fA(n) dn | 9(&) d&[ 1 ]
0 0 2¢ £ -1

namely a linear Volterra equation for u.
The occurrence of g in (19) suggests that we look for an equation in the single

unknown g¢. Let G be the first component of = exp[ f/l(&) dé] u(0) namely
0
G() =exp[ le@) dé] u1<0)—exp[— le@ d&] ,(0).
0 0
Application of Z to (19) yields the integral equation
@0 g(:z) =G - f%(&) [exp( le(m dn)+exp(— fum dn)] 9(8) d& .
0 & g
Differentiation of (20) with respect to z yields

g'(z)=G'<z)—%<z>g(z)
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1@ [ L@ |exp [2,0 dn| - exp [~ [2,0p an] 9@ a.
0 2¢ 4 &
Multiplication by ¢(z) and integration result in

($9)(z) — (¢9)(0) = [(¢G ")) d&
@1) z & ¢ 0 g
~[o® 2. | §—¢<s>[exp(jzl<n> dn)—exp(— [ 420 dn)]g(a') ds.
0 0 s s

Equation (20) can be given the form
(22) 9(2) = G@) + [ kiz, & 9(&) d&
0
where

k(z, &) = — ;—d)(é)[eXp(Jll(m dn)+eXp(— fil(n) dn)]-
3 3

Upon the assumption that k is bounded as £e[0, d] and ze [0, d], it follows
that the solution g to (22) exists and is unique in L2(0, d) (cf. [12]). The same
conclusion follows for the unknown ¢g by merely letting k(z, &) —K(z, &)
= ¢(z) k(z, £)/¢p(&); in this regard it is essential that ¢ = 0 as a consequence of
12).

To obtain the solution g to (22) we apply the method of successive approxima-
tions through the integral equation

z

n—1 g
90 =6+ 3 [k,(z, 8 G e+ [k,(z, & g(&) d&
0

m=1
0

where k,,, m=2,3, ..., is generated by the recursive relation

F1(z, 8 = [l (2, ) kCy, ) dn
é
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and 7 is chosen such that
(K"g)@) = [ky(z, £ g(&) dé
0

is a contraction, i.e. |[K"| <1.

We now make use of a generalization [13] of Gronwall’s lemma which im-
proves a standard inequality (cf. [14]). Let &, p, ¢ be continuous functions on
[0,d] and pq=0. If f has the property that

f@&) <h@) +p@ [q@) f) dy,  z<10,d],
0
then
@3)  f(z) S (z) + p(z) f(qh)(y) exp [ f(qp)(n) dn] dy, ze[0, d].
0 Y

Application of (23) to

z

9| < |G@) | + [ [k, )] 98 |d&

0
and the identifications
=19, h=1G|, p=1, q=|k|,

shows that |g| is bounded on [0, d]. Hence, on the assumption that 14, ¢, ¢ be
bounded it follows from (21) that

24) (¢9)(z) = (9g)(0) = O(z).

Accordingly, the function g satisfies

_ (990

g2) P(2)

+0(2).

The conclusion remains valid as d— 0, in which case ¢ ' may become unbounded,
provided only that |¢' |d is kept bounded. This means that, g(z) is closer and
closer to (¢g)(0)/¢(z) both when z becomes small while ¢ is kept fixed and when
d—0 while ¢(0) and ¢(d) are fixed.
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5 - Wave propagation
With (13) in mind we now investigate the meaning of (21). The last term pro-
vides the higher-order corrections, in the sense of successive approximations, to

the solution determined by the initial value «(0). Examine the first two

terms.
Let w(0) = [uy", ug ]. Observe that G' takes the form

G'<z>=zl<z>[uo+ exp( [1® ds)wo eXp(—fil(E) d&)];
0 0

the initial values u,", %, enter the solution through G’(z).
Replace (¢g)(s) with (¢g)(0) + O(s). Since the time dependence is through the
factor exp(—iwt), in the space-time variables z, ¢ we obtain from (21) that

(p9)(z, t) — (¢g)(0, ?)

