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VALERIA BERTI (*)

A dissipative boundary condition in Electromagnetism:
existence, uniqueness and asymptotic stability (**)

1 - Introduction

Let us consider an electromagnetic system, occupying a spatial region 22 and
regard its boundary as a conductor. A boundary condition with memory has been
introduced in [1], in order to prove the existence, uniqueness and asymptotic sta-
bility of the solution of Maxwell’s equations. The magnetic field on the boundary
is expressed through a functional on the history of the electric field.

For time-harmonic dependence, the tangential electric and magnetic fields are
linked by the relation

(1.1 Ex, w) =nkx, o) Hx, o) X n(x), xXeof,

where w represents the angular frequence, n is the unit outward normal to 9Q
and # is a suitable scalar which describes the conductivity feature of the bound-
ary, usually given by

() = \/—ﬂ(w)
7 (@) + io(@)/o

(*) Dipartimento di Matematica, Universita degli studi di Bologna, P.zza di P.ta S. Do-
nato 5, 40127 Bologna, Italy.
(**) Received June 16, 1998. AMS classification 35 L 50, 78 A 25.



156 VALERIA BERTI [2]

Letting w — o, the previous equation gives Graffi’s condition

lim 7(w) = \/ﬁ .
w—> © 8

For good conductors we can neglect we in comparison with g, thus obtaining
Schelkunoff’s relation [5]

(1.2) n(w) = (1+i)\/ﬂ.
20

In [1] Fabrizio and Morro provide a generalization of the condition (1.1) for
fields with arbitrary temporal dependence, introducing a hereditary model de-
seribed by the boundary condition

13) E(x,t)=1yx)H(x,t)xn(x)+ f/l(x, s) H'(x, s) X n(x) ds , xeodf.
0

Under the only hypothesis that A(x, ) e L'(R*), which ensures the property of
fading memory, they prove that, when time-harmonie fields are considered, (1.3)
reduces to (1.1) with

77(x, (1)) :io(x) + J'/l(x’ S) eiwsds )
0

Thus 7n(x, w) satisfies Graffi’s condition

wli_r)noo nx, w) =1qx).

In this paper we consider a boundary condition with memory like (1.3) in
which the kernel A(x, s) is such that n(w) satisfies Schelkunoff’s condition (1.2),
namely

wli_r)nm n(w) = o,

Such different assumptions on the memory kernel cause some difficulties in deal-
ing with the asymptotic behaviour of the solution.

Moreover we assume that the boundary condition agrees with the dissipation
principle of electromagnetic energy. Thus, in analogy with [1], we give the ther-
modynamic restrictions on the memory kernel which characterize a dissipative
boundary.
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The main part of the paper is devoted to the differential problem obtained
from Maxwell’s equations. In 4 we introduce the functional spaces which allow to
define the weak solution of the problem. By introducing the concept of boundary
free energy, we prove an existence and uniqueness theorem for the weak solution
in the bounded domain @ = Q2 x (0, T).

Finally, in last Section, we prove a theorem of existence and uniqueness by let-
ting 7— o and we show that the weak solution is asymptotically stable if the
sources satisfy suitable hypotheses of decay.

2 - Boundary condition

The behaviour of an electromagnetic system in a connected region Qc R? is
described by Maxwell’s equations

oD

2.1) S —VxH-J, V-D=op,
ot
oB

The material occupying K is supposed to be linear, namely described by the
constitutive equations

D(x,t) = e(x) E(x, ),
B(x, t) = u(x) H(x, t),

where 0 <e,, <eéelx) <ey, 0 <u, <ulx)<uy. Moreover, for formal simplicity,
we let the charge density ¢ vanish. The electric density of current J is given by
the sum of a term due to the conduction feature of the material and a term due to
external sources, namely

J=oFE +J s
where J; is regarded as a known function of x and ¢.
For greater generality, we introduce another source, called magnetic current,

I; and consider it as an assigned function. These hypotheses allow to rewrite the
system (2.1)-(2.2) in the form

2.3) eE =V x H-oE —J; V-eE =0

2.4) ul=—-VXE+I, V-uH=0.



