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GIANCARLO CA N T A R E L L I (*)

Stability of the origin of scalar comparison equations, I (**)

Dedicated to the memory of G. L. Braglia

Introduction

In this paper we consider the scalar differential equation

u
.
4a(t) f (u) ,(1.1)

where a : R1OR and f : [0 , U) OR1 , 0EUGQ , are continuous functions, and
f (u)D0 on (0 , U).

Equation (1.1) is the most usual scalar comparison equation that we obtain by
applying the comparison method [2], [3] to the Liapunov’s direct method [7], [8].
This justifies the search for sufficient and necessary conditions for the Liapunov
stability of the origin u40 of equation (1.1), i.e. for the stability of the set
]0(%R1 . This paper is one of a series on the stability of scalar comparison
equations.

Throughout the paper we denote by u(t , t0 , u0 ) a solution for the Cauchy
problem

u
.
4a(t) f (u) , u(t0 )4u0 ,(1.2)

with t0 on R1 and u0 on [0 , U). Moreover, by I4 [t0 , v), t0EvGQ , we denote
the right maximal interval of existence of the solution u(t)4u(t , t0 , u0 ).

Assume that u(t)D0 on an interval J%I . This implies that f (u(t) )D0 on J .

(*) Dipartimento di Matematica, Universitá, Via D’Azeglio 85, 43100 Parma, Italy.
(**) Received November 26, 1998. AMS classification 34 D 20, 34 A 40.
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Hence from (1.1) we obtain, by separating variables,

�
u(t 8 )

u(t 9 )
ds

f (s)
4�

t 8

t 9

a(s) ds , (t 8 , t 9�J .(1.3)

Then define

A(t)4exp {2�
0

t

a(s) ds} , (t�R1 .

÷

Moreover, if �
0

u
ds

f (s)
EQ for every u� (0 , U), define

÷

F(u)4exp {�
0

u
ds

f (s)
} , (u� [0 , U) ,(1.4)

otherwise, put

F(u)4exp { �
u

u
ds

f (s)
} , (u� (0 , U) ,(1.5)

where u is a suitable constant on (0 , U).
From (1.3) we obtain so that

A(t 9 ) F (u(t 9 ) )4A(t 8 ) F (u(t 8 ) ) , (t 8 , t"�J .(1.6)

R e m a r k 1.1. If �
0

u
ds

f (s)
4Q for every u� (0 , U), it is easy to show that

there exists a unique solution u(t) for the Cauchy problem (1.2) (see also [6]). This
implies that u(t)D0 on I , provided that u0D0. Thus from (1.6) we get

F (u(t) )4
A(t0 ) F(u0 )

A(t)
, (t�I ,(1.7)

where F(u) is given by (1.5).

In Section 2 we investigate the case where �
0

u

dsOf (s)4Q , for every
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u� (0 , U). Such assumption enable us to give necessary and sufficient stability
conditions (Theorems 2.1, 2.2, 2.3) that, although not completely original, improve
and complete classical results (e.g. [5], Chap. 3). It is worth noting that all results
of Section 2 continue to hold when f (u) is not defined on the origin (see Example
2.3).

In Section 3 we assume that

a(t) f (0)F0 , (t�R1 ,(1.8)

÷

together with �
0

u
ds

f (s)
EQ for every u� (0 , U). Under such assumptions we show

that the origin of (1.1) is stable if and only if a(t)G0 on R1 (Theorem 3.1). Other-
wise we prove that the origin can be eventually uniformly stable (Theorem
3.2).

R e m a r k 1.2. Condition (1.8) ensures that if a solution u(t) is defined on the
right maximal interval of existence I4 [t0 , v) with vEQ , then necessarily (see
Nagumo’s theorem [1], Chap. 4) u(t)KU as tKv2 . It is worth noting that (1.8)
automatically holds in the important case where f (0)40.

2 - Stability criteria

Throughout this section, and without further mention, we shall suppose
that

�
0

u
ds

f (s)
4Q , (u� (0 , U) .

Then F(u), defined by (1.5), is a strictly increasing function mapping the interval
(0 , U) homeomorphically onto the interval (0 , F(U) ), where F(U)4 lim

uKU
F(u).

Thus F(u) may be considered a function belonging to class K in the sense of Hahn
[4].

T h e o r e m 2.1. The origin of (1.1) is stable if and only if there exists a con-
stant cD0 such that

A(t)Fc , (t�R1 .(i)

P r o o f . Let us suppose that condition (i) holds and let t0 on R1 and e on
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(0 , U) be given. Then, since cGA(t0 ), a constant d4d(t0 , e) on (0 , e] exists such
that F(d)4 (c/A(t0 ) ) F(e). Fix arbitrarily u0 on (0 , d). By (1.7) we have

F(u(t) )E
A(t0 ) F(d)

A(t)
4

c

A(t)
F(e) (t�I ,

where u(t)4u(t , t0 , u0 ). Hence, in view of condition (i),

F(u(t) )EF(e) (t�I .

