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SAMUEL ZAIDMAN (%)

Comments on pseudo-differential operators (**)

Introduction

In this work we make some comments on various elementary properties of
pseudo differential operators as they appear in past work:

1. The L%(R™) estimate in [3] is here replaced with H*(R"™) and B *(R")
estimates (see [4] for discussion on these spaces of distributions).

2. The H *-estimate which is established in [2] is here replaced by a correspon-
ding B! ’-estimate.

3. The order and the true order of some pseudo-differential operators which
appear in H*(R™) spaces are discussed, in a similar way, in BY *(R") spaces (see
our monographs [4], [5D.

4. We terminate by a B! *(R™)-form of a H*(R™) inequality for the reversor
operator: A(x, D) — a(x, D) corresponding to Kohn-Nirenberg regular symbols
(see [5D).

1 - H* and B! ’-estimates

Consider a continuous function (&), R"—C, £=(&,, £,...5,). Let
supp ¥ = {&; p(€) #0}. We assume that

1.1 &, mesupp y implies |E=n|<cV1+]|E|

1
where |&| = (E3+ ... +£2%)2, as usual
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Remark. From assumption (1.1) it follows that supp v is compact in R™ In
fact, let us fix £, e supp . Then, Vi e supp v we obtain

(1.2) [n—&o| <cV1+|E| hence 7| < |&o] +eV1+]|Eo]-

Accordingly, ¢(-) e Co(R™) (continuous functions with compact support). It is im-
mediate that, for the Friedrichs operator w(D) = F 91, F (where F, &' are the
direct and inverse Fourier transform while 91, is the multiplication operator by
), the estimates:

1.3) (D) ullys < sup | (&) | |[ul|a VYueH®, VseR
Rﬂ

and

(1.4) ; (D) ullgr. < sup [9(&) ||fflzrs  VYueB:*, VseR
R’H

hold true.

We shall prove

Theorem 1. Let {esupp . Then the following inequalities are valid:

(1.5) (D) wllgs < CA + | &) (D) o~ VueH®, VseR

(1.6) [9(D) ullpr.. < Cy (1 + [ED]p(D) ullgr.o-1, VueB:*, VseR.
In fact, the Lemma in [3] implies that V7, { e supp ¥, the estimate

a.m 1+ 7| sCA+]E]

holds true.
Next, for u e H3(R") we have

1
2

(D) wllers = Lf (1 + |52 | 9ap) |2 ) | 2]
R?L

1 1 1
=0 Jwm) 2 |am) 2+ [nDEA+[n|D) 2 gl

supp ¥
s— L 1
<U S Jw |21 2L+ )+ 7|2 2 dpl®
supp ¥
s L 1
<CVIH[E[LS [w) |2 |3 2L +]9(3 2 dyl?
Rn -
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(we used here inequalities: V1+|n|®<1+|n| and 1+|n|<C(1+]|¢]) from
(1.7). This is in fact (1.5) and for s =0 we obtain the Theorem in [3].
Next, consider (1.6). We have, Yue BV 5(R")

lw(D) Wlgre= (1 +|E|2)2 |9(&)|]u(E) |dE

R"

1

s 1
= LA+ 2 |pe) A +|9|D? |u0) |dy
supp ¢

s—1

< JQ+mD7F |po) | +|n]) a0 |dy

supp ¥
s§—1
<CA+ e S+ 71D 2 |@D W @) |dp=CA+ | w(D) ullzr
Rn

which is (1.6).