158 VALERIA BERTI [4]
The previous equations must be completed by suitable initial conditions:
E(xa 0) :EO(x)7
H(x, 0)=H)(x).
Moreover, denoting by
t
E'x, )= [ B, & dg
t—s
the «integral history» of the electric field E, we assume a boundary condi-
tion
Definition 2.1. The boundary condition
ScL?0, T, HY(R2))xL%*(0, T, H(RQ))

1s a set of fields (E, H) such that
(2.5) H(x, t) x n(x) = fl’(x, $)E'(x, s) ds xedQ
0

where E'(x, ) e L= (0, ©), 2’ eC(2; L0, »)) and si'(x, ) ¢ L1(0, «). The
dual boundary condition of X, henceforth denoted by Z*cL?*(0, T, HY(RQ))
xL%(0, T, HY(RQ)) is a set of fields (e, h) € * such that

T
j j[e(x, ) x H(x, t)-n(x) + ECx, t) x h(x, t)-n(x)] dadt =0

09092

for each E,HeZX.

Note that in the definition (2.5) the initial integral history E° must be regarded
as known and for simplicity it will be assumed E° = 0.

If we consider time-harmonic fields in which the dependence on the angular
frequence w is given by e ~™!, the constitutive equation (2.5) is expected to be

(2.6) E(x, w) =n(x, w) Hx, ) X n(x).
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Indeed by substituting the representations
E(x, w) = Ey(x) e ™,
H(x, o) = Hy(x) e ™,

in (2.5) we obtain the identity
E(x, ») [ .
@) Hix, o) x n(x) = —> %) fz'(x, $)e™ —1)ds.
UCH
In this way, comparison between (2.6) and (2.7) yields
-1 1 i ’ i
7 M (x, w)= — Jl (x, s)e™—1)ds.
i

According to the hypotheses about the kernel 1', it follows that # approaches
zero as w—>0. This is coherent with the static boundary condition

Ex)xXnx)=0.

Concerning the dissipativity of the boundary, we give the following

Definition 2.2. A boundary condition is called locally dissipative if
d
2.8) [ EGe, t)-Hx, ) x nx) de= 0
0

holds for every cycle of period d and x e dL.

The following theorem ensures a necessary and sufficient condition for the
dissipativity of the boundary.

Theorem 2.1. The boundary condition (2.5) is locally dissipative if and
only if

2.9) fi’(x,s)sinwsdsao, Vxe®, weR".
0

Proof. In order to prove that the condition (2.9) is necessary, it suffices to
consider the periodic field E(x, t) = Ey(x) cos wt with period d =2m/w. In this
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way, we obtain

d
0< jE(x, )-H(x, t) x n(x) dt
0

d o t
:Eg(x)jcoswtjz'(x,s) j cos wEdEdsdt .
0 0 t—s

By integrating with respect to £ and ¢, from the previous inequality it fol-
lows

Ej(x)
2

J/l/(x, s)sinwsds=0.
0

To show the sufficiency, we expand a generic periodic field in a Fourier
series

E(t) = > Ajcoskwt + By sinkwt .
K=1

Substitution in (2.7) yields the identity

d
JE(t)-H(t)xndt= T At B +B’“ J’A (t) sin koot dt .

w k=1

The inequality (2.9) implies that each term of the series is positive. Hence (2.8)
holds. m

3 - Boundary free energy

In this section we define a functional, henceforth called boundary free energy,
Y: ®—R*, where @ is a subset of the history space, such that
L>(0, w, L%(8R))c ®. The boundary free energy assigns to each history E' the
positive value y(t) := @(Et) such that for each te (0, T)

3.1) P(t) <E®)-Hl) Xn,

where H(x) X n is expressed in terms of E' by (2.5).
The definition of the functional ¥ is not unique: here we exhibit two possible
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choices, namely

1 ” _
Wit = onﬂs) |E(s)|2ds

1 o — —
Yo(t) = — 3 IJ112(|U1 —uy |) E'(uy)-E'(up) duy du,
00

where App(|uy —us|) = (82/1/8141 Sug )(|uy — ug |).

The former needs some more hypotheses about the kernel 1, the latter re-
quires only the assumptions given in Section 2.

It’s clear that the positiveness of 1’ is a sufficient condition in order that v,
may be positive valued. To verify the estimate (3.1), we assume that the second
derivative A”(s) exists and satisfies 1”(s) <0 for each seR™.

