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PiERRE DOLBEAULT (¥)

On CR-moment condition (**)

1 - Introduection

In C” (coordinates 2y, ..., 2,), let y be a closed compact oriented curve of
class C* and let M be an embedded Riemann surface of C*\ y whose boundary
is y, then for any holomorphic differential form « of degree 1 we have

Jow= | w= fdwfrom Stokes formula, but dw is a holomorphic differential form
y b M

of degree 2, whose restriction to M is zero, then [w = 0. So a necessary condi-
Y

tion for a real curve y to be the boundary of an embedded Riemann surface in C*

is: for any holomorphic 1-form w in C% [ = 0; this is equivalent to [2%dz; =0
Y Y
where 2% = 21...22", Gy, ..., &, € N. This condition is called the moment condi-

tion.

It is known, from J. Wermer (1958) [10] and many further generalizations
(see [5]), that this condition is sufficient for a real curve y to be the boundary of
a holomorphic chain in C™ This condition has a meaning on any complex analytic
manifold (or space) X, but it is empty if X has no holomorphic 1-form different
from zero e.g. CP™

It can be generalized as follows: let M be a compact (2p — 1)-submanifold of
X of class C!, then the moment condition is:

For every (p, p—1)-differential form ¢ such that d"¢ =0 then A{ o =0 [6].

If M satisfies the moment condition, it is maximally complex, ie. the com-
plex tangent space H, (M) to M at z has dimension p — 1. If p = 1, this last con-
dition is empty.

(*) Univ. Paris 6, UMR 9994 du CNRS, Tour 46, Etage 5, 4 place Jussieu, 75252
Paris cedex 05, France.
(**) Received December 14, 1994. AMS classification 32 E 35.
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Harvey and Lawson showed that the moment condition is a necessary and
sufficient condition for a (2p — 1)-submanifold M to be the boundary of a holo-
morphice chain in CP*\CP” 7 with ¢ = p. Maximal complexity is enough for
p=q+1; the same is true for p=2 in C” [7], [6].

The aim of this talk is:

1) to define a moment condition in E =R X C*~1c C" for a compact sub-
manifold N and in a half-space of ¥ for a closed relatively compact submanifold
N, to get a necessary and sufficient condition for solving a boundary problem in
low dimensions

2) to explain the relation between this condition in CP*"\CFP" 79, in the
simplest case n =2, ¢ = 1, and necessary and sufficient conditions to solve a
boundary problem in CP™ [3], according to unpublished results of J. B. Poly [4].

We give only results and sketches of proofs; the detailed proofs will appear
elsewhere.

Definitions.

A g-subvariety of class C* with negligible singularities in a Riemannian
manifold X is a closed set W of X which contains a closed set ¢ such that
() = 0 (g-dimensional Hausdorff measure) and such that W\ ¢ is a closed ori-
ented g-submanifold of class C* of X\ o, of locally finite g-dimensional volume.
We denote also by W the integration current defined by W. W is said to be CR if
W\ is a CR submanifold.

A q-chain V of class C* of X is a locally finite linear combination, with coeffi-
cients in Z, of integration currents [W;] where W; is a g¢-subvariety of class
C* with negligible singularities. V is g-cycle if dV = 0. If every W; is CR of
CR-dimr, V is said to be of CR-dim 7.

A holomorphic p-chain T of the complex manifold X is a 2p-chain where W;
is a complex analytic set of complex dimension p.

2 - Case of a real hyperplane £ of C"

Let E be the real hyperplane {z € C"; Smz, =y, = 0}. Let N be a compact
(2p — 2)-subvariety of class C! with negligible singularities of C” contained
in E, with CR-dim N = p ~ 2. The integration current defined by N, and also
denoted N, is supposed to be d-closed. We look for a maximally complex chain
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M of C*"\\N, with supp M cc E, of finite mass, such that dim M = 2p — 1, hav-
ing a simple extension to £ still denoted M such that dM = N.

The case p =3 has been studied previously [1], [2]. Consider the case
p = 2. The projection method allows us to consider only the case » =3, then
codimz M = 2.