2 - Commutator inequality in B! *-space

In this section we present a B! *-version of a result in [2], concerning commu-
tators of some pseudo-differential operators, which is in H *-space. We refer to [5],
p. 34-37 (for the special case »=0). Thus, let us consider measurable functions
g(x, &), R" X R"—>C, such that

@1 o, &) = (2m) [Nyl HdA  VeeR", E<R"
Rn

where (2, A) =2;4; +...2,4,, the function p(1, &) is measurable, R” X R"—C,
as well as the partial function A—y(4, &) VEeR" and the estimate

2.2) |y, &) <k(4) VEeR", VYieR"
is verified, where
2.3) (L4 A1) e LYR™)

for some real number s.
Define the pseudo-differential operator G(x, D) on B':* by

n

2.4) e, DYu=5"12n) 2 [9(E&—n,7) i) dy] VueBLS,
RT!
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As seen in [5], p. 37, this is a linear continuous operator, Bl'*— B!,
where

e, D) ullgs < (27) 2 (f(l + AP EQ) d)|lullgrs  YueBbE.
R'Il
Next, consider a bounded measurable function y(§), R"—C, such that
1

|9(E) = | <ClE=n||n| & for |E—n|< = |n]

DO | =

holds true, as well as a continuous function (&), R*— [0, 1], where {(&) = 0 for
1
|&] < > while {(&) =1 for |&| = 1.

The associated operators w(D), &(D) belong to 2(B!'*) (see (1.4)).
Consider also the commutator operator

@2.5) L =[y(D), &(x, D)] = ¢(D) §(z, D) — §(z, D) w(D).
We prove the following

Theorem 2. Let us assume the supplementary assumption (replacing

23)

(2.6) (L4 |ADEI* 1 EA) e LYR™).

Then the following estimate holds true

@7 IE(D) Lullgrs < CICL+ [A])H+ ()l [ullgr. o2 YueBh®.

Proof. The Fourier transform of &(D) Lu is easily seen to be given by the
formula

28)  (&D) Lw)NE) = &2 2 [ y(&—n, Plp& — pm) &y dn .

R™

Thus, we have to estimate the L!(R")-norm of the expression
2.9) W,(&) =(1+ IEIZ)E (&(D) Lu)" (&)

=2m) 2 [(A+]|ED2A+]|g]D) 2 L&) yE—n, MW@ -1+ 7|2 40) dy.

R”
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We shall make use of the inequality (2.7) at p. 34 in [5] and obtain accordingly
the inequality

(W& | <cJQ+]&—nDI&E) kE =) [& — i [(1+[n]D)2 |40 |dy
o

s W, (&) + W, 2(8)
where

|E—1]
Vinl

W;,1(8) =G J (1+ [E= Pl EE) W(E—m) == (1 +[7]®)? | @) |dy

1
7 |E-y] < Elnl

and

W, o®=C [ A+ [E=nDHRE =)L+ [n|D2 |0 |dy.
73 |§~7/l>-;-l7ll

1

2 ?

1
We see that W, 1(§) =0 for |&] < 5 For |&| =
1 1
get |17|12§ and for |77|2§ we get |E-7n]||7y]

and | | > |E~n| we
1
z 1+|§ (1

+ |77|2)~E. This entails estimate for W, ;(&):
1

W (B <C L+ ]E— DI IE -+ |E= DA +|7[2) T (L+]|n]|D2 |aG) |dy
an

s 1
=CSA+|E—gDF P RE-— )1+ 7|2 ¢ | a0y |dy

R®

and accordingly
(2.10) IWe, 1O lrgn < CICL+ AN R 1 [lullpr. o2
1
As for W, 5(&), from |[E—n| = 3 |7| we derive:

1
121+ |E—nDel+]|n]®) 2

8§—1
hence W, 28 <C[(L+|E—nDHIH RE-n)(L+|7[D) 2 | |dy
R?l
and accordingly
2.11) W, 2O llien < ClICL+ |ADEH B 1 flullpr -1

We are able now to conclude with (2.7).
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3 — Order and true order in the scale B¢

We first refer to [5], p. 4. Similar facts are true for the scale of Banach spaces
{BY*(R™)}. For instance, if ue B *(R™) = N B»*(R™) and if (&), R*—Cis a
measurable function such that

3.1) |p(E)| <CQA+|E]?)F°  aein R", for some real number o

then one obtains

32) |1+ [E|DE (&) WE) | <CL+ [E]D)3 7 |E) |

almost everywhere, so that

8 .
(3.3) JA+E97 | W) |dE = D) ullgrs < Clluflgrsee  VseR
R

which implies that [20, + «)c O(@(D)).