Consider the identity

(1) :E(t)-p'(s) El(s)ds — f/l/(s) E'(s)-E(t—s) ds.
0 0

Keeping (2.5) into account and integrating by parts, we obtain

() S E(t)-H(t) < n .
Concerning 1y ,, we observe that, owing to the identity
Ap(lur—uz [) = = A"(Jug =g |) = 247 (Jug — uz |) 0(uy — ug)

we can write 1y, in the equivalent form
© Uy
o(t) =2 [B'(u)- [[2" (uy = u5) + 27 (0) 0oty — u5)] B (up) duty sy,
0 0
Therefore the application of Parseval-Plancherel theorem gives

1 _ _
yald)= — f[1;<w>+z'<o>][|Ez<w>|2+ 1B (0)]*] do

where the subscripts ¢, s mean respectively the cosine and the sine Fourier trans-
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form. By an integration by parts, we can prove the identity
Alw) +21"(0) =wli(w).
Hence, owing to the condition (2.9), i.e. owing to the dissipativity of the bound-

ary, ¥, is positive valued. Moreover, a direct computation shows the equality

i1/Jz(lA‘7t) _2 J Ai(w) Ei(w)-E®) do = E(t)-H(t) X n .
dt 7 J

4 - Existence and uniqueness

In order to state a theorem of existence and uniqueness, first we shall consid-
er the problem (2.3)-(2.5) in a weak formulation. To this purpose, we introduce the
functional spaces

K(Q)={E,HeH (Q): V-¢eE=0, V-uH =0},

HQ) = [E,HeLZ(O,T; R(D)): H(x,t) xn(x)= JA ‘(x,s) E'(x,s)ds on 89X (O,T)] ,
0

S}C*(Q)=[e,heL2(0,T; D((Q)):h(x,t)xn(x)=f&’(x,s)ét(x,—s) ds on 8Q><(0,T)],
0

WQ) =a*(QNH 0, T; LA(RQ)),

Q) = [e e L%(Q): jv¢-e dv=0, Vpe 00*(9)},
Q

R(2)={ee Q) Vxeec yR2)}.

By assuming E° =0 and &” = 0, one can prove that the boundary condition given
in the definition of the space I¢*(Q) is the dual boundary condition of (2.5) in the
sense of definition 2.1.

Definition 4.1. A pair E, He Q) is called a strong solution of the prob-
lem (2.3)-(2.5) with sources I, erLz(O, T, }(2)) and initial date E,, H,
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e RX(R) if
sE=V><H—0E—Jf, a.e. i Q,
ﬂHz—VXE+If, a.e. m Q,
E(x,0) =E(x), H(x,0)=Hy(x), in L*(Q).

Definition 4.2. A pair (eE, ul) e L*(0, T, J()) is called a weak sol-
ution of the problem (2.3)-(2.5) with sources I, erLz(O, T, §(2)) and initial
data eEy, uHye §(Q) if

T
[ [(cE-é +H-V x e+ uH-h ~E-V x h - oE-e ~ Jre + Ih) dvat

@1 °°

= - j(sEoeowHo-ho) dv
o
for each e, h e \XQ) such that

42) {e(x, 0) =ey(x), h(x, 0) =hy(x),

ex, T)=h(x,T)=0.

In view of definition 4.2 it is clear that every strong solution of the problem (2.3)-
(2.5) is also a weak solution.

The previous results allow us to prove the uniqueness theorem for the weak
solution.

Theorem 4.1. The weak solution of the problem (2.3)-(2.5) is unique.

Proof. Let (E,, H,), (E;, H;) be two solutions with the same sources Iy, J;
and initial conditions E(x), H,(x).

If we denote by E:=FE, - FE, H:= H, — H,, the linearity of equations (2.3),
(2.4) and of the boundary condition (2.5) implies that the pair (E, H) is a weak
solution of the same problem with sources I;=J;=0 and histories E'=H=0.

