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A.J. LEDGER and L. VANHECKE (*)

On a theorem of Kiri¢enko relating to 3-symmetric spaces (%)

1 — In this note we consider the following theorem due to Kiri¢enko [3].

Theorem A. The class of Hermitian-homogeneous naturally reductive
almost Hermitian manifolds coincides with the class of analytic nearly Kéhler
manifolds that are locally 3-symmetric spaces.

Our purpose is to show that the restriction of being naturally reductive can be
removed so as to obtain a complete correspondence between Hermitian-homoge-
neous almost Hermitian manifolds and locally 3-symmetric spaces. More
precisely

Theorem B. Any pseudo-Riemannian locally s-symmetric space is a
Hermitian-homogeneous almost Hermition manifold with respect to its canoni-
cal almost complex structure. Conversely, any pseudo-Riemannian Hermitian-
homogeneous almost Hermitian manifold (M, g, J) is a locally 3-symmetric
space with J as canonical almost complex structure.

2 — We begin with some definitions and basic properties. Any pseudo-
Riemannian manifold (M, g¢) is assumed to be smooth and finite dimensional.
Write g% for the algebra of smooth tensor fields on M with contravariant and
covariant orders p and q respectively; in particular, write =97 and 55 =4J,.
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Let V denote the Riemannian connection and R denote the Riemannian
curvature tensor field on M, where the curvature operator Rxy is defined by

Ryy= Vig, v [Vx, Vyl

for all X, Yedgl

- Now, any SeJ?! can be considered as a field of Linear endomorphisms of
tangent spaces of M. Then we say that any TeJ? is S-invariant if for all
Wiy eeey cupEle and Xl, veey ){qEzT1

T S, ..., w8, Xy, ..., X)) =T(ey, ..., wp, SXi, veny SX)

where (wS)(X) = w(SX) for w € 7; and X € 7. We call S a symmetry tensor field
if I-S is non-singular and g is S-invariant. In particular, S is said to be regular if
VS and V2S are S-invariant. Any pseudo-Riemanmian locally s-symmetric
space can be defined either by local isometries or by the following tensor
conditions which are more appropriate for our requirements (cf. [1] or [5]).

Def. Let S be a regular symmetry tensor field on (M, g) such that S®=1
and the tensor fields R and VR are S-invariant. Then the triple (M, g, S) is a
pseudo-Riemannian locally 3-symmetric space.

We note that such (M, g, S) is almost Hermitian with respect to an almost
complex structure J defined by

__1..\3
1) S= 2I+ 2J.

J is called the canonical almost complex structure on (M, g, S) (cf., e.g., [2]).

On the other hand, let (M, g) be a locally homogeneous reductive pseudo-
Riemannian manifold with homogeneous structure T (cf. [3] and [6]). Thus T € I3
is given such that for all X, ¥, Z e J*

®P1) 9IX, V), Z)+g(¥, TX, Z)=0

P2) VR=0 P3) VT =0

where V is the connection defined by V=V —T. Then (M, g) is said to be
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Hermitian-homogeneous [3] if it is almost Hermitian with respect to an almost
complex structure J satisfying

(P4 VJ =0 (P5) TUX, N=TX, J)=-JTX, ¥) .

We write T(X, Y)= Ty Y when T is considered as a derivation on the algebra of
tensor fields on M.

3 —~ Now we are ready to prove our result.

Proof of Theorem B. Suppose (M, g, S) is given with canonical almost
complex structure J as above. Then it is well-known [1] that the tensor field 7'
given by
@ TX, V)=Vg-9x8)S'Y

for all X, Y e J", is a homogeneous structure on M. Since VS is S-invariant, then
so is VJ and, as an easy consequence, we obtain

for all X, YeJ™ Then (2) simplifies to give

) T(X, Y)= %J(VXJ) Y.

From (4) we have
5) TxHY=(VxgHY
which is equivalent to

VJ/=0

for the canonical connection V=V — 7. Also, we note that (3) and (5) can be
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written, respectively, as
TUX, N+JTX, Y)=0 and TX, JY)+JTX, V)=0.
Thus (M, g) is Hermitian-homogeneous.
Conversely, suppose given a pseudo-Riemannian Hermitian-homogeneous
almost Hermitian manifold (3, g, J) with homogeneous structure T. Define S
by (1). Then I — S is non-singular and g is S-invariant. Also, 7' is S-invariant from

(P5) and VS =0 from (P4). It follows immediately from the relation V=V + T
that VS is S-invariant. Next, we use (P3) to obtain

Vir S =Vx(VyS) = Vour S = (Vx + T) (Vy + T) S — Tv.yS

=TxTyS) + To xS — TVXYS =Tx(TyS) ~ Tr,yS

which is S-invariant. Hence S is a regular symmetry tensor field for which S% = I.
Further, we prove that R is S-invariant. Write R for the curvature tensor of ¥
and define P e % by

PX, Y, Z)=PyZ= TryrxZ —TxTyZ + Ty Tx Z
for all X, Y, Z eJ". Since VI'=0, it follows that
RXYZ =RyyZ — PxyZ

(cf., e.g., [6], p. 15). By taking inner products with W we see that this equation
has the covariant form

RXYZW =Ryvaw +9(TxZ, TyW) — 9TvZ, TxW) - g(TTXY—TyXZ; w) .
Since T is S-invariant, this implies

(6) RSXSYSZSW - RXYZW = RSXSYSZSW - RXYZW .

Next, define

Axyzw = Rsysyszsw — Ryyzw .
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Then A satisfies the identities of a Riemannian curvature tensor. Also, since
VJ =0, we have from (6)

N AXYJZJW = Axyzw .

Furthermore, as an easy consequence of (1),

® " Agx=0.

Then (7) and (8) imply A =0 [4]. Thus R is S-invariant. Finally, VR = 0 implies
VxR=TxR

for all X e ", Since T and R are S-invariant, it follows that VR is S-invariant.
This proves that (M, g, J) is a locally 3-symmetric space with J as canonical
almost complex structure. The proof is now complete.

Remark. Kiri¢enko defines a locally homogeneous reductive pseudo-Rie-
mannian manifold to be naturally reductive if its associated Lie algebra has the
usual naturally reductive property. But this is equivalent to the canonical
connection V and Riemannian connection V having the same geodesics [4]. In
turn, this is equivalent to the homogeneous structure T satisfying

)] TxyX=0
for all X € 7, since Tx X =VxX — V3 X =0. Clearly, (9) reduces to the nearly

Kéhler property (VxJ)X =0 when T satisfies (4). Then Kiri¢enko’s result
(Theorem A) follows immediately.
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Abstrait

On donne wune charactérisation locale des variétés s-symétriques & Paide des
structures homogénes.