This implies that u(t)Ee on I . Hence I4 [t0 , Q), and the origin of (1,1) is
stable.

Conversely, suppose the origin of (1.1) be stable. Take e on (0 , U), and denote
by d a constant on (0 , e] such that u(t , 0 , d)Ge for every tF0. Since
A(t0 )4A(0)41, from (1.7) we obtain so that

A(t)F
F(d)

F(e)
(t�R1 ,

and thus condition (i) holds by c4F(d) /F(e). This completes the proof.

T h e o r e m 2.2. The origin of (1.1) is uniformly stable if and only if there
exists a constant kF1 such that

A(t 8 )GkA(t 9 ), (t 8F0, (t 9F t 8 .(i)

P r o o f . Let us suppose that condition (i) holds, and let e on (0 , U) be given.
Then a constant d4d(e) on (0 , e] exists such that F(d)4F(e) /k . By (1.7) we
have, for every t0F0 and u0 on (0 , d),

F(u(t) )E
A(t0 )F(d)

A(t)
4

A(t0 )

kA(t)
F(e) (t�I .

On the other hand, condition (i) ensures that A(t0 )GkA(t) for every tF t0 .
Thus

F(u(t) )EF(e) , (t�I .

i.e. u(t)Ee on I and I4 [t0 , Q). Since d not depends on t0 , the origin of (1.1) is
uniformly stable.

Conversely, assume the origin be uniformly stable. Fix e on (0 , U). Then there
exists a constant d4d(e) on (0 , e] such that u(t , t0 , d)Ge for every t0F0 and
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tF t0 . Then from (1.7) there follows that

A(t0 )G
F(e)

F(d)
A(t) , (t0F0, (tF t0 ,

and so condition (i) is satisfied by putting k4F(e) /F(d). This completes the proof
of Theorem 2.2.

C o r o l l a r y 2.1. Suppose that there exist two constants c1D0 and c2 such
that

c1GA(t)Gc2 , (t�R1 .(i)

Then the orign of (1,1) is uniformly stable.

P r o o f . It is clear that condition (i) of Theorem 2.2 is satisfied by
k4c2 /c1 .

T h e o r e m 2.3. The origin of (1.1) is equi-asymptotically stable if and only
if

A(t)KQ as tKQ .(i)

P r o o f . We recall that the origin is called equi-asymptotically stable if it is
stable and equi-attractive [7].

Assume that condition (i) holds. Then Theorem 2.1 ensures that the origin of
(1.1) is stable. So it is enough to prove that it is equi-attractive, i.e.

(t0F0, )r� (0 , U), (e� (0 , U), )TD0, (u0� (0 , r), (tF t01T(2.1)

u(t , t0 , u0 )Ee .

Fix arbitrarily t0F0. Since the origin is stable, there exists a constant
r4r (t0 ) on (0 , U) such that all solutions u(t)4u(t , t0 , u0 ) with u0Er exist glob-
ally in the future. Then if u0� (0 , r) we have, in view of (1.7),

F(u(t) )E
A(t0 ) F(r)

A(t)
(tF t0 .(2.2)

Moreover, however we take e on (0 , U) condition (i) ensures that there is a con-
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stant T4T(t0 , r , e) for which

A(t)F
A(t0 ) F(r)

F(e)
, (tF t01T .

Thus, taking into account (2.2), we obtain that F(u(t) )EF(e) on [t01T , Q). This
prove that condition (i) is sufficient for equi-asymptotic stability.

Conversely, assume the origin of (1.1) equi-asymptotically stable. Thus, by the
definition (2.1) of equi-attractivity, all solutions starting from u0� (0 , r) tend to 0
uniformly with respect to u0 . On the other hand (1.7) implies

A(t)4
A(t0 ) F(u0 )

F(u(t) )
, (tF t0 ,

and so A(t)KQ as tKQ . This completes the proof.

E x a m p l e 2.1. Let us consider the scalar equation

u
.
4e t ( sin 2 t2cos2 t) log (11u) .

Since A(t)4exp ]e t cos2 t21(, we can apply Theorem 2.1, but we cannot ap-
ply Theorem 2.2 or Theorem 2.3.

E x a m p l e 2.2. Let us consider the equation

u
.
4 (e 2t2e t cos2 t) u .

Since �
t 8

t 9

a(s) dsG1 for every t 8F0 and t 9F t 8 , then condition (i) of Theorem 2.2

holds by choosing k4e . On the other hand A(t) is not bounded, and so we cannot
apply Corollary 2.1.

E x a m p l e 2.3. Let us consider the equation

u
.
4e t (125 sin2 t) e 21/u .

By applying Theorem 2.3 we recognize that the origin is equi-asymptotically
stable. Moreover, Theorem 2.2 ensures that the stability is not uniform.
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3 - Eventual stability

It will be supposed in this section that

a(t) f (0)F0, (t�R1 ,

and

�
0

u
ds

f (s)
EQ , (u� (0 , U) .