Let j: E < C® be the canonical injection. We consider the type with respect
d = 3
5.5; dz; + —a-,;z:;
S and P of ENN and E, respectively, such that

to (25, z3) and set di = dz;. Then, there exist rectifiable currents

M=j#S SZSI'I"FdCUl/\(Sl’O-}-SO’l)
N=j,P P=P%'+P424dy A(P20+PL1+ P02

and S having a simple extension to E, still denoted S, such that P = dS.
Let 8 =da; A o %+ ¢?° be a C>-differential form on E such that d3p =0,
then

Z\{ﬁ = <P7 :B> = (dS:.B> = "<S’ dﬂ) = _<S’ d;;ﬂ) =0.
Definition. N (or P) satisfies the CR-moment condition if, for every 8 as
above, such that di 8 =0, then

¢)) Jp=(P,B)=0.
N
Remark that [B has a meaning for every n = 3.
N
Let k: E—R be the mapping defined by (2, 23, 25)—>x; and &~ (x;) =QmI=C2.
Proposition 1. For every x; such that the slice v = (P, k, x,) is defined, v
is the direct image by i: Q,, < E of a 1-cycle = of Q,,, with compact support, sa-

tisfying the classical moment condition in Q.

In C?, let = e &'°(C? (current with compact support), to solve

(2) duSO,l — 7{.‘0’2

with supp s compact, we check that the d”-cohomology class [x* ?] belongs to
HY%2(C?, C)=H?(C?, o) = (H°(C? Q%)) (Serre duality).
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Then equation (2) has a compact solution if and only if we have

(3) (z%2, wy=0 for every w e H®(C?, Q).
Consider the (Cauchy) kernel KC(z,z5)=3o(25)® :1;- —a%— in C%z,2).
L 9

Lemma 1. If =, 5 satisfies (3), and if # means the convolution-contrac-
tion, then K¢ # =%?2 is the solution of (2) with compact support.

Proposition 2. IfN is C® and if P satisfies the CR~-moment condition, then
dp 8% = —P%2 has a solution with compact support which is C® in .

For the proof, in Q,, = C?, consider the kernel K¢, use Lemma 1 and, in E, use
the convolution kernel K = ¢, ® K.

Theorem 1. Let N be a compact, C*, CR-subvariety with negligible singu-
larities of C", contained in E, such that dim N = 2, CR-dim N = 0. Assume that
N satisfies the CR-moment condition and that:

H. There exists a closed subset v of N such that 3C%(z) = 0 and, for every
z e N\, N\ is a submanifold transverse to the maximal complex affine sub-
space of E through z

8. Either N is smooth or N is the intersection of E and of a maximally complex
subvariety with negligible singularities.

Then there exists a unique C° maximally complex 3-chain M of C™\ N,
supp M cc E, of finite mass and having a simple extension to C*, still denoted M,
such that N = dM and M is foliated by holomorphic 1-chains.

Proof. Forp =2, n = 8, analogous to the proof for p = 8, using Proposition
2. For n > 3, use the classical projection method.

3 - Case of a half-space of £ with complex boundary

Definitions. Let U"={zeC"Rez,>0}cC" and U={(®y,2s,...,2,)€E,%,>0};
U ={zeC" 2(z) =0} =C""1. Let N be a CR-subvariety of U”", with negli-
gible singularities, contained in U, defining a d-closed integration current deno-
ted also N, of finite mass, and such that N cc &, dim N=2p—2, CR-dim N=p -2,
Assume p = 2, n = 8. We look for a chain M of U\ N, supp M cc E, of finite
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mass, dim M = 3, CR-dim M = 1, having a simple extension to U”, still denoted
M, such that dM = N.

Let j be the restriction to U of the canonical injection E < C3, then there
exist well defined rectifiable currents P and S in U such that N =5, P, M = 7,8,
having the same expressions as in Section 2 and satisfying dS = P.