Accordingly, by (4.1) the identity

T
4.3) ”(H-Vxe—E-Vxh+sE-é +uH-h —oE-e) dvdt =0
0Q

holds for each e, h € \WXQ) such that e(x, T) = h(x, T) = 0. We shall prove that
E(x,t) =H(x,t) =0 identically.
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The arbitrariness of e, h in the equation (4.3) yields

T
(4.4) JJ([LLH".I —E-Vxh)dvdt=0,
0Q
T
(4.5) JJ(SE'(? +HVxe—oE-e) dvdt=0.
0Q

We make the identifications

Ex, 0= [E@d,
0

Hex, v = [H(E) &
0

and choose

e(x,7)=ex)(T~-1),

h(x, 7) = h(x)(T — 1),

with é, i e Cy” (). Then, applying (4.4) and (4.5) at t = T and differentiating with
respect to ¢, we obtain

(4.6) J(quz +EVxh)do=— jE*-/Z xnda=0,
Q 0Q
@7 J(H-Vxé—eE-é—oE.é)dw jé-Hxnda=o.
Q 2Q

The validity of (4.6) and (4.7) for each e, he Cy” (£2) implies that both V x E and
V x H exist and belong to L2(0, T, L%(22)). Moreover they satisfy

4.8) VxE=—ul,

4.9) VxH=—¢E+0oE.
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Multiplying (4.8) by H and (4.9) by E and subtracting, we obtain

(4.10) jE-ﬁxndaz —J(ﬂH'FI-i-eE'E +oE?) dv.
R Q

Notice that the system (4.8), (4.9) can be written in the equivalent form
ul = -VxE,

eE=VxH-0oE.

Accordingly, E, H are regular solutions of Maxwell’s equations. Therefore, by the
definition of the boundary free energy given in Section 3, we obtain the
estimate

Y(t) <E@)-Ht) xn .

Hence, by integrating (4.10) in the interval (0, f) we prove the inequality

@.11) f[q)(x, £ — pix, 0)] da< — % f[ﬂiP(x, B+ eB2(x, )] dv.
9Q Q

Since E° =0, the boundary free energy vanishes at ¢ = 0.
The positive-definiteness of 1 and the inequality (4.11) imply in particular
E(x,t)=H(x,t)=0 for each xeQ, te(0,T). Hence E(x,t)=H(x,t)=0. =

We can prove an existence theorem of the problem (2.3)-(2.5). Let
A Q) X Q) —>L2(0, T, §(2)) xL3(0, T, (2)) X R(2) X R(Q)

be the operator defined by

AE,H)=(VxH—¢E —oE, ulH +V x E, ¢E,, uH,).
First, we state the following

Lemma 4.1. The range R(A) of the operator A is dense in the Hilbert space
R(Q) :=L*0, T, J(2)) xL*(0, T, J(2)) X J(2) x J().

Proof. Suppose by contradiction that R(A) is not dense in X(Q), then there
exists a non-zero element @ = (e, h, e, hy) € X(Q), which is orthogonal to R(A).
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Hence each pair (E, H) € Q) X Q) satisfies the relation

T
”[(V xH-¢E—0oE)-e+ (uH+VxE)-h]dvdt
(4.12) 00
+ j(sEO-eO +uH, hy) dv=0.
Q

By choosing first H(x, t) = Ey(x) =0, then E(x, t) = Hy(x) =0 we obtain

T
”[v x E-h — (¢E +0E)-e] dvdt =0,
0Q

T
”(ny-e +uHh)dvdt=0.
0Q

These equations mean that (e, k) is a weak solution of the problem obtained by
the former after the temporal inversion 7 =T —¢. This backward problem has
sources I;=J;=0 and initial data e(T) =h(T) = 0.

Proceeding like in the proof of the theorem 4.1, one can prove an uniqueness
theorem also in this case. Hence, e(x, t) = h(x, t) =0.

Substitution in (4.12) yields e(x) = hy(x) = 0 which contradicts the hypothe-
sis. ®

Now we can prove the existence theorem.

Theorem 4.2. If (Jp, Iy, eEy, uH,)) € X(Q), the problem (2.3)-(2.5) has a
weak solution.

Proof. Since R(A) is dense in X(Q), there exists a sequence
Ji0, I, eEG”, uH§") € R(A) which converges to (Jy, Iy, eEy, uH,) in RX(Q).
Accordingly, for each n there exists a pair (E™, H™) e Q) such that

_8E'v(n) +Vx H® — gE™ = J}n),

pwH™ +V x E™ =",
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The solution (E™ — E™, H™ — H') satisfies the estimate (see [6])

enllB™ — B [[f2q) + p [H® = H® |2y < e{Wf" — T

%Z(Q)
+ I — LR + ey |ES? — EGV | 200y + e IHEY — HE | 200y } -

It follows that {E™}, {H"™} are Cauchy sequences in L*(Q), hence there exist
E, HeL?*(Q) such that

lim E™ =E , lim H™ =H .
n— n—> o

It remains to show that (E, H) is a weak solution. Consider e, h € (@) such that
e(T) =h(T) =0. They satisfy the identities

