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Positive absolutely continuous solutions

of neutral functional-differential equations (**)

The aim of the present paper is to find sufficient conditions for the existence
and uniqueness of positive solutions of neutral functional-differential equations.
Such a problem occurs when studying some biological, epidemical and physical
processes. In [6] and [7] have been proved local existence theorems for ordinary
and delay differential equations by using flow-invariant sebs [2], [3]. Here we
shall use a suitable contraction mapping theorem from [1] in order to obtain
conditions for the existence and uniqueness of the global absolutely continuous
solution of the following initial value problem

Y1) = G(t, y(4:0);s ey Y(du(®)), ¥ (0:2(D)), ey 7' (0(1))) (t>0),
(1)
y() =), Y=y (E=0),

where y(f) is the unknown function, while G(t, %s, ..., Umy V1y ooy Va)y @(2), Ai(2)

and 0,(¢) are the given functions. Further on, we will assume that the initial

function v(?) is non-negative. Note that depending on the choice of the fune-

tions A.(¢) and 0,(¢) the equation (1) can be of retarded, advanced or mixed type.
Setting x(t) = '(t) for t > 0 and ¢(t) = »'(t) for # = 0, we obtain

4(8) Am(t)

a(t) = G(t, p(0) + [#(s)ds, ..., p(0) 4 [x(s ds, o(0,(2)); ..., 2(0.(2))) (t>0),

0

a(t) = () (1=0).

(*) Indirizzo: prof. D. D. Baixov, 23 Oborishte Str., 1504 Sofia, Bulgaria.
(**) Ricevuto: 30-VI-1981.
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Introduce the following notations:
B! = (—o00,00), RiI=1[0,00), RL=(—o00,0],

Rr= R*'XE*X...XxR', R} = RiXRIX..XRL.
— ——— R —

Let B, and B, be Banach spaces with norms ||, and [-|., respectively,
while H, ¢ B, and H, C K, are convex, closed sets for which uH, C H, (k= 1, 2),
0=p=s1l.

Theorem 1 [1]. Asswme that the following conditions hold.

(1) On H, the nonlinear Lipschitz continuwous operators N,.: H, — H, are
defined, L.e. [N — Nyl < wle—yl. for any =,y e H, where the constant
w=1, (k=1,2).

(2) On E, the linear map j: B, — B, is defined such that if = € H,, then
joe H, and j(N,x) = N,(jz).

Then for every x € Hy and y € H,, for which the relation ju = ((w + 1)1 — N,)y
ts fulfilled, a wunique eclement z € H, exists satisfying the equalities ((lw+1)I
—N)z =2 and jz = y.

Theorem 2 [1]. Let the following conditions hold.

(1) The conditions of Theorem 1 are fullfilled.

(2) For , e H, and y, §j € H, the equalities jo = ((o -+ 1)I — No)y and
(w 4+ 1)I — N,)§ hold.

(3) For z,Ze H, the following relations hold

& = (

2

((+DI—-N)z=w, ((0-+1)I—N)%=

Then the inequality holds, as follows
lz—2h = e —&],.

Let us note that the set D={f(t) € L(R): f() is bounded and continuous}
is dense in L'(R') ([4], Lemma 19, p. 298).
Define the sets H; and H, in the following manner: H,={f(f) € L\(RY):

13
p(0) -+ [f(s)ds = 0 for every teR}; H, consists of all restrictions of the

0
functions fe H,, on the semiaxis R!.

Lemma 1. The set H, is closed convew and pH, S H, for 0 < u < 1.
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Proof. It is easily verified that the set H, is convex and wpH, C H,
(0 < u<1). We shall show that H, is closed.

Let {f.(1)}2, be a sequence of elements from H,, converging to the function
f(t) e LY(RY) and |f — f.l . < e for m > n,, € > 0, Then the chain of inequalities

t

[ 1a(8)ds — [£(5) @5 < [lfals) — f(8)| A5 = [lfals) — fis)| ds < &
yields

Jf(s)ds = [fu(s)ds — e = — 9(0) —e, ie. p(0) —§—ff(s)ds;0,

[ 0
for every ¢ € R%, which completes the proof of Lemma 1.
The set H, also satisfies the conditions of Theorem 1.
If we show that the problem (2) has a unique solution x(t), belonging to the
i
set H,, then taking into account the setting y(t) = w(0) + [(s)ds, we con-
1]
clude that the problem (1) has a unique positive absolutely continuous global
solution,
Theorem 3. Let the following conditions hold.
(1) The functions A,(t): Ry — R (i =1,...,m), 0,(t): R, -~ R (s =1,...,n)

are measurable, and for any f(8)e D [|f(0,)]dt < k[|f(t)] A, where &k >0 s
a constant. 0 -

