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Paoro TERENZI (%)

Pseudo bases in Banach spaces (**)

Introduction

m
In what follows {x,} is a sequence of a Banach space B, span {,}= {3 ¢,&.},
n=1

ow
w-span {@,} = {> a,x,} and [2,] = span {z,} .
ne==l .
We say that {m,,} is w-dipendent if , € w-span {mn},,>,,,+1 for every m,
[e¢]

D-dipendent if @, €{ > a.w./|2.], l > /@] H = > |a.|} for every m.
n=m+1 n=m-+1 n=m-+1

Moreover we recall that {w,l} is pseudo basis of B if B = w-span {x,,}, basis if

{wn} is pseudo basis with , & [@,].=n for every m.

In what follows we call S{z,) the set of all the complete subsequences {x,,,k}
of {z,}, i.e. such that [z, ] = [2.].

If [#,] = [@]u=m fOr every m, this set has cardinality of continuum (prof. IT
of [2];). Since the bases are well known, the Note concerns the pseudo bases
which are w-dipendent, that we study by means of the set S(z,).

Suppese that B has a basis, then every {m,,} which is dense in B is an
w-dipendent pseudo basis, however in this case S(x,) has all the possible types
of sequences of B. We wish to know particular types of 8(z,), precisely if it
is possible that all the elements of S(xz,) arve pseudo bases.

In [1] we proved that every B has a sequence {»,} such that all the ele-
ments of S(w,) were o-dipendent; moreover in [2], we proved in particular B,
for every p>1, the existence of {m,,} such that all the elements of S(z,) were
Ir-dipendent, but not pseudo basic.

(*) Indirizzo: Dipartimento di Matematica, Politecnico, P.za Leonardo da Vinei 32,
20133 Milano, Italy.
(*%) Ricevuto: 25-11-1982.
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Now we give an example of a sequence {x.}, in o particular B, such that
all the elements of S(»,) are pseudo bases of B and I*-dipendent.

Example. Let {wn} be the naturale basis of I* and let us set

1 m
(1)1 ’Um = r)—m z mﬂ ? Where 101 = 27 an: p7n+ 2m_ -L il;lld pm+1 = (bn"{“l
< n=pn
for every m;
1 Ty "{" Uy Lp — Uy .
(1)e Yon =~ and 4y, ;= p for every n;

(1)s Y =[9.,] and Z=[z,], where 2,=1vy,_,+ Y for every n.

Then S(z,) has cardinality of continuum and all its elements are pseundo bases

of Z. Moreover, if {2, } is an element of §(z,), span {z,} c { D @Ry, | w2,
o ) k=m k=m
= > |a;|} for every m; hence all the elements of S8(z,) are 1*-dipendent.

k=m

Remark. In (1) Z=+ {% 2y | % a2, = 3 [@.]}.

n=1

2 - Proofs

In what follows when we use many indices we call n, the first, n, the 2nd
and so on.

Proof of example. Z=1/Y since by (1)
(2) #= (Youa+ You) + Y=12, + Y for every n.
Firstly we prove that {e,} is ['-dipendent.

Let {z,} be a complete subsequence of {z,}, by (1) and (2) it follows
(3) {#,} is complete in Z <= {y, ..} U {9.,} is complete in 7.

Let {#,-} be the subsequence of {z,} which is complementary to {z,}, then
we set

(4) {enyim, = {zn,}:;gp;n v {znu}:i«p;l for every m .
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Let us fix m. We are going to get two sequences {a,,,,- o4 and {v,,,, such that