But these currents also act on the space &% (U) of differential forms ¢ of class
C” on U such that supp ¢ is contained in {x; > 8} for ¢ > 0 small enough. For
every 2-form f=du; N o %+ ¢2%e 8% (U), the expression 1\{ B=(P, B) makes

sense and is equal to (dS,8)= —(S,dB)=—(S,dzg). If dzB =0, then (P,£)=0.
Definition. N (or P) satisfies the CR-moment condition if

(4) for every B e 8% (U), such that dzf =0, then [f=(P,8)=0.
N

A subvariety N with negligible singularities of U” defined at the beginning
of this section, and satisfying the CR-moment condition, has the properties de-
seribed in Section 2, C? beeing replaced by U”, E by U, and the compactness of
N by the relative compactness in E.

4 - Case of a half-space of £ with non complex boundary

Definitions. Let w" be a real linear form on C* and w its restriction to E.
We assume that the real hyperplane F" = {ze C"|w"(z) =0} is different
from E, then F=F"NE={¢eE|w() =0} is a real hyperplane of E;
dim E=2n~-2 and CR-dim F=n—2, in general. Let W" = {z e C"|w"(z) > 0}
and W= {{ e E|w(?) > 0} be the half-spaces of C" and E respectively. In what
follows, we assume CR-dim F =n — 2.

Let G be the maximal complex linear subspace of F, then G =C"%; @ is
contained in the maximal complex linear subspace H of E. Let C, be the
z;-axis of C"and A =G @ C,; then E'=E N A is a real hyperspace of A and
F'=FNA=G=C""% W ={¢eE'|w() >0} is a half-space of E' with
complex boundary as in Section 3, for the dimension = — 1.

Let (ug, ..., %, - 1) be complex coordinates of G, then (z;; us, ..., %, 1) are
complex coordinates of A and F' = {2, = 0} c A. Let C, be a supplement of A in
C", with complex coordinate u, and k: C"— C, defined by 2+~ u,, (2) the projec-
tion. Then £ 71(0) = A and k' (w,) = A4, =A=C""'. We set hy = h|g, then
hg'(u,) =E, =ENA,,.
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CR-moment condition. Let N be a C! subvariety of W", with negligible
singularities such that NcW, NccE, dm N =2p — 2, CR-dim N = p ~ 2 with
finite (2p — 2)-dimensional volume. Moreover denote also by N the integration
current defined by N and assume dN = 0. Suppose p = 38, and that there exists a
5-chain M of W”"\ N, with supp M cc E such that CR-dim M = 2, and having a
simple extension, still denoted M, such that dM = 0. Moreover we assume
n =4,

Define currents P and S of W, as in section 3, acting on the space 8% (W) of
C* differential forms g of W, with suppgc{¢e E|w(¢) > ¢} for ¢ >0 small
enough depending on B. For every 4-form 8= dx; A %!+ ¢> e 8% (W) we
have ]Jﬂ =(P, )= —(S, dzp). If dzB =0, then (P, 8)=0.

Definition. N (or P) satisfies the CR-moment condition if

(5) for every e 8% (W), as above, such that dz3 =10, then [B=(P,8)=0.
N

[ B has a meaning for every n = 4.
N

Proposition 8. For every us € C such that = (P, hg, uy) is defined, 1 is
the direct image by i: E,,— E of a 2-cycle v satisfying the CR-moment condi-
tion in E,,.

Proposition 4. In the half-space W of E, if N is C* and if the current P
satisfies the CR-moment condition, then the equation dzS%'= —P%% with
d5P%2 =0 has a solution U in W, C® in xy, such that supp U%'ccE.

The proof uses the solution with compact support of the dz-equation in
E' = E,, (Section 2, 3), where E' is of dimension 5, that is why, in this section,
we have to assume dim E =7 and dim N = 4.

Theorem 2. Let N be a subvariety with negligible singularities of class
C* of W, with dim N = 4, CR-dim N = 1, finite 4-dimensional volume, N cCcE,
satisfying the CR-moment condition, condition H and condition B, as in Theo-
rem 1. Then there exists a unique C* maximally complex 5-chain M in W'\ N,
of finite mass, such that supp M c W, supp M cc E, and having o simple exten-
sion still denoted M in W", satisfying:

i dM=N

ii M 1is foliated by holomorphic 1-chains.
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Proof. Thanks to the projection method, it is enough to consider the case
p =n — 1= 3. Using Proposition 4, we compute the coefficients as in [2], 8.5.
The proof ends as for Theorem 6.9 of [1] for p = # — 1. The unicity of M and
the existence of the foliation result from the slicing relative to the projections
k: E—R and hg.

