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MArRCO BIROLI (%)

> - regularity for the solution of systems

of elliptic variational inequalities (**)

*1 ~ Introduction

Let Q c R¥ be a bounded open set with smooth boundary 7T, A?f € Hv°(Q)
o, f=1,...,n 4j=1,..., N, be such that

n N n &
2 2AF@EE Sy 3 SIE
&,f=1 €,j=1 o= i=1

a.e. in Q YEeR™W, y>0.

Let y: £ — B" be a mesurable function and v = {fve (H{(Q) o<y
a.e. in Q} 0.
We indicate
{Au, vy = i ZN: | Ax(x) ?ﬁf () @f (#) de
afer ig=1 & o; o,
Yoe (HY(R))", we(HY(Q))
Suppose now y € (H(£2))*; we consider the system of variational inequali-
ties
{Au, v—ud> > (f, v—u)
(1.1)
YoeKv, w=wuonl, wuekKv,

where fe (L))" and (,) indicate the scalar product in L2(Q),

(*) Indirizzo: Istituto di Matematica, Politeenico, Via Bonardi 9, 20133 Milano,
Ttaly.
(**) Lavoro eseguito nell’ambito del G.N. A F.A. (C.N.R.). — Ricevuto: 16-X11-1981.
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The H2(0)-regularity for the solution to systems of variational inequali-
ties, also more general than (1.1), has been studied by J. Frehse [3], M. Kucera
and J. Necas [8], and J. Necas [9].

J. Frehse gives in [3] also results on LiZregularity A >0 for D2u (we
recall L¥4(Q) = {veL*(Q); Vo, € Q [ v2dz < OR%}).

B(R; z,)NQ2

The aim of this paper is fo refine the result of J. Frehse by proving the
H*r-regularity for solutions of (1.1) for some p > 2.

In the first paragraph we deal with (1.1), in the second paragraph we give
some results concerning the nonlinear case.

2 ~ The linear case

We prove in this paragraph the following result.

Th. 1. There exists p, > 2 such that for e (H>7(Q))", fe(L2(2))", we
have we (H>?(0Q))" where w is a solution to (1.1) (2< p<p,).

We ecan suppose in the proof yp =0.

Suppose, at first, f e (L*(R))* and consider the penalized problem

1
(2.1) Au; 3 wj =1f, wlr=ulr.

Lemma 1. Let w, be the solution of (2.1), we have wuse {C»s(Q))n,
0<a<<l.

Let be @,€ Q, B(R; 4,) c Q and indicate A(x) = [A%P(x)], A° = [A(w,)].
‘We consider the problems

(2.2) D(ADu) + 3 uf = f in 2'(B(E; 2)) ,
(2.3) D(AXDYS) = 0 in 2'(B(R; m,)) ,

up= 1w, on oB(R;m,).

We set w=u;—u); we have

(2.4) [ | Dw}de
B(E; z)
<g—1 [ uflwlde+0C, [ fwdw + CR | |Duwy||Dw|de.
A B(R; 2,) B(B; 20) B(R; o)

We have two possible cases: (1) — co<<Bss inf u,<0; (2) Essinf uy > 0.
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We deal at first with the case (1)
§luipde<CyR? | |Dual?dm,

We have

B(&; w,) B(R; ¢)
[ lwirde< O R | |Dw|?dw,
B(R; xn) B(IZ; mo)
then we have easily from (2.4)
[ | Dw|2de
B(B, 2¢)
< g—" R2 s Jfw do
A B(8; zo)
Gs
< - R? 3
A s(nj;m.,) Ez(n;f o)
then
[ | Dw|*de < 0 f
(2.0) B(B; o) Z’ B mo)
We have now
{ | Dus|*de
B{0; zo)
<2 [ |Duj|*de+2 [ |Dw|*dw
Ble; %) B(e; zo)
< (2 [ |Duj*dz 42 [ |[Dw|*dx
R B(B; %) Blg; zo
2\~ 2
<011(R)2‘ { |Dwaj2dw 4 Cro [
B(R; o) B(ER; 20)

Cis 0

R4 O (5

<(7 B4 Oulg o
then, [7], for o < R< R,

(2.6) | | Dus|® dm<015(— ¥ [ Dua|*dz
B(g; o) B(B; )

(We observe that the constant Cp; depends on 4, n)

[Dw|2dzx ,

¥ | | Dun|*de + C R¥*+2,

Vn>0.
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From (2.6) we have easily that for R < R, we have

(2.7 [ | Dux|2dw< O RY 2,

B(R; zo)
then, from (2.5)

(2.8) f | Dw ] tdw < O, RA e,

B(B; z0)

where €, is a constant dependent on 1, 7.