t=1

() Do st @ [ o U ad]) = 10 o — ] =1 — 3 s

> feal

By (1) and (4) we have, for every k,

1 %
(6) 2?/21: - _L z' (yzn'—q, + yzn’)
2,5
1 % 1 % 7, Lns
={v’" (zw‘" z n')zwk‘["_ zmn":wk+ Z"—
2’“ n=p, n=p;v 2 n=p;; map;; 2%
Hence by (1), (4) and (6) we can seb
1 a;n q;n $”
(7)1 V1 = 2/’ em z (/l./’n f—1 + J2n ) = T + z
2m 1l=21 n1==71" Om
v @ -
a,, 1 1 ng
(7)2 Vg = Uy — . om (2 9_— z '.7/“:1’2—1‘{" :1/211'2))
=D, . < ma= =Py
" an
m "1 a}";
= $m - z z ‘)m-{-n" ;
n,,=p;;‘ 7!2=D;’1n ~ 1
1
G,
. ey Py
(7)3 Vmi = ,0'”:""‘1 + (_ 1)1+1 z z (R z,, 2m+n;+.‘.+n;-2 ( JO""—I
711=pm ﬂg—D " 1](_1=Z)nn
i——
o n
1 i’
- 9miy Z (Yoni— + Yon ))
ng=p 'y
‘ t—1
" a '
— —1)¢ PO — \
= Tn + (—1) 2, z o Z 21n+n;+~--+n;—1 for i>3.
ny=p n9=p_n ny=p



354

Morcover let us set

Q1ln - 1)1,); + 1 q'z" (1;’; - _p;z; + 1
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"

Uy == o == ’
ml om 3 me . 9 m+n;
ny=p
m
(8)
" "
" q . 2 » ' ,
n n "
Ty 1 P2 ny_, — Pny_, T 1
Uy = > NS ———  for i>3.
mi , B . 2,,,+";+ +n;_1 =
n=p o MeSoa R =D
i—-2

By (1), (4) and (8) it follows

(@n—Pu+1)— (@ —p,+1) ¢ —ph+1

1 - a"ml =

1— oy == Uy ==

"

n
"%

- ?
Qam om

n Vi " ! ’
G — P+ 1 z oy — P+ 1

7
om " 9 m+tn
] Ny= ])m id 1

e — ;
2m+nl

1 . q"; - _pu; + 1 ) qzm Qn; _“_pn; _{'_ 1
Qm 2"1

"
ni=
1=Pp

moreover by induction it follows

"

" Q
m

” qa =

q n :
1 it ey~ Pey 1

i
(9) 1—2061";: z zﬂ ees E” W ’fOl‘ 1>3.

j=1 ny= =D, =
3 P, W pnll P2 =0y

By (9) 0<1 =2 ;=1 — 3 ;) — s, that is a,,<l — D @,; for i>3

j=1

hence by (8) it fellows @, >

j=1 @
0 for every ¢ and O<z <1, Let us set

2

2

i—1

=1

i=1

=1

Ly . . q,
(10)1 {:l/(m,l)j ,:i - {:1/2711—1},,17&1,7’"7

{:I/(m,z)j}fgi ==

,
" q a a »
n n n
Ve _{ . }I'm 11 { m U 1, i—2 . { ' } il }
{y(m’z)i}j=1 ?/(m,z.—l),- Ge=1 Y U"I—mm na=p .ttt Um_1=p“,, y:zni._.l m:p'n,,
1 i—2 I3

-
{ Lt { m ,,{ ' } 1
17./(1:1,1)‘,,- j=1 % Um=gm ?121124 "3=7";z” ’
1

Chent ~1

j
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for i=3,

s 1t
(10)2 {!/(m.)jjj=1 - L-—l (_y(m l)]}J=1

Since {w,} is the natural basis of 1!, by (1), (7), (9) and (10) it follows

dist ( ey [{J(mﬂ)J}j ) {1/071,(]) - !ga/m ’Umz‘H =1 z sy for /L>3 .

ji=l
On the other hand, by (1), (4), (8) and (10), D,, = dist (@, [{¥ow, 3 U et ) s
therefore (5) is proved.
Now we are going to prove D,, = 0. We can proceed as for proof of prop. I
of [2],: for every ®,!, with Py <My < )y, 1ot D= dist (2], [{Yanw_sfursn) U {H2af])s
let {?/(:{),-},11 be the subsequence of {ygn,_l} Which is associated to Z,, as

771

W }j_ (10) for x,, then we find D,, = z D,;[2m.

