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Perfect systems in G, (*%)

1 - Introduction

There are well known constructions of the irreducible representations and of
the irreducible modules, called Specht modules, for the symmetric groups S,
which are based on combinatorial concepts connected with Young tableaux and
tabloids (see, e.g., [4]).

In [5] Morris deseribed a possible extension of this work to Weyl groups in
general. An alternative and improved approach was described by Halicioglu and
Morris [2]. Later on Halicioglu [1] develops the theory and shows how a K-basis
of Specht modules can be constructed in terms of standard tableaux and
tabloids.

In this paper we show in detail how the theory works in the special case of
the Weyl group of type G,.

2 - Some general results on Weyl groups

We now state some results on Weyl groups which are required later. Any
unexplained notation may be found in J. E. Humphreys [3], Halicioglu and Mor-
ris [2], Halicioglu [1].

Let V be I-dimensional Euclidean space over the real field R equipped with a
positive definite inner product (,) for « € V, « # 0, let 7, be the reflection in the
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hyperplane orthogonal to «, that is, 7, is the linear transformation on V defined
by

9 (e, )

T.V)=v— ) «

for all ve V. Let @ be a root system in V and = a simple system in & with corre-
sponding positive system @ ¥ and negative system @ ~. Then, the Weyl group
of ¢ is the finite reflection group W= W(P), which is generated by the 7,
aed.

We now give some of the basic facts presented in [2].

Let ¥ be a subsystem of @ with simple system J c @ * and Dynkin diagram 4

and ¥ = U ¥;, where ¥; are the indecomposable components of ¥, then let J,
be a snnple system n¥;(i=1,2,..,r)and J = U J;. Let ¥+ be the largest

subsystem in @ orthogonal to ¥ and let J*c @+ be the simple system of ¥+,
Let ¥' be a subsystem of ¢ which is contained in @ \¥, with simple system

§
J' c®* and Dynkin diagram 4, ¥"' = _l:Jl ¥, where ¥ are the indecomposable
components of ¥' then let J;/ be a simple system in ¥} (1=1,2, ..., 8) and
$
= .EJl Ji{. Let ¥'* be the largest subsystem in @ orthogonal to ¥’ and let

J'tc®* be the simple system of ¥'*.

Let J stand for the ordered set {J1, J2y cees oy Ji 3 J3 5 ...y I }, Where in addi-
tion the elements in each J; and J; are also ordered, then let G, = {wJ |w e W}.
The pair {J,J'} is called a wuseful system in @ if W(J) N W(J') = (e) and
W) NWT' ) = {e).

The elements of G, are called A-tableauzx, the J; and J; are called the rows and
the columns of {J, J'} respectively. Two A-tableaux J and K are row-equivalent,
written J ~ K if there exists w e W(J) such that K = w.J. The equivalence class
which contains the A-tableau J is denoted by {J} and is called a A-tabloid.

Let v, be set of all Atabloids. Then r,={{dJ}|deD,}, where
Dy={we Wlw(y)e®* for all j e J} is a distinguished set of coset representa-
tives of W(¥') in 9. The group W acts on 7, as o{wJ} = {cwJ} for all s ®.

Let K be an arbitrary field, let M* be the K-space whose basis elements are
the A-tabloids. Extend the action of W@ on <, linearly on M*, then M* becomes a
K-module. Let

kp= 2 8o e g =1y {T}
ce W(J')
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where s(c) = (— 1)1 is the sign function and i(s) is the length of . Then ¢, ; is
called the generalized A-polytabloid associated with J. Let S” 7" be the subspace
of M* generated by e, ., where we . Then S”7 is called a generalized
Specht module. A useful system {J,J'} in @ is called a good system if
dr Ny’ = ¢ for d e Dy then {dJ} appears with non-zero coefficient in e, ;. If
{J,J'} is a good system, then S’ is irreducible.

Proposition 1. If {J,J'} is a useful system in @, then we have the
180MOTphisms:

Ifwe W, then S5 = gudiwd
Ifwew(J),  then SH7 =8/
Ifwe W), then S77 =8%7.

Proposition 2. If {J,J{} and {J,Jz} are useful systems in @ and
Py, then ST 7% is a K\0-submodule of S”71, where J{ and J5 are simple
systems for ¥{ and ¥; respectively.

The following are given in [1].

Let d e Dy N Dy and let d’ € Dy. A good system {J,J’'} is called a very
good system in @ if d<d’ for all de Dy N Dy, d' e Dy such that d’' = dop,
where o e W(J), s e W(J') and < is Bruhat order.