We have

(2.9) I | Dus— (Dus)e|?da

Ble; z0)

I | Dus— (Dug)o |2 de

B(0; 20)

<2 [ |[Du)— (Du3)o|?dx +2 [ |Dw|*dx

Bo; z4) B(p; x0)

018(1}/ ¥ [ | Duy — (Duf)g|2de + 2 | | Dw|de

B(R; o) B(e; o)

\018(”)2\1—0 f | Du§ — (Duts)r [2de 4 Oy

B(R; 20) B(B; )

< Ci(2)¥# [ | Dup— (Dus)p|? dw 4 Cpu RY+2-1,

e
B B(B; o)

where (g), is the average of g on B(p; ).
From (2.7), (2.9) we have wue(CB(R;a)))", Due{CB(R; x,)))™~
Yoo € (0, 1), then u e (07(B(R; ap))). ‘

Now we consider the case (2); in such a case we can write (2.2) as

D(ADus) + %

wy = f in  Z'(B(R; ),
then we are in the case of o linear system and we can prove by standard
methods u € (CV%(B(R; x,))), Vo e (0, 1).

From the two cases (1), (2) we have the result.

Consider now again the problem (2.1), we known [3], that the solutions
of (2.1) arve in H} (Q).

loc
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[5]
Let be s = cus/ox, we have
n X 9 os8 1
Z Z 'é_ (—Ai‘;ﬁ am ) -+ '}2 X(ubz=0)S*

2.1
( O) B=1 i,j=1

of & & O 043} ous . ,
w22 aa;(am, o, i Z1)

0y, f=1 ij=1

(z(u£>0) is the characteristic function of the set (wf>0))

Using the same methods as in [5] we prove easily

Lemma 2. There exists Py > 2, such that

[l <Clflumso  2<p<p0)

where C does not depend on A
Using the Lemma 2 and (2.10) we have

n L)
_ﬂg ;,:2;12700—,-( i aw )+ 3 5 Awb=0)

(2.11)
= divg} in (2/(Q)",
where ¢4 is uniformly bounded in I? (2), 2 < p<p,.
Let be now me* = s*(%) where |s%(Z)]| = zmn)]sal, (2R; ) C L.
B(2m; 2

We choose 7 = 0 such that =1 in B(R; x,), >0, n =0 for 2 ¢ B(2R; a,),
| Dn|< CR1,
We multiple (2. —m#) (it is possible being s e (HY(Q))").
‘We have

11) by n3(s=

(2.12) v{n?|Ds|*dw
3
<Cifn|Dny||s—m||Ds|dz 4 O’zggnﬁjl}slzdw—{— C',,é[gn]Dn] |s —mlde,

then
(2.13) [n?|Ds|*dw

o
<CR* [ |[s—m|*de+ C; | |g[2d:v

B(2R; 2o) B(2R; z4)
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Repeating the proof of Poineare’s inequality we have

(2.14) R-oa [ s —m

B(2R; x,)

2 dw< Cy ( §|Ds|?)72,

P =2N[/(N +2) fyp,.) ¢4z indicates the average of ¢ on B(R; @y)).
From (2.13), (2.14) we have .- - :

(2.15) f |Dsjrdw<C, ( § |Dsiz)*2 4 C5 § |ga]*da.

B(R, ) B(2R; x0) B(2E; 20)

From (2.15) and [4] we have

(2.16) HWHII,:’”< Gy iigzﬁz,i’oc

(2<Pp<Pe<Po, Po suitable).
Using the Lemma 2, (2.10), (2.11), (2.16) we have
loea]w2r < Glﬂ{!f[%Lfoc )
where C; does not depend on 1; then passing to the limit for A — 0 we have

the result in the case fe (L®(R))".
A regularisation on f give the result in the general case.