In particular, if ¢(-) € Co(R™) then (3.1) holds Yo e R and accordingly &(g(D)),
evaluated in Bl *(R™), is R, as it is in the scale {H*(R™)}.

Next we refer to the class of C*(R"™ X R™)-symbols denoted in [4] p. 94 with
87 if p(x, &) is such a symbol and P(x, D) its associated operator (see (10.3) in
[4], p. 95) we have

Theorem 3. The following estimate holds true

(3.4) l# (2, D) ullg1.s < C,flullgr.o+r VseR, YueSR").

Proof. As seen in [4], if p(A, &) = (2n) 2 [e ¥®Np(x, &) dx, then the
Rll
Fourier transform of $(x, D)u is given by relation

(@@, DYwWNE = @m) 2 [BE—n,n)dm) dy  YueSR").
R’IL

Therefore (#(x, D) u)eL? and P(x, D) ue BLU(R™).
Take now any seR and establish that the funetion U, (&) given by

3.5) U &) =2 & [+ |ED2RE—n, n) uly) dy

R®

belongs to L(R™).
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We write the equality

2 f(A+]EDEA+ 9|2 2BHE—7, 1+ |7»2 a0 dy
Rll

U, (&) = (27)

whence the estimate

n o [s] |5] s

U &) <@m) 222 [(1+]|e—nD) 2 [BE=n,m)|Q+|7|>)2 |4m) |dy .
Rﬂ

Furthermore one has: [ﬁ(&—n,n)]SCZ(1+|77|2)E(1+|§—77]2)'l for any
[=1,2,... so that

|s] s+7r

3.6) U | <CSA+[E—qD 2 (L+[n|D 2 |am)|dy.

R"

This obviously entails (3.4) (when [ is sufficiently large).

We next complete reasonings in [5], p. 10, taking the scale {B"*(R)} instead
of {H*(R)}, and V=B!*(R).

Let ¢(&) =1 for £=20, ¥(&) =0 for £<0 and y(D) =5‘13R,,,(_):f Then obviously
3.7 (D) ullgr.s < Jullzr.s VseR, YueV and [0, ©)cO(y(D))

(the order is computed with respect to the scale {B'*(R)}).
Actually, the order of w(D) equals [0, ). This is a consequence of

Proposition 1. There exists no positive number €, such that —¢q e (yW(D)).

Proof. Let us assume that for some £,> 0, —¢, belongs to O(y(D)). Then
the estimates

k(D) ullg1.s < C|lael|z1.s-<o VueSR), VseR

hold true. In particular, if s =0, we obtain that
3.8 Jlw@a®|de<scfa+E> 2 |ag) |dE VueS(R).
R R

Take now (as in [5], p. 11), a sequence (g,(&)) where g,(§) eCy"(R),
0<g,(’)<1, g,(§)=0 for E<p—1 and §=2p+1,9,(8)=1 for psE<2p
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and then u,(x) = F '(g,(-)). Introducing in (3.8) we get
Rf|w(§>gp<§>|d5<0f<1+ 15 7 g (O]dE  ¥p=1,2, ...
R

and consequently

2p+1 £ £

flo,®de<sc [ a+g® 2 de<Clp+2)1+(p-1)2) 2
0 p-1

for any pelN.
Also, [|g,(&)|dé=p and one gets
0

&0

p<Clp+2)(1+(p—-1?) 2 VpeN

which of course is impossible.
A similar result (¢f. Prop. 5.1, p. 14 in [5]) is given below as

Theorem 4. Let () be a continuous, real-valued function on R™,
1
0syp()<1, v(&) =0 for |§] = PR Ww(&) =1 for |&| = 1. The operator y(D) is
continuous, B *— B * and its true order equals zero.
Proof. The only non-trivial thing to demonstrate: there is no negative num-

ber r belonging to O(¢(D)), in {BY*},cx.
If such » <0 would exist, then, in particular, it would follow that

”'l/)(D)u”Blo = C”u”Bl.r Vue S(R™)
that is Jlw@aE |de<c [+ £ |a&)|dE, VueSR™) hence
RIL Rn
3.9) T ja@desce [+ €52 |ae) |de Vu e S(R™).
&) =1 R™