Proposition 8. If {J,J'} is a very good system in O, then the set
{eas ay |d € Dy-N Dy} is linearly independent over K.

A very good system {J,J'} is called a perfect system in & if the set
{edJ’dJ' |dEanDy'} is a basis for SJ’J‘.

3 - Perfect systems in G,

Let & = G, with simple system = = {a; = &; — &3, 2y = — 2¢; + &5 + e3}. The
extended Dynkin diagram for G, is

O—CO—0
1 2

As usual @y, + ayx, is denoted by a,ae and <,,, 7,, are denoted by <;, 72
respectively. Let g, = ¢, g2 = 72, 93 = 7172, 2 = (7172)%, g5 = (7172)°, g6 = 71 be
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representatives of conjugate classes Cy, C;, Cs, Cy, Cs, Cs respectively of W(G,).
Then the character table of W(G,) is

Cl Cg C3 C4 C5 CG
|1 1 1 1 1 1
2|1 -1 1 1 1 -1
xs| 1 -1 -1 1 -1 1
ys | 1 1 -1 1 -1 -1
|2 0 -1 -1 2 0
wl2 0 1 -1 -2 0

The non-conjugate subsystems of G, are:

1) v, =4, with simple system J; = {01, 81}
(@) ¥y,=A;+A4; with simple system J, = {10, 32}
@ v3=A, with simple system J; = {10}

@ v,=A4, with simple system J, = {01}

B) ¥;=40 with simple system J; =@

6) V=G, with simple system Jg = {10, 01}.

(1) Let ¥; = A, be the subsystem of ¢ with simple system J;, = {01, 31}.
Then ¥'{ =@ with simple system J;* =@. The Dynkin diagram for A4, is

O—(C—=

1 2

In this case the possible useful systeins in ¢ are:

(@ {J1,J1}, where ¥ = A; with simple system J{ = {10}
(i) {J1,J3}, where ¥'; = A, with simple system J; = {11}
(i) {Ji, J5}, where ¥} = A, with simple system J3 = {21}
(v) {Ji,Ji}, where ¥{ =0 with simple system J; = §.

In the case (i) the A4;-tabloids are:

{J,} ={01,81; 10}  {z,J;} = {31, 01; —10}.

Ifd=r,, then d¥V",N ¥, =0, but ¢;, ;= {J;}, that is, {dJ;} does not ap-
pear in e;, ;. By definition of good system {J;, J;} is not a good system in @.
Alsoif d = v, then d¥'; N ¥'{ = 0. Since ¢, ; = {71} = {z1J1}, then {J;, Ji}tisa
good system in @. Similarly it can be verified that {J;, J5} and {J;, J;} are
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good systems in @. Since
Pi=ry Wy =117T7; ¥}

then by Proposition 1 we have the following isomorphisms
S = Qi TE = §T1 8

Now let K be a field and Char K = 0. Let M be a K-space. From the defini-
tion of M* we have

M =Sp{{ei}, {=:71}}.

Let T be the matrix representation of ¥ afforded by M“! with character ¢, .
Now we can compute T,(g;) for each g;eC; (1=1, 2, 8, 4, 5, 6). We have

e({ed1}) = {eJ}} w2 ({e]i}) = {e]y}
o)) = (713} (7T = (77

(c172) ({ed1}) = {1 J1} (170 ({ed1}) = {ed1}

(e172) ({71 d1}) = {eJ1} (r172)? ({m1d1}) = {711}
(r172)*({ed1}) = {z1J1} m1({ed1}) = {r1J1}
(r102({m1 1)) = {eJi} ({1 Ji}) = {eJi}.

Thus we have

Lg=(; ) Te=() T =0 )
Leo=(; 3 Tew=( 3 Tew=(0 )

and the corresponding character is

{ 01 Cg 03 C4 C5 CG

9011220200

Now let S77i be the K39-submodule of M* and T{" be the corresponding
representation of ¥ afforded by S/ 7! with character ¢{". By definition of the
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Specht module we have
St =8p{{e/i} - {m:1J1}}-
Now we can compute T{V(g;) (i=1,2,8,4,5,6)
e({ei} = {m1/1}) = {eJ1} = {=1J1}
wo({eds} = {r11}) = {eJi} = {711}