[ [105 % eavat+ [ [B96 avac= [ [vx B0 -edva
0Q 0 Q 0Q

T (n)
— [ [E™-edvdt — | e,dv,
[[ieaa- |

E,

jTjE“”-v x hdvdt + jTjHW-h dvdt = jij x E™-h dy dt
0Q 0Q 0Q

- jTjHWh dvdt — ng"*hodv.
0Q Q

As n— o, the sum of the previous equations gives the relation (4.1). =

5. — Asymptotic stability

In the previous section we stated an existence and uniqueness theorem in a
domain @ = Q x (0, T). Now we examine the asymptotic behaviour of the weak
solutions, by letting 7— .

First we have to extend the definition (4.2) to the unbounded case. The pair
(eE, uH) eL?(0, o, 5(2)) will be called a weak solution of the problem (2.3)-
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(2.5) if it satisfies the integral equation

[ [E-é +HV x e+ uH-h ~E-V x h —oE-e ~ Jye + Irh) dvdt
51) 09
=— j<eE0-e0+ﬂH0~h0) dv.
Q

In what follows, we denote by fr the temporal Fourier transform of f, considered
as a causal function. Moreover we denote by J*(£2) and R*(£2) the space of com-
plex functions, whose real and imaginary part belong to J(£2) and R(£) respect-
ively.

The Parseval-Plancherel theorem allows to rewrite (5.1) in the equivalent
form

=)

j[eE;é-(iweF —ey) + uH3 - (iwhy — hy) + HE-V X ey — E5-V X hy
Q

8 —

(5.2)
—0E}-ep— Jjep+ Li-hy] dvdt + zyzj(gEO~e0 + uH,y hy) dv,
Q

where the symbol * means the complex conjugate.

Remark. If we apply the Fourier transform to (2.3)-(2.5), we obtain the
system

(5.3) VX Hyp = (iwe + 0) Ep + Jp — eE,
(5.4) VXEp=—iouHyp+ Iy — uH,,
(5.5) HFXn: _/'LFEF'

A straightforward check shows that the solutions of (5.3)-(5.5) satisfy (5.2).

Lemma 5.1. For each welR, if Jp(w), Iy(w) e J*(2), ¢E,, ul,e J*(£)
N R*(Q), A.(w) <0, the problem (5.3)-(5.5) has a unique solution Ep(w), Hp(w)
e R*(Q). Moreover, Ep(x, w), Hp(x, w) depend continuously on w.

Proof. Consider the homogeneous problem associated with (5.3)-(5.4)
(5.6) VX Hp = (twe + 0) Ep,
B VX Ep= —touly,
(5.8) Hpyxn=—ApEp.
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According to the complex Poynting theorem, we obtain from (5.6)-(5.8) the
identity

(5.9) [ 2r|Epxn|*da= [[o|Er|* +io(e|Ep |~ u|Hp |91 do.
R Q

Hence, by comparing the real part, (5.9) gives

[2c|Epxn|*da= [o]|Ep|*dv.
R

Q

Since 4, is strictly negative, Er = 0. Substitution in (5.9) yields Hr =0. This
proves the uniqueness. In order to prove the existence of the solution, we observe
that, according to the uniqueness, the problem (5.6)-(5.8) admits no eigensolu-
tions, except the trivial one. The Theorem 3.12 of [7] ensures the existence of the
solution (Ep(w), Hp(w)). Moreover, in view of lemma 44.1 of [8], the pair
(Ep(w), Hr(w)) is proved to be analytic with respect to @ and to satisfy the
estimate

(5.10) j[ |Ep(0) |2+ |Hp(0) |2] dv < C(w) j[ (@) |2+ [Ip(@)|?]dv. =
o o

Let #*(Q2) denote the following set
B*¥(Q2) = {(Ep, Hp) e R*(2) x R*(2): Hp X n=ApEp on 0Q2}.