ﬂ1=1)
Moreover for a fixed a3, if {Yes s ,};— is the Subsequence of {J_,n,_lf which
is complementary to {y),};Z,, by (1) we have

dist (237, [{#en—a} Y {y2u}]) =min {D7; dlst (w7y [{e st Y )}

Ut
>min {D;}; z D,,;}.
D
nﬁ’—';:,
Therefore by (3), since {z,.} is complete in A either Dy =0 or D
y ’ I 1
for p:’n<n1(#ﬁ1) qm, that is there exists n e {n n ’i,," such that D,,= (1/2™) ;1 y

hence D, <1/2", and so on as in proof of prop. I Cf [2],

So procceding we find D,, = 0, hence by (5) and (7)

. ” q .
q . ’ q n ' ,
, no Yong1 + Yany mo 1 o 1 Yonga + Yony )
% - il S S —_ 9 . e i
-/I/'m - ~y2w 2 , Om Z " 2m. ~J2"1 Z, 211’{
R1=P “ m=p R2=p_»n
m n mn
" 7 <
»* q n o ”
© %n M "2 1 "1 : .
FI DY S (o — 3 LTy
“es ” ” 1o ettt e .
" " AR LS KIC SRR Ty 2y £ on
i=3 wm=p, =D, Ry =D 11;=pn,, &1
1 i—2 i—1

[}

Therefore, since by (1) |z.] <1 and since by (8) Y a,, =1, by (2) and (8)

i=1
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it follows

r ”

: " [ " 2 u
m "1 Tm " Zn-‘) + % ( 1) n ] '
2 — H
(11) B = — z 9m + z z i)m+n; - Z, Zn h
n1==1) 711_1) ng=D " Z =3 ny=p na=p
m n
1 1
P Q.
T2 Tt n; e b
Z z Tﬁm = Z' mnnt 3
Zo, il Qmdngt e,y n=p
i—2 —1
© r ’+l a Th '~_'_1
. 3 by | = L2 L S L
with ALY " + z Omtn
L 2 =D, <"
m
q,, e
" " »
© LI 1 1112—2 'y
+3 (3 3 3, B "‘~—} Ea =1.
o ” = mi ==
=3 711—2’ "2-11 B Pi1=D ‘)m-{—n + et

On the other hand we can proceed for 2y A8 for z,, and we find G

[ee]
pm z bﬂm,n Tpry with z' lb”;n,"[ 1 ;

71-11 ) 11‘“111)1
7?7, m

but by (1) and (11) it is possible to check b,,,5~ 0 = b, »=0 and b,

Pans

[6]

a7 0

«0
= b,y for every =; hence by (11) 2, = z Counyn With z [emn| =1 again.

s
n=p, -+1 n=pm+1

Therefore for every m and for every i there exists {d;}r, such that

=m

(12) Zi= D din2yr, Wwith > |d;,|=1
By (1) we can set
(13) 1) = ¢, ¢ = Qau_p for i>1.

By (1) and (13), for every m and for every « € span {w, @m it iy easy to check

n=1

(14) dist (@, Y) = dist (:1:, [J%]a(m)) .

Suppose now z € span {z,} and let us fix m.
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By (2) there exists a natural number » such that 2=a 4 ¥ with
x € span {397 on the other hand by (14) [2| = dist (z, [#2.1%7)), that is there

i=1) n==1
a(r+1)
exists y € [¢.)%) such that [z 4+ y| = |2, with 4y = 3 aw; by (1)
a(r+1) a(r+1) i1
and (13), that is by (2) 2= > a;2;, with [z| = Z la,].
=1
Consequently by (12) it follows
a(r+1) © 3 ®
= > @ > duty)= > buz., with 3 |b,|=]z],
i=1 n=n n=m n=m
©  g(rt1) o g(r+1) alr+1) ©
since [¢] < z bal= 31 3 adal< I 3 lalldal< 2 |al(3 |dal)
a(r+1) n=m  i=1 n=m  i=1 i=m] n=m
=5 Ja] = el

=1

Moreover by (2), (5), (1), (4) and (8) it follows that |2,] = dist (2., [¥e))=1
for every m.
Hence span {2,} € {3 2w, | D @uzwl= Y |a,]}; in particular {z.} is

I*-dipendent. Let us fix m and #'e Z.
By (1) and (2), &'=a'+ Y, with @'= Y a,x,; hence 2'= Za;z,-, with

o fe=] g==1

3 |a;|< + oo; therefore by (12)

i=1
=Y a(Y dunw) = Z 2y, With ¢, =Y a,d;, for every n.
il n=m =1

Therefore {zn.}@m is pseudo basis of Z for every m; which completes the proof
of example.