(7172)({57:} - {T1J1}) = {—7—;]_1} - {e_fl}

(r1v2({edi} — {71d1}) = {eJi} — {=1 1}

(7172)3({57;} - {TlJl}) = {m} - {9_Jl}

71({Z]—1} - {TlJl}) = {m} - {571}-

Thus we have

T =1 TP@=1 1) =1
TPy =1 TP =-1 T{P(ge)= -1

‘ C 1 Cg Cg 04 C5 CG

and
4,51)]1 1 -1 1 -1 -1

that is, ¢{ is the character x,.
In case (i) Dy, N Dy = {e} and

{61

W) = {3» T2, T17T27T1, T1T2T17T2, 72717271, T21'1727'172}7 W(Jf) = {3, 71}-

Now let d=eeDy NDy; and let d'=<;eDy,. Then there exist
c=1,e WJ{) and p=ee W(J;) such that d' = dosp. Then e < 7;. Hence

{J1,J1} is a very good system in 9.

In case (i) Dy, N Dyy = {e, 71} and W(J3) = {e, v3772}. Let

d=rty€ Dy, NDy, and let d’ =ee Dy, . Then there exist o = 57175 € W(J3)
and o= 7577971 € W(J;) such that d’ = dop. But 7; > ¢. Hence {J;, J3 } is not
a very good system in @. Similarly it can be verified that {J;, J3 } is not a very
good system in @. By Proposition 3 the set {ez, 45 |d € Dy, N Dy} is linearly in-
dependent over K. Since {e,,, ;} is a basis for S77%, then {J,J{} is a perfect

system in G,.
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(2) Let ¥,=A,+A, be the subsystem of & with simple system
Js = {10, 82}. Then ¥4 = @ with simple system J;* = §. The Dynkin diagram for

Ay + 4, s

1 2

In this case the possible useful systems in ¢ are:

(@) {Js, Ji}, where ¥} =A; with simple system J{ = {01}
() {Jz,J3}, where ¥} =4, with simple system Jj = {31}
(i) {Js, Js}, where ¥3=A; with simple system J3 = {11}
(iv) {Js, 4}, where ¥’y =A; with simple system J; = {21}
) {J2, Js}, where ¥'5=0 with simple system J5 = §.

In case (i) the A,-tabloids are:

{eo} = {10, 32; 11}  {roJo} ={11,81; 10}  {r w.Jo} = {21, 01; —10}.

Hence, by definition of good system, {J, J; } is not a good system in @. By
the same method as in case (1) it can be verified that the remaining systems are
good systems in @. By Proposition 1 we have the following isomorphisms

STt o QU2 d5 = Q2T = SIer i

By a similar caleulation, it can be showed that

[cl C, C C GCs Cg

3 1 0 0 3 1
2 0 -1 -1 2 0

P
e

that is, ¢SV is the character 5.
In case (ﬁ) DTZ N Dipé - {e, Ty 7172},

W(J2) = {e, T1, 72717271 T2, T1T2T1T2TIT2}

and W(J3) = {e, r17271}. Now let d = 7173 € Dy, N Dy, and let d' = 75 € Dy,
Then there exist o = vy757,€ W(J3) and p = 77571727172 € W(Jp) such that
d' = dop. But 7175 > 5. Hence {J, J5 } is not a very good system in G, . Similar-
ly it can be verified that also {J;, J{} is not a very good system in G,.
In case (i) Dy,N Dy, = {e, 7o} and W(J3) = {e, t27172}. Now let
d=rge Dy, N Dy, and let d' = 75 € Dy,. Then there exist ¢ =¢ e W(Jg) and
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=e e W(Jp) such that d' = dop. Then d' = d. Let d = 75 € Dy, N Dy, and let
d’ =7172€Dy,. Then there exist o =757 7€ W(J3) and p=ee W(J,) such that
d’' = dop. Then 75 < 7, 7,. Hence {J;, J3 } is a very good system in G, . Similarly
it can be verified that {J,, J{ } is a very good system in G,. By Proposition 3 the
sets {e4s,, as;|d € Dy, N Dy} and {eyy,, ay;|d € Dy, N Dy} are linearly indepen-
dent over K. Since {ey, j;, €.,s,, -,5;} IS 2 basis for S 7% then {J;, J3 } is a per-
feet system in G,.

(8) Let ¥'3 = A, be the subsystem of ¢ with simple system J; = {10}. Then
¥v'§ = A; with simple system Jg" = {82}. The Dynkin diagram for A, is

—(CO==3

1 2

In this case the possible useful systems in 9 are:

i) {Js,J{}, where ¥|=A, with simple system J{ = {01, 81}
() {Js,Js}, where ¥3=A,+A; with simple system J; = {11, 31}
(i) {Js, J3}, where ¥ =A, +A; with simple system J§ = {01, 21}

Gv) {Js, Ji}, where ¥ =A4; with simple system J; = {01}

) {Js, Ji}, where ¥} = A4, with simple system J7 = {31}
vi) {Js, J¢}, where ¥ =4, with simple system Jg = {32}
(vi)) {J3, J7}, where ¥} =4, with simple system J; = {11}
(vii) {Js, Jg}, where ¥§= A, with simple system Jg = {21}.