In view of lemma 5.1, the differential operator A,: $*(2)— J*(2) X J*(2) in-
duced by the system (5.3)-(5.5) is surjective. Therefore, there exist the tensor
Green’s functions I7,(x, x', w), I1,(x, x", w) which satisfy in the weak form the
system

(5.11) VXxIyx,x',w)+ (c+iwe) II(x,x",w)=0x—x")1T,
(5.12) VxIT(x,x', w)—toully(x,x",w)=0,
(513) H2(xvx”w)xn(x)ziF(xaw)Hl(x’x”w)’

where I is the identity tensor.
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The equations (5.3)-(5.5) and (5.11)-(5.13) give the expression of the electric
field

Ep(x, 0) = — [{I1,(x,x', 0)Jp(x', 0) = eBy(x")]
Q

(5.14)
—Iy(x,x', o)z, o) —uHy(x")]} dv'.

Analogously, if we consider the Green’s functions £, Z,, defined as the solution
of the system

(5.15) VX E,x,x', w)+ (0 +iwe) Ei(x,x", w) =0,
(5.16) VX Ei(x, X, w) —touZy,x,x", w) =0x—x")1,
(5.17) Ho(x,x', w) Xnx) =Apx, 0) 5, x', w),

we obtain the relation

Hy(x, w) = J{El(x, X', w)Jpx', o) —eEyx')]
Q

(5.18)
—Es(x, x", o)Lp(x', w) — uHy(x")]} do’.

The following lemma shows the asymptotic behaviour of Green’s func-
tions.

Lemma 5.2. Green’s functions satisfy the asymptotic condition

Jim o [ [[elT,(x, %', ©) () p(x', ©)
QQ

(56.19)
Fully(x, %', ) f,x) 96, )] dodv’ = lim [ g(x, 0)f(x) do
Q

for each fi, f,e R*(Q).
Proof. Keeping (5.11)-(5.13) into account we obtain the integral relation

”[iww(x', )M y(x, X', ) f0x) + (0 + iwe) p(x, ©)-TT,(x, X', ») i (x)
2 Q

-, ) I(x,x", 0) VXhx)+ o', o) Il,(x,x", w) Vxfilx)]dvdv’

= f¢(x, w)-f(x) dv .
Q
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Hence, letting w— o, since f;, f, are independent of w, we obtain
(5.19). =

In a similar way, we can prove the as totic conditions for Z; and &
1 2

Jmiwjj[esl(x,x',w) £,00) px’, ) + UE 50, X', ) F) - p(x’, )] dv dv’

Q90

(5.20)
=~ lim [, 0)-fx)dv.
Q
As a consequence of lemmas (5.1)-(5.2) we obtain the following

Theorem 5.1. Let I, erHl(O, ©; (2))NLY0, «; N(RQ)), I(x, 0)
=Jix,0)=0, Ey, Hye R(2) N J(2). Then, there exists a unique solution E,
HeL?(0, ; R(Q)) in the sense of definition (5.1).

Proof. According to lemma (5.2), from (5.14) we obtain the condition

Jim [li0Ep(x, 0) — E(x)]- Liver(x, ©) = ey(x)] dv
Q

(5.21)
~ wh_r)noe inJfF(x, ) [iwerp(x, ) —ey(x)] dv .
Q

Since Jre H*(0, «; L*(£2)) NL'(0, «; L*(2)) the previous equation implies

Jim [Ere, o) Lioer(x, o)~ )] do
Q

w—> o g
[

~ lim & on(x)-[iweF(x, ) — ey(x)] dv .
w.Q

Therefore Ere L?(0, o ; L%(Q)).
In the same way, we prove that Hpe L2(0, «; L%(Q)).
In view of (5.21)

iwEy— Eye L*(0, «; L*(Q)).
Analogously,
ioHy — Hye L*(0, «; L*(Q)).

The Paley-Wiener theorem allows to conclude that E, Hy are the Fourier trans-
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forms of casual functions. Their inverse Fourier transforms E, H satisfy the rela-
tion (56.1). Moreover, according to (56.2), Er(w), Hp(w) € R(L). Thus (E, H) is a
weak solution of the problem (2.3)-(2.5). =
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Abstract

In this paper, we study the differential problem of Maxwell’s equations with a memo-
ry boundary condition in the Schelkunoff’s hypothesis [1]. Such a condition describes an
electromagnetic solid with a conducting and dissipative boundary. We define a boundary
free energy in order to prove a theorem of existence and uniqueness for the weak solution.
Finally, we prove an asympotic stability theorem.
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