Riv. Mat. Univ. Parma (4) M (1985), 43-47

D.P. GUPTA ana S. M. MAZHAR (%)

On the degree of approximation

by Fourier-Laguerre expansions (**)

1 — Let f be a function defined and Lebesgue-measurable in the interval
[0, oo) such that for o> —1, the integrals

}oexp (—w)usf(u)du , }Dexp (—wyuef(u) L¥u)ydu, n>1
0 [

exist, where L (») denote the Laguerre polynomials of order o> — 1, defined
by the generating function )

S Lo@)on = (1 — o)1 exp (— "2 .

n=0 1—ow

The Fourier-Laguerre expansion associated with the function f(z) is given by

(1) o)~ 3 4, @)
whore T +1) ("% = foxp (— a)ar @) 2(e) a0

Kogbetliantz [2],,, Szegd [3],, and Gupta [1], discussed the Cesaro sum-
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mability of the series (1.1). Also Gupta [1], showed that if

) 4w — o og7),  foxp (— a2yl i< oo,

then 6(0) = o(logn), k>a-+ %,

n

where o'¥(0) denote the Cesaro means of the series (1.1) at the end point @ = 0.
The above result covers the case k = 0 in the Cesaro scale of summation if
« + 1< 0,i.e. when o < — }. Inour endeavour to cover a wider range for the
parameter «, we discuss in the present note the degree of approximation by
partial sums of the series (1.1) under Lipschitz condition imposed on the
generating function.
The n-th partial sum of the series (1.1) at the point # = 0 is given by

8,0) = 3 . L&(0)

k=0

=TT i) 3 I

- m‘l‘m f oxp (— )y () L+(y) dy -

Using the orthogonality property of Laguerre functions, we easily have

12) S0 —10) = Frgy S oD - Dwli) — IO LE ) dy

o
:j exp (— y)y*F(y) Lir2(y) dy ,
where Fly) = If(y) — HOW (o + 1)}
Def. The function fy) e Lip (y,p), 0 <yp<l, p>1, if
(jl%‘ﬁl”dy)l”":ml) O<i<a,

where a is a fixed number.
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We prove the following

Theorem. If f(x)eLip(y,p) in every interval [0, w], w being a fized
number, 0 <y<1, p>1, and if

L=}

(1.3) [17(y)| exp (—y/2)dy < oo,

w

then 184(0) — £(0) | = O(m),

provided o is restricted by the conditions o <2[p —1[2 —2y, —12 <a<1,
a>1/p—1—wy.

In the proof of the theorem we shall make use of the following order estimate
of Laguerre functions (see Szegd [3],, pp. 174-176).

i) If ecis arbitrary and real; ¢, w fixed positive constants, then as#n — oo
y Y b}

(1.4) L ()= gele-11Q(pa/2-11)  for %<m<w;

(1.5) L& (@)= O(n*) for O<u

RS

(ii) If « and 4 are arbitrary and real, a > 0, 0 < 7 < 4, then for n — co

(1.6) max exp (— #/2)2* | @) | ~n®, where
1a 1
) - max (2—5,5—1) a<o<(d—n)n
o ‘= ma,x(l—} z }) >0
3’2 4 -

the maxima being taken in the intervals indicated in the right hand mem-
bers of (1.7).

2 — Proof of the theorem. From (1.2)

| 84(0) —£(0 fll"y)IeXp(— Yy* | L (y) | dy

iln o

(I+I+f) | F(y)| exp (— y)y*| L& (y) | dy

<ILi+ I,+I,, say.



46 D. P. GUPTA and §. M. MAZHAR 4]

In the range [0,1/n], we use (1.B), i.e. L™ (y) = O(no+!), and employing
Holder’s inequality, we obtain

1fn

I< J|Fy)| exp (— y)y*0(n>+1) dy
Q

I(y) 11
= (not1 2 dy)1? yety e da 1/(1 pont Z=1:
( ‘)(OH 5 | Y) (IIJ |2dy) ;= b
R 1 1
=0 (net1) ——rr iy, Since oc>1—0~—-1——y=-——-a~—y,
=O(')’b1/”_7’).

For the range (1/n, w), we use the order estimate (1.4) and obtain
| L;a—x-n(y) | = y—((x+1)lz—1l 4.0(n(a+1)lz~1/4) — O(y—-o:/ z—al4),naiz+1/4 .
Thus we have

I,= O(nolzti/1) “ F(y)| exp (— y)y=-y—ole-3/tdy
= Q(nel21l4) ( ﬂ @ | dy) 1/p ( ﬂya12~3/4+y |a dy) 1fq
- 1n y'}' 1/n

— O(nel*+11)- O(1) - O wrhels-sistal)-1 (since o < 5 — 2y — g - 2_% —2),

= 0(n**7).
Coming now to I;, we have
=j |F(y) | exp (— )y | L+)y) | dy
= FIP)| oxp (—9/2) loxp (— y/2)9+ | ) 1y

From (1.7), it is clear that

] exp (__._ y/2)J06L(0¢+1) l < Gnoclz-*—l/r}
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a+1 1 1, 7
because 5 1 > — 3 if o< g Consequently
I,= O[nel=+1is- [| F(y) | exp (— y/2) dy] = O(naiz+1h)
; a 1 1
from (1.3) I, = O(nilr-) sinee 0 < 5 + 1< (1_7 — ).

This completes the proof of the theorem.
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