For case (vi) the As-tabloids are:

{e_=73}={10; 32} {r2d5} = {11; 81} {= 1»2J3} {21; 01}
{za7172J3} = {21; —01} {( 271 )2 Tod3} = {10; —382}

{(z172 2 J5} = {11; —81}.

Hence by the same method as in case (1) it can be verified that good systems
in @ are {Js, J1}, {Js3,Js}, {J3,J5}. By Proposition 1 we have the following
isomorphisms

SJ3,Jé = SJ3,J3’ SJ3,J4 = SJ3,J5’ SJ;;,J% = SJg,Jg’ .

However ¥'5c ¥} and by Proposition 2 S7-7% is a K§-submodule of S/ /7, If
T§"? is the corresponding representation of W afforded by S”» 7 /S7s /% with
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character ¢{"?, then we have

G G G C G G

g5 | 6 0O 0 0 o0 2
g1 -1 -1 1 -1 1
@ | 2 0 -1 -1 2 0
ol 4 0 0 -2 0 0
oD 2 0 1 -1 -2 0

that is, ¢§! is the character x5, ¢ is the character x5 and ¢$"? is the character
X6-

By the same method as in case (1) it can be verified that {Js, Ji} and {Js, Js }
are very good systems in @. By Proposition 3 the sets {eyy,, as;|d € Dy, 0N Dy}
and {eqy,, 413 |d € Dy, N Dy} are linearly independent over K. Since {e;, 5} is a
basis for S7 71 and {e;, s, €:,4,, -»ss} IS @ Dasis for S7# 7, then {J;, J{} and
{Js, J3} are perfect systems in G,.

(4) Let ¥, = A, be the subsystem of & with simple system J, = {01}. Then
v = A, with simple system J;- = {21}. The Dynkin diagram for A, is

—&x—0
1 2

In this case the following are the possible useful systems in &:

(@) {Ji, J{}, where ¥} =A;+A; with simple system J; = {10, 32}
() {J4, J3}, where ¥j=A, +A; with simple system J; = {11, 31}

(i) {Jy, 3}, where 73 =4, with simple system J; = {31}
Gv) {J4, Ji}, where ¥} =4, with simple system J; = {32}
W) {Jy, Ji}, where V5= A, with simple system Js = {21}
(vi) {J4, Jé}, where ¥g=A; with simple system Jg = {11}
(vii) {Jy4,J7}, where ¥;=A, with simple system J; = {10}.

For case (v) the 4,-tabloids are:

{ei} ={01;21}  {rJ}={38L;11}  {rp7idy} = {82; 10}

{717271J4} = {32; “‘10} {(’7271)272J4} = {31; "‘11}

{(7172)271J4} = {01, "21}
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The good systems in @ are {Jy, Ji }, {Jy, J3 }. By Proposition 2 we have the
following isomorphisms

S0 I = G4 Vi S0 i = §Ja i S dé = QIn It

' Cl CZ C3 C4 CE Cﬁ

6 2 0 0 0 O
2 0 -1 -1 2 0

o
(D
4

that is, ¢V is the character »;.

By the same method as in case (1) it can be verified that {J,, J5 } is a very
good system in @. Since {e;, J;, €.,7,, «,s} is a basis for S’ 7%, then {J,, J5} is a
perfect system in G,.

(5) Let ¥5s=0 be the subsystem of @ with simple system J5=@. Then
¥ =Gy, The Dynkin diagram for ¥ is

=

1 2
If ¥{=G,, then {J5,J{} is a perfect system in G,. Then

]cl G, C C C5 G

12 0 0 0 0 0
1 -1 1 1 1 -1

¢s
ot

that is, 5 is the character y,.

(6) Let ¥ = G, be the subsystem of @. Then ¥'¢ = §. The Dynkin diagram
for G, is

O—O—=0

1 2
If ¥;{=40, then {Jg, J{} is a perfect system in G,. Then

’Cl C, C C Cs Cs
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that is, ¢ is the character x,.
Thus we have obtained a complete set of irreducible modules for &, and per-
fect systems in G,.
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Summary

See Introduction.