2 & 13
= f¢(§) 21(8) [uo+ exp (— J [ ML | Gp) dn) exp [Z( f«“sll(n) dn — wt)]
0 0 0
3 13
g exp( j 1R, |(n) dn)expl—i( jml(n) dn+wt)“ e
0 0
2 £ b £ £
- <¢g><o>0j P(E) 1@)0[ 27 11 [eXp ( _J |R24| (op) dn) exp [i (sj S 40p) dy — wt) ]

4 5
—exp( J|9U.1 | (1) dn) expl—i( f‘fﬁll(n) d77+a)t)”dsd§—...

the dots indicating the higher-order corrections due to O(s). The result shows
that the wave at a point z consists of a superposition of elementary terms of the
form

I3 I3
@5) exp| [ [R41 | dn)eXp[i( [32:am) dn—wt)l, Ecl0, 2],
0

0




[13] ELECTROMAGNETIC WAVES IN STRATIFIED MEDIA 89

13 &
(26) exp(j|zml|(n) dr]) exp[—i( jszl(n) dn+wt)], Eel0, z].
0 0

The function (25) represents a wave propagating in the positive z-direction with
&

mean wavenumber & ‘1J'S‘/1 1() dn. The wave decays, as it propagates, through
£y £
the factor exp(— J [NRA | () dr]), which means that & ’1J |RA1 () dy repre-
0 0

sents the mean attenuation rate. The function (26) represents a wave propagating

in the negative z-direction. The amplitude decays as & decreases because of the
3

factor exp( f [NA1 | () dn).

0

6 - Reflection and transmission from a layer

A layer of thickness d, ze[0, d], is placed among two homogeneous half
spaces. Let 1, and A, be the value of the eigenvalue 1, as ze (— «, 0] and 2
e[d, «). Since I(uz) >0 it follows that

J1e>0, Nl,<0
JLy>0, N1, <0

for any values of w#0 and k,. By solving ' =Au in 2<0 and z=d and
letting

g ug

?/L(O) = > M(d) = |

Up Uq
we have
w(z) = [u0+ exp (— [N, |2) exp(i?sloz)], <0,
uy exp(|NAg|2) exp (—iI192)

ug” exp (— | My |(z — d)) exp (i3I 4(z — d))
w(z) = , >

ug exp (|NAy |(z —d)) exp (—iI44(z — d))

We may view the terms with u,", u; as incoming waves, those with u, , ;" as
outgoing waves.
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A reflection-transmission problem is modelled by considering an incoming
wave and two outgoing waves. Let the incident (incoming) wave come from the
negative side z <0, namely wu," exp (— | N4, |z) exp (iJ1y2z). The two outgoing
waves are u, exp(|Niy|z) exp(—iJlyz) at z2<0 and u; exp(—|Ni,]|
“(z—d)) exp (i34 4(z — d)) at z=d. The position u; =0 means that no wave is
incoming from z=d.

Let % =5u=g[1, —1]". By (14) and (16) we have

d d ., d
ud) = exp(jA(&) ds) w0) - | ;”—¢<§> exp(jA(n) dn) () dé
0 0 g

Define the transmission coefficient 7 and the reflection coefficient R such that
ug” =Tug", ug = Rug . The continuity of u at z=d implies that

[T | e (Ofdh(s) )

d
Resp( - [11(0) )
@ g

d d
y |~ Jie 2e)® exp (gf 10 dn) g(6) g

Uy

d d '
Ji9 291 exp ( - dn) 9(&) dé

Substitution of g, as given by the integral equation (20) or by (21), into (27) yields
the transmission and reflection coefficients T, R.