Then F(u), defined by (1.4), is now a strictly increasing function mapping the in-
terval [0 , U) homeomorphically onto the interval [1 , F(U) ).

T h e o r e m 3.1. The origin of (1.1) is stable if and only if a(t)G0 on R1 .

P r o o f . It is clear that when a(t)G0 on R1 then the origin of (1.1) is stable.
Thus we limit ourselves to show that when there is tD0 for which a(t)D0 then
the origin of (1.1) is unstable.

In fact, take J4 [t1 , t2 ] such that t�J and a(t)D0 on J . Moreover, fix t0 on
(t1 , t2 ) and choose e on (0 , U) for which

F(e)G
A(t0 )

A(t2 )
.(3.1)

Notice that such e exists since A(t2 )EA(t0 ). Suppose for contradiction that there
is u0 on (0 , U) such that u(t , t0 , u0 )4u(t)Ee on [t0 , t2 ]. On the other hand
u(t)D0 on [t0 , t2 ], since it is here increasing. Then we can apply (1.6), putting
t 84 t0 and t 94 t2 . Taking into account that F(u(t2 ) )EF(e), we obtain so
that

A(t0 ) F(u0 )EA(t2 ) F(e)

which contradicts (3.1) since F(u0 )D1. This completes the proof.

T h e o r e m 3.2. The origin of (1.1) is eventually uniformly stable if and only if

(sD1, )TF0, (t 8FT , (t 9F t 8 A(t 8 )EsA(t 9 ) .(i)

P r o o f . The origin is called eventually uniformly stable if [8]

(e� (0 , U), )TF0, )d� (0 , e), (t0FT , (u0Ed , (tF t0(3.2)

u(t , t0 , u0 )Ee ,
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where u(t , t0 , u0 ) denotes the maximal solution of (1.1) satisfying u(t0 )4u0 .
Fix arbitrarrily e on (0 , U). Condition (i) ensures that there are two constants

TF0 and d� (0 , e) such that

A(t 8 )E
F(e)

F(d)
A(t 9 ) , (t 8FT , (t 9F t 8 .(3.3)

Take t0FT and u0 on (0 , d), and put u(t)4u(t , t0 , u0 ). Suppose for contradiction
that there exists tD t0 for which u(t)4e . Thus we can choose t 8 on (t0 , t) such
that u(t 8 )4d and dGu(t)Ge on [t 8 , t]. Hence from (1.6) one has, putting
t 94 t,

A(t 8 ) F(d)4A(t) F(e)

which contradicts (3.3) since tD t 8FT . So condition (i) ensures eventual uniform
stability of the origin.

Assume now the origin not eventually uniformly stable, namely

(3.4) )e�(0, U), (TF0, (d�(0, e), )t0FT, )u0�(0, d), )tDt0 : u(t, t0, u0)4e .

Take e satisfying (3.4) and take arbitrarily a constant s on the interval (1 , F(e) ).
Moreover, fix arbitrarily TF0 and d on (0 , e). Without loss of generality con-
stant d can be chosen so smal l that F(d)GF(e) /s . Assumption (3.4) ensures that
there exist t0FT , t 8D t0 and tD t 8 such that u(t 8 )4d , u(t)4e and dGu(t)Ge

on [t 8 , t]. From (1.6) there follows that

A(t 8 )4
F(e)

F(d)
A(t)FsA(t) .

Hence, )sD1, (TF0, )t 8FT , ) tD t 8: A(t 8 )FsA(t). We have so showed that
condition (i) is untrue. This completes the proof of Theorem 3.2.

Easily we show that the following sufficient conditions for eventual uniform
stability are corollaries of Theorem 3.2.

C o r o l l a r y 3.1. If there exists a constant CD0 such that A(t)KC as
tKQ , then the origin of (1.1) is eventually uniformly stable.

Corollary 3.2. Assume that the continuous function a1(t)4max ]a(t), 0(,
for every t�R1 , belongs to class L 1 (R1 ). Then the origin of (1.1) is eventually
uniformly stable.
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R e m a r k 3.1. When a1 (t) belongs to L 1 (R1 ) also condition (i) of Theorem

2.2 holds. Consequently, by applying Theorem 2.2 we show that: if �
0

u

(ds/f (s) ) )

4Q for every uD0, and the continuous function a1 (t) belongs to class L 1 (R1 ),
then the origin of (1.1) is uniformly stable.
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S u m m a r y

Stability criteria of the origin u40 of the scalar differential equation u
.
4a(t) f (u)

are provided. The present paper is one of a series on the stability of scalar comparison
equation. The above mentioned equation is the most usual comparison equation that we
obtain by applying the comparison method to Liapunov’s direct method. Many applica-
tions to the stability of the origin of Lagrange equations of holonomic mechanical
systems will be provided in next papers.

* * *