Proof of remark. We shall not go much into details. Let us set

(4] a1 {vp
W, = z Tnyy  Wp= z nn‘ ?
ny=pytl mept1 2™
(15)
Ty
Wy, = (— 1) ﬁ ﬁ ? _ Doy for every m>3,
Won - o 2n1+.,.+7zm—1
nm=pt1 fme-1= Ppy, o1 .

(o]
T= >w, and Z=zZ+Y.
ne=1 .
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We will prove

(16) Z= 2 c,x,+ Y implies > |e,|>|Z].
n=1

n=1

By (15) jw,| = 1, moreover by definitions of {p.} and {g.} of (1), since n,,_,>m
for m>2, it follows that [w, ] < 1/2m+ for m>2.

Let us set

o & g 2y,
Uy = 2, Ty y Uy = (—1) Z Z ,),,: ’
ny=pt1 1y=pytl ‘n2=7),11‘*'1 -
(17)
L8 Iy .’L‘,,m f 3
o ~,
Uy = (_ 1)7;1-}—1 z v E Oty or m=s.
ny=p+1 A=, T 7 :
It is possible to verify that
(18) nll = [t —Jow,]]  for m>2 and lim Ju,|>1/2.
m—>

Let us fix m>3 and let Y d,x, € Y, since {y,,} is minimal by (1), (13), (14)
n=1

and (17) it is possible to prove that

@ qa{m—1)
(19) [t + > dua]|> Jun] + 3 anld.],

where a, = 1/2, @y, = 1/2m for py<n, <q,, an, = 1[2% for Prgy <N <y, and
for 2<ig<m —1.

By (1), (15), (17) and (19) it is possible to see that

(20) Zw,, +Y=wu,+Y, with ju,+ Y]=[u,] Tfor every m>1.

n=1

Now we are going to prove (16).

By (15), (18) and (20) |Z] = lim | % Wy - Y| = lim JJu, | > 1/2; that is by

m—r® m=1 Mm—rc
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(16) > |e.|>1/2, hence by (19) there exists m such that

n=]
g(fm—3) ©
(21) Y aal> 3 (1/27).
n=1 n=fi4-1
© © © ) :
By (13), (16) and (20) > c,a, + Y = Y, + ¥ = w4+ > w,-+Y; there-
=1 o n==1 n=m-+1
fore, since by (15) and (17) U A D W, € [, )umatr_n, there exists {b el 1)1
n=m4l
such that
® a(T—3) ®
i
z Cply == Z Cnlly + z bnmn 'IL' u,); ”I’ z 0, ,
n=1 n=1 n=g(m—3)+1 nem1
q(m—3) © o
with > e, + Z b, @, = > Caw, — (- -+ > wy)eX¥.
ne=l ne=g(fHi~3)+1 n=1 ne=m+1

Hence, since Jw,|<<1/2* for n>2, by (15), (18), (19), (20) and (21) it
follows that

@ ql(in—3) ]
Slal=1'3 oo+ 3 botu+ 3 w]
n=1 n=1 ns=g(m—3)+1 ne=m1
a(m—3) ©
” z Cniln + Z b mn + um [I - ” z Wy H
n=1 n=q(m~3)+1 nemt1
alm—3) © L _
>3 aulen] + Jugl— 3 (129> Jug]> lim Jua] = 2] .
n=1 n=m+1 m—>c

Hence (16) is proved, which completes the proof of remark.
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Summary

==
Una successione {2,} & pseudo base di uno spazio di Banach B se B={3" a,w,}. Tipi
n=1
molto noti di pseudo basi sono le basi; la Nota considera gli aliri tipi, di cui viene esa-
minato Vinsieme di tutte le possibili sottosuccessioni complete. Viene dato un esempio in
cui tale insieme ha la cardinalitt del coniinuo ed ¢ esclusivamente costituilo da pseudo basi.

% ¥ ¥