It is of interest to evaluate 7" and R in the limit case when the thickness d of
the layer approaches zero while the values ¢, = ¢(0) and ¢ ;= ¢(d) are kept
fixed. In this regard it is essential to use the estimate

—¢o(1—“—°+)=0(s>

Uo

9(&)

Uyt

P(8)
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which follows from (24). Substitution in (27) yields

[4
[T exp (Of 21(8) d&)
ol d
ReXp(—fil(é) ds)
(28) d ’ d
— Jlo' 291 exp ( JA:Gp) dn) [1+0(8)]dé
$(1-R)| : :

a
Jlo' 29*1(&) exp ( —J 2 dn)[l +0©)]dg

The limit as d approaches zero yields

T—14+ M[L _ L]
2 ba Do

0—R— M[L _ L],
2 ba Do
Hence it follows that
(29) R:M, T:ﬂ'
O] Pot Py

Since ¢ =1,/wu we have
e~k /)"
u

where the square root is that with minimal argument. In the picture of plane

waves, € —k?/w? may be viewed as the complex-valued normal component of the
wave vector. Accordingly the limit relations (29) may be regarded as the genera-
lization of Fresnel’'s formulae (cf. [15] and [5], p. 120).

References

[1] F. KRrisTENSSON and S. RIKTE, Transient wave propagation in reciprocal bi-
isotropic media at oblique incidence, J. Math. Phys. 34 (1993), 1339-1359.

[2] V. H. WESTON, Time-domain splitting of Maxwell’s equations, J. Math. Phys. 34
(1993), 1370-1392.



92 G. CAVIGLIA and A. MORRO [16]

[3] A. KARLSSON, Wave propagators for transient waves in one-dimensional media,
Wave Motion 24 (1996), 85-99.

[4] J. P. CORONES, G. KRISTENSSON, P. NELSON and D. L. SETH, Invariant imbedding
and inverse problems, SIAM, Philadelphia 1992.

[5] J. A. Kong, Electromagnetic wave theory, Wiley, New York 1990.

[6] G. CaviGLiA and A. MorRro, The effects of dissipativity on electromagnetic waves,
Nuovo Cimento B 113 (1998), 585-599.

[7] A. KARLSSON and G. KRINSTENSSON, Constitutive relations, dissipation, and reci-
procity for the Maxwell equations in the time domain, J. Elect. Waves Applic.
6 (1992), 537-555.

[8] A. N. STROH, Steady state problems in anisotropic elasticity, J. Math. Phys. 41
(1962), 77-103.

[9] J. B. TrrcHENER and J. R. WILLIS, The reflection of electromagnetic waves from
stratified amisotropic media, IEEE Trans. Antennas Propagat. 39 (1991),
35-39.

[10] B. L. N. KeNNETT, Seismic wave propagation in stratified media, Cambridge
University Press, Cambridge 1985, p. 46.

[11] H. B. KELLER and J. B. KELLER, Exponential-like solutions of systems of linear
ordinary differential equations, J. Soc. Industr. Appl. Math. 10 (1962),
246-259.

[12] D. PorTER and D. S. G. STIRLING, Integral equations, Cambridge University
Press, Cambridge 1985, p. 82.

[13] A. MORRO, A Gronwall-like inequality and its application to continuum thermo-
dynamics, Boll. Un. Mat. Ital. 1-B (1982), 553-562.

[14] D. WILLETT, A linear generalization of Gronwall’s inequality, Proc. Amer. Math.
Soc. 16 (1965), 774-778.

[15] J. D. JacksoN, Classical electrodynamics, Wiley, New York 1975, p. 282.

Summary

Time-harmonic wave propagation is considered in imhomogeneous, isotropic, electro-
magnetic solids. The particular case is then assumed that the material properties (per-
mittivity and permeability) depend on a Cartesian coordinate only and the problem is
shown to satisfy a system of linear, first-order, ordinary differential equations. A suitable
change of unknown functions is performed by means of the eigenvectors of the coefficient
matrix. The peculiar structure of the system of evolution equations results in a single
equation for a suitable unknown variable thus providing finer approximations to the sol-
ution of a Cauchy problem with data at a surface. The recourse to properties of thermo-
dynamic character allows a deeper understanding of the results. The coefficients of reflec-
tion and transmission are evaluated in closed form. As a check of consistency, in the
thin-layer limit for a stratified slab, Fresnel’s formulae for reflection and transmission
are recovered.
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