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MARrCELLO CICCHESE (%)

A way for constructing order-homogeneous arcs (¥%)

A linearly ordered topological space (abbreviated LOTS) is a linearly orde-
red set equipped with the usual interval topology. If A, B are subsets of a LOTS
X, we write A <B to denote that each point of A precedes each point of B.

Recall that a jump in a LOTS X is a pair of consecutive elements of X and a
gap in X is a pair (A, B) of non-empty subsets of X such that X =A U B,
A < B, A has no last point and B has no first point.

For a LOTS X, the following properties are well known:

1. X is connected if and only if it has no jumps and no gaps

2. X is compact if and only if it has no gaps and it has a first and a last point.

Definition 1. A LOTS is said to be an arc if it is compact and connected.

Recall that a point x of a topological space X is said to be an end-point of X
provided that X — {x} is connected.

It is known that a topological space is orderable as an are, if and only it is a
continuum (compact, connected Hausdorff space) with exactly two end-points,
and that an arc is isomorphic to the real interval [0, 1] if it is separable.

Definition 2. An arec X is said to be:

a. a real arc if X is isomorphie to [0, 1]

b. a smooth arc if every closed interval of X consisting of more than one
point is isomorphie to X.

Smooth arcs are usually called order-homogeneous arcs. Examples of non-
real smooth ares are given, for instance, in [5], [2], [4]. In our paper we give a
way for constructing other smooth arcs.

(*) Dip. di Matem., Univ. Parma, Via D’Azeglio 85, 43100 Parma, Italia.
(**) Received September 18, 1995. AMS classification 54 B 25.
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We will fix some notations:

If X is a topological space, we denote by |X|, d(X), w(X) the cardinality, the
density, the weight of X.

If X is a LOTS and a, b (a < b) are points of X, we denote by [a, b], [a, bl,
Ja, b, la, b the intervals of X in an analogous manner as for the real line.

If X is an are, we denote by 2 and x?, the first and the last point of X; we do-
note also by [«°, #'] an arc which has «° as first point and «' as last point.

The symbol =~ will be used to denote isomorphism of LOTS.

If o is an ordinal number and {X, }; <, is a well-ordered collection of LOTS,
we denote by AH X, the lexicographically ordered product of the X;; we write
X° when X, =)<(Qf0r every A, and Xy X X; when ¢ = 2.

If o is an ordinal number and {X; }, <, is a well-ordered collection of pairwise
disjont LOTS, we denote by > X, the ordered sum of the X, i.e. the set union

A<
of the X, equipped with the fgllowing order:

ifreX;,, yeX, andA<u
<
USY treX,, yeX, andw<yinX,.

It ean be easily proved that the lexicographically ordered product of ares is
an arc. The same is not generally true for smooth ares.

In [1] R. Arens proved that the lexicographically ordered product X of a
smooth are X is a smooth arc. Our aim is to generalize such result.

For a smooth arc X, the following properties were proved [3]:

1. |o| < |X]| s 2
2. X is first countable

3. d(X)=wX) < 2lel,

Lemma 1. If {X;}1<, %5 a well-ordered collection of pairwise disjoint
LOTS and Y is a LOTS then 12 (X, xY) = (12 X)X7.
<@ <g

Proof. It follows immediately from the definitions.
Lemma 2. IfX =[x '] is a smooth arc and {X;}, <, is a well-ordered
countable collection of pairwise disjoint LOTS such that X, = [x°, x'[, then

Z Xlz[wo, .’,Ul[.
A<g

Proof. Sinece g is countable, we can consider in X an increasing transfinite
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sequence (a,); <, of type o. Since X is a smooth are, we have:

X, =[x ' [=[a, a5 4,1[.
Let & =sup{a;},<,. We obtain

z Xlzlz [G’A’ a’l+1[= [a07 k[z [mO, ml['
<e

A<p

Lemma 8. Let a, 9,y be ordinal numbers. If 8, y <w® then 6+y<w®
Proof. It can be easily proved by transfinite induction with respect to a.

Lemma. 4. Let a, 0 be ordinal numbers. If 6 < w®, then [S, w®[ has the
same order type as w®

Proof. From Lemma 3 it follows that the map: f: [0, w?[—[6, w?[ defi-
ned by f(1) =4 + 1 is an isomorphism.

Lemma 5. Let X be a smooth arc and let {X;}; < ,« be a well-ordered col-
lection of arcs such that X, =X. If 6 < w® then

X0 ~ Hquzé I x.

£ l<o?

Proof. If follows directly from Lemma 4.

We can now prove

Theorem 1. If X is a smooth arc and a is a countable ordinal number,
then X®° is a smooth arc.

Proof. Put X =[2° »'], X*"=[y°, y']. We first prove that if ¢ = (¢q;);
is a point of X*° different from y%°, then [¢°, q] is isomorphic to [%°, y'1.
Let D={6 <w®|2°<gqs}. For every 6 e D, we consider the set

Vs = {40, € X" |ys < g5, 2 = q; for every A < 3}.

The following relations can be easily verified:
1. Va < {q }
2. 0<d'=2V;<V;

3. [¢°, q[=6Lg}DV6zé§DV5.
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Moreover, it holds V; = [«°, gs[ x( I X;) where X; = X. From Lemma 5

d+isi<on®

it follows ( [  X;)=X*" and then Vy=[a°, qs[ XX*".

d+isi<o”

Put Z; = [2°, ¢s[. From (8) it follows [%°, g[= 6ED Vs = 6ZD(Z5 x X°%)
and by Lemma 1 6ED(Z6 X X°) = ((?_}DZ(;) x Xo°.

Since [#°, x'] is a smooth are, Z; is isomorphic to [2°, 2*[. From Lemma 2 we
obtain >, Zs= [x°, x'[, and then [¢°, q[=[«°, «'[ xX*". All intervals [%°, ¢[
PPy

(y’<gq es y') are also isomorphic to the same LOTS. It follows that
[4°, q[=~[y°, y'[. If we add the points ¢ and % to [%°, ¢[ and [¥°, y'[, we ob-
tain [%°, g1 =[y° 'l

In the same way it can be proved that if p is a point of X*“ different from y?,
then [p, '] is isomorphic to [¥°, ¥'1.

Let now p, g (p < q) be points of X*“. [p, q] can be considered as an initial
interval of [p, y']. Then we have [%°, y'1=[p, y'1=[p, q]. This proves that
X" is a smooth are.

Example. If I denotes the real interval [0, 1], the most natural examples
of smooth arcs are given by I°“(a < w;). It could be proved (but the proof is
not immediate and we do not give it here) that for a # 8, I*" is not isomorphie to
I°". We obtain also, for 0 < a < w;, an uncountable family of non-real smooth
arcs such that no two of them are isomorphic.
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Sommario

Nell'articolo si generalizza un procedimento di R. Arens per lo, costruzione di archi or-
dinatamente omogenet. Piv, precisamente, si fa vedere che opportune potenze lessicografiche
di un arco ordinatamente omogeneo sono ancora archi ordinatamente omogenei
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