Corollary 8.1 of [2] can be extended for p = 3, N satisfying the CR-moment
condition.

5 - Boundary problem in CP? and moment condition in CP2\ CP!.

Let y be a closed, oriented curve of class C? (and the integration current de-
fined by the curve) in CP2 We look for a holomorphic 1-chain S in CP?\ y such
that exists a simple extension of 8, still denoted S, to CP? satisfying
y = bS.

Let (wq, w; , wy) be homogeneous coordinates in CP? chosen in such a way that

/u).
yN{w, =0} =0;2; = E&f’,”j = 1, 2, be affine coordinates in CP?\ {wy, = 0} = C%
g =w, — &wy—nw and g = u% =gy — & — n2;. Let D(&, n) be the projective line

g =0; when (&, n) € C% D(¢, 1) describes a Zariski open set of (CP2)'.
In CP2\{wy =0} = C? consider the affine lines, D'(%, n) = D(&, 5) N C2.

Lemma 2. Let X be a Riemann surface embedded into an open set of CZ.
Let (£%, p*) e C® such that D' (&%, n*) N X is a finite set, for (£, n) in a small
enough neighborhood of (5%, n*), then:

D'n)NZ is a finite set with fived number of points (f(&n),E+nfiE),
j=1,..,N

J; is holomorphic and satisfies

% _ % :
(6) jgg—‘é; j=1,...,N.
Conversely, if, in a neighborhood of (£*, n*), f(&, n) is holomorphic and sat-
18fies (6), then the point (f(&, ), & + nf(&, 1)) generates o Riemann surface em-
bedded into an open set of C%

For the proof, see [3], Lemme 2.3 and [9], Theorem 1.
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Lemma 3. Let y' be a compact oriented curve of class C*in C% then the
following properties are equivalent:

2. y' satisfies the moment condition in C%.

For the proof, see [3], Corollaire 1.3 and [4] Section 4, for a different proof.
According to ideas from J. B. Poly [4], Section 3, we can reduce the proof of
the following theorem ([3], Theorem 1.2) to Wermer’s theorem.

Theorem 3. Under the hypotheses and notations at the beginning of this
section, the following conditions are equivalent:

i there exists a holomorphic 1-chain S such that y = bS.

ii there exist (£*, n*) e C% holomorphic functions f;(£,7),7=1,..., N on
a neighborkood of (£*, n*) and constants ;= *1 salisfying:

af; of; .
_1 o, _$
(8) G(E, T))_ 271_1' !zl g _jglejf;.
Proof.

i=>ii: the existence of the functions f; satisfying (7) comes from Lemma 2.
Let pf = (f;(&*, n*), &% + n* f;(£*, n™)), 4; be a small enough disc on supp S,
centered at pF and I;=0b4;, then y-—2el=b(S—2ed) in
CP*\D(¢*, n*) = C?, and satisfies the moment condition. (8) follows from
Lemma 3.

fi=1i: from ii and Lemma 2, for (£ ») in a convenient neighborhood of
(&%, 0*), p; = (& ), &£+ nf;(§ n)) generates a connected Riemann surface ¥;
embedded in an open set of C? such that, for j # k, either £; = 2, or ;N X, # 4.
Let 4; be a disc of X; centered at p/* and I'; = b4;; from Lemma 3 and condition
(8), y — 2 ¢;T'; satisfies the moment condition in CP2\D(&*, n*) = C2 Then,
from Wermer’s theorem, there exists a holomorphic 1-chain T of CZ such that
y — 2 e;I' = bT; s0 v = b(T + 2 ¢;4;). From the structure theorem of Harvey-
Shiffman [8], S=T + Zsj/_lj is a holomorphic 1-chain of CP%\y.
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