(2) The function G, ..., v,): R, X Rm — R satisfies Caratheodory con-
dition (measurable in the first variable and continuous in the other variables)
and conditions

1 n
I [oto(ty [aly ooy |Um]) +s§1as(t)vs] ,

|Gty gy oory Uy D1y oory V) — G(Ey Ty vuvy Uy Dyy veey Tn) |

[G(ty Uypy ooy umy 'Dly [AA] 'vn)l é

é a)(:(-{)—l[lgo(t’ !1&1”"611}--.7 !um‘—“—dm[) +s§1ﬁs(t)lvs—ﬁsl],
Gty u Uy V V) = 1 E(t)
g Wiy eoeyg Wy Ury seey Up =a)+l s

where w=1 is a constant, the functions &y, T1, ..., Tn): BT — R, B2,
By, oory T): BT RY are non-decreasing in @; and satisfy Caratheodory condi-
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tion, oy(*y @y, ey Bp) € LURBY) for fized (@4, @y, .., Tn)y Polly By ..y @) = folt),

where Bo(t) e L{(RL). The functzom o,(t): By — R, B(t): R1+-> R (s =1, .., m),
t

&(t): R — R* are measumblo, ai(t), f(t)e L°(RL), w(0) —}—j{-‘ s)ds = 0 for

te R, and jﬁo yde + & Zﬁ =1, Bo=-esssup {B,(t): te R} (s=1,2,..,n).

(3) The initial function @(t) € LY(RL).

Then there ewists a unique solution x(t) € H, of the problem (2).

Proof. Let E; be the Banach space L'(R'), while , is the Banach space
@ [
LYR.) with norms [fl, =[|f(t)| &, |g|.=[|g(¢)] dt correspondingly.

As Lemma 1 shows, the set H, (k = 1, 2) are closed, convex and pH,. C H,.
The set HY = H, N D is dense in H,.
Let the operators N,: H? — H,, N,: H, — H, be defined by the formulas

Au(2) Aml(2)

(o + 1)G(t, 9(0) + ff(S s,y ooy 9(0) + [ f(s) ds, f(0u(2)), ...

/
NHt) =%
(N1/)(2) \f(o,,(t)) t>0

0 t<0 for fe H?; (Nyg)(t) =0, t<0, g H,.

The map j is defined as a restriction of the function f(t) € H, on the semi-¢
axis R'.

We shall show that if the function f(1) € H?, then the function(¥,f)(t) € H;.

The function (N,f)(¢) is measurable since f(t)eD, i.e. f(t) is continuous
and f(()s(t)) is measurable. Besides

[N (@)

A,(¢8) Al ”
= oty |w(0) +Dj f(s)ds], ..., |(0) +Of( }(s)ds}) + Zlocs(t)lf(ﬁs(t))]

7

< ooty 9(0) + 7)1y +v5 2(0) + 7)) Z s11(0s(2)) |

where &, = ess sup {«,(t): te R} (s =1,2,..., n).

It is easy to verify that (N,f)(?) = £(t) and therefore

t

[ e M>ﬁ = —9(0), ie. p(0) +[(Nif)(s)ds 2 0.

0 0
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The Lipschitz continuity of the operator N, (for N, this is quite obvious)
follows from the inequalities

Jlanno — enam|a

® 44(2) A1)
= o [ Bt luﬂf(S)*—g(S)IdSl,---y ioﬂf(S)—g(S)ldSI)(“

]

w©

MQ

) F(0.(2)) — g(0.(1) | 4t}

A

wuﬂo( 17— glhs wees If — gl) @t + kg;ﬁsnf-gnl]

IA

(a2t + & 3 Bl If — b < wlf — g1l

s==1

Appling Theorem 17, p. 23 [4] we extend the operatm N, over H,,
i.e. Ny: H —H,.

So, in this way we have established that all the conditions of Theorem 1
are fulfilled. If we define the funetion 2(¢) by the formula

/0 t>0
TNl =0

then there exists a unique funection x(t) € H, for which ((w + 1)I — N, )a(t) = h(t)
and (jz)(@) = ¢@(t), i.e. x(¢) is a solution of the problem (2).

The Theorem is thus proved. ,

As a consequence of Theorem 2 we obtain the following stabilify result.

Theorem 4. If the conditions of Theorem 1 are fulfilled and x(p,)(t) and
@(pa)(t) are solution of a problem (2) with initial functions @,(t) and (), then

Jle(p) (@) — 2(@)(t }dt<(w+1f]<p1 ) — po{8) | di .
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Summary

In the present paper the authors, by the help of a contraction mapping theorem, have

proved a theorem for the existence and uniqueness of the global positive absolutely con-
tinuous solution of neutral type functional-differential equations.
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