3 - The nonlinear case
(a) The sublinear case.
Let H(w, u, p): QX RXEY - R* be a function measurable for e Q and

continuous in (u, p} such that |H(z, u, p) |<K,|p |-+ K, and consider the non-
linear system of variational inequalities

{Au, v —w) + [H(z, w, Du)(v—u)dz>0

(3.1) ,
YVoeXv, ov=wuonl, wuecKv.

Theorem 2. Let w be a solution of (3.1); then there exists py > 2 such
that we (HR2(2))", 2<p<p,-

loc

We observe that, using the methods of [5], we can prove the following
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Meyers estimate

fulae<C  2<p<po,
Do > 2 suitable, then H(x, u, Du)e (L2 ()"

The Th. 1 gives now the result.
(b) The case of quadratic growth.

Let H(z, u, p): QX RXE" — RB» a function measurable in « continuous

in (%, p).
We consider in the following two types of hypothesis on H(z, #, p)

(3.2) l’H(w, w, p) | < |p|24 K,,
(3.3) H(w, u, p)u>— Ky [pt| + (1 + |ul), K,<w.
We recall also the following result [2],
Lemma 1. Let veH: (Q)N 08(Q), fe(0,1)" then for every B(E;x,) cc

we have

‘ _DU EL;‘oc(‘Q) b
(3.4)
J 1 Dv— (Dv)p|*do < CRY 2 [0 gein; o0y 5

B(R; x0)

where q = 4N[(N —28), se(l,q) and C depends on [v]pg (B(R;z)C K,
K compact).

Consider now the following nonlinear system of variational inequalities

{Au, v—uy + [H(z, u, Du)(v — u) dw >0
0
(3.1)" |
YoeKv, v—uel®(Q), wuwekv, wv=wuonl,

where € H2:2(8).

loc

Fronm: Th. 1 and Lemmsa 1 above, we have

Theorem 3. Let we(H: ()N (C8), Le(0,1), be a solution of

(3.1) and suppose (3.2) holds; there ewists p,>2 such that we(H2(Q)),
2P <Py ’
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If N =2,3 it is enough to suppose we H? (Q), being C5RQ)c H: (D),
Be(0,1,2).

In the case N = 2 the H} -regularity for a weak solution of (3.1') with

the condition (3.2) has been proved by S. Hildebrandt [6], then

Corollary 1. Let N =2 and u be a weak solution, then there exists
Do >2 such that we(HE(2)) 2< p<p,.

loc
We consider now the case N =3, u|,=0, v|.>0, peH2Q) let be

i |tl<M
Tm(t) == -—é _ZlI 2 > Bj[ U)M(p) == {’C'M(pi)} p GRN
—M t<—M

and Hy(w, u, p) = vp(H(z, %, 0(p))).

We suppose (3.2), (3.3) hold for H(w, u, p); then H (v, u, p) is sublinear
and (3.2), (3.3) hold also for H(z, u, p).
Consider the systems of variational inequalities

CAUpry ©— Uy - [Hy(®, tzry Dttgg) (v — tpe) dz >0

(3.1)
YveKv, wv=wu=0o0nl, uckKkv.

We have easily the existence of a solution w, to (3.1)' and, if » > »,(K,) we
have also |uyl|,.<C.

We have also
fl%as “11,2M< [ H (@, war s Deng) |12 < K ;| Dty | 35 + K,
<Kol tael el + K<l + Ky (7<),

then |uyl<C’, where C, ¢’ does not depend on M. ’
Passing to the limit we have the existence of a solution of (3.1) in H()
N HY), then

Theorem 3. Let be pe HE?(Q2) N HYD), v|> 0 we suppose (3.2), (3.3)

loc

hold and v > vo(K,) (v, > 0 suitable).
There exists a solution w e Hy(2) N HXQ) N HE?(Q) of (3.1), 2< p <p,.
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