Take now the sequence (u,())) in S(R™) where #,(£) = (1+|£|%) 2, |§| <p
and @,(E)=0 for |E|=2p, 7,(E)eC™(R™, 0<|u,(&)|<(1+]|EP 2,
VEeR™ (see [5], p. 15).
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Thus, (8.9) entails

n T n
3.10) f (1+]&]®) 2dé<C f (1+|&]52 (1 +|E%) 2dE
i<|§|<p |&]=2p
for any p=1, 2, .... In spherical coordinates, the inequality (3.10) becomes
P n 2p r—n

J1+0® 2o tdo<Cf(1+02) 2 o"ldo Vp=1,2, ...
1 0

which is impossible.
As in [5], p. 15, 16, Theorem 4 has the following

Corollary 1. Let y(-) as in Theorem 4 and, for some oeR, define
Y, (&) = |E|°y(&) for E= 0 and y (&) =0 for &= 0. Then, the true order of the
operator v (D) relatively to {B"*(R™)} equals o.

Proof. Note the estimate: |y (&)} <C(1+ 1§|2)—2_, VEeR" Use of (8.3)
shows that t-o(y (D)) <o.

If this inequality is strict and t-o(y ,(D)) = 0, <0, consider the operators
¥ ,(D), ¥ _,(D), B *— B *, and then apply Proposition 4.2, p. 12 in [5], with
V=B">, Li=vy,D), Ly=v _,(D). We obtain

3.1 t-0(w (D) _o(D)) S0y~ 0<0.
On the other hand, for any e B * we have

Wa(D) Y —G(D) U= wo(D)(w —U(D) u) = L‘F—l(ﬂ‘/} 0(&)(1/) —U(D) u)/\ (‘S))

= F Y (ENy —o(E)W(E))) = F (W2 (&) WE) = yp*(D)u.

Note that 12(£) has same properties as ¥(£), so that, from Theorem 4, t-09*(D)
(in B *) equals 0.
From (8.11) we then derive the contradiction 0 <0.

4 - Reversor inequality in B! *-space

In this final (and short) section of this paper we present the B! *-version
of the inequality (2.19) at p. 63 of [5] concerning the reversor operator
A, (z, D) — d,(x, D) corresponding to a C*-zero homogeneous symbol a(x, ).

We thus refer to [5], Ch. VI for the main definitions of symbols and associated
operators and establish :
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Proposition 2. If a(z, &) is o (K—N) symbol, the difference operator
A, — @, s a linear continuous operator, B»*—BbVS*! VYseR.

Proof. We shall demonstrate inequality
(4.1) ”(Aa“‘ (fla) u“31,3+1$Cs”u“Bl,s V’M/EBI’S, VseR.
We have, as in [5] Ch. VI, the expression for the Fourier transform of

(Aa. - aa) u:

(A, — ) WM& = 2n) 2 [[@'(E-n, & —-a (E—n, a0 dy.

R”

We consider next the expression

n s+1
W& =@m) 2A+|g» 2 [laE—n, &—a (E—n, pah)dy
R’)l
» sl _st1 a1
=@m) 2 [A+|EDE A+ 7D 2 [6'CE-nH—-aE—nmld+]yD ¢ am)dy

R®

whence, for any p of I, the estimate

Js+1} 1 s

W& |<C,, JA+]E—n]D = "TZA+|nHE |0 |dy
RH

and then, for sufficiently large p

js+1] 1
f = - < f 2 32 Ty
|W, (&) |d& = (4, — ) ullgre+1 < CS (1 + [4]2) ) llullgs. -
Rﬂ Rﬂ
which is (4.1).
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Sommario

In questo lavoro vengono fatti alcuni commenti riguardo a varie proprietd elementa-
11 degli operatori pseudo-differenziali, incontrate in precedenti lavori dell’autore. Essen-
zialmente, si presenta una versione BYS(R™) di risultati precedentemente ottenuti in
spazi H*(R").






