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Paor.o TERENZI (¥)

Stability properties in Banach spaces (**)

1 - Notations, definitions and recalls

Theorems are enumerated by Roman figures and recalled theorems by
starred Roman figures. We use {n} for the sequence of the natural numbers,
R+ for the positive real semiaxis, # for the complex field, B for a Banach space
and B’ for the dual of B.

Let {x,} be a sequence of B, then span {z,} is the linear manifold spanned
by {.}, while [#,] is the closure of span {,}. We say that {z,} is complete
in B if [#,] = B; moreover we say that {y,} is a block sequence of {x,} if, set-
tins 2, =0, 1 an increasing sequence {f,} of natural numbers so that
Y € span {@,}in trtr VT

We recall that an {z,} of B is
overfilling it [2,] = [®a] Y{@a, ), € (@),

(<]
non-contractive [7], it NI@ulnm =[2.],
m=1
minimal if 2, ¢ [2]ntm Y.

Let {z.; c B and {f,} c B, we recall that (z,, f,) is a biorthogonal system if
fu(@n) = Opn Ym and n; therefore
{@.} is minimal < 3{f,} ¢ B’ with (x,,f,) biorthogonal system.
Moreover we recall that

(*) Indirizzo: Istituto di Matematica, Politeenico, P.za Leonardo da Vinei 32,
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(**) Ricevuto: 25-VII-1980.
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(2) ([6], p. 107) a property Z of {x.} is stable if I{e,} c R* so that
every {u,} of B, with |u, — &.| < &, ¥n, has property &.

(b) [1] {w.} is completely stable if I{e,} c B* so that, V{u,} of B with
[ 4n — @] < £, Yn, the operator T induced by Tw, = w, Yn satisfies T —1I]<1,
where the norm is taken on [#,].

Finally we recall the following theorems:

I* ([1], see also [5], p. 163) Completeness is stable.
13% [1]  {w.} is completely stable <> {w,} is minimal.
IIT* ([3], see also [6]., pp. 84, 87 and 98) Let {2,} be a minimal sequence
of B, then = 3{e,} c R* so that, V{u,} C B with |u, —,| < &, ¥n, {u.} is mi-
nimal; moreover [u,] = [@,] if {u.} C[®,].

IVE [7],  Bvery overfilling sequence {x,} has an infinite subscquence which
keeps overfilling for sufficiently near sequence of [x,].

V# [7], Let {&.; be a sequence of B with [x,] of infinite dimension,
then: = 3 an {y,}, minimal and complete in [x,], with y, € span {T}i>, Vo

2 « Imtroduction

We report in 3 the proofs of the theorems that we state in this paragraph.
In what follows {z,} is a general sequence of B.

Firstly we state two definitions.

(Dy) {w.} is wniformly stable as regards the completencss (more briefly
u-stable) if 3{e.} ¢ R+ so that, Y{z, } C {w,}, if {u,} c[@,] with [u, — T | < &n,
Vk, then [u,,]=[%,]-

(D,) {#,} is u*-stable if we have D,, with the condition that all the {&n,}
are sequences of infinite elements. -

By th. V* we infer the following theorem, that includes th. I* (in (a) p =0
means that {»,}7. does not appear, the same for ¢ of {ow, 3i)-

I (a) I{wa e, Y {@, 1, € {2}, where 0 <p < oo, while q s 0 or oo,
so that {an is mindmal, moreover [,|= [{mnk}ﬁzl U {a:n,k}?m,,,] and @, ¢ [, ],
for T<m<q.

(b) e.} c R so that, V{u.}c[x,] with ||u, — @[ <e. Yn, {u.}

is minimal, moreover [2,]= [{thn}2er U {0, }icw] and w,. ¢ [, ], for I<m < g.

Now we consider th. I* by another point of view, precisely we ask if a se-
quence is in general u-stable or w*-stable. ‘
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Firstly, by next theorem, we give a negative answer to a problem that we
raised in [7],.

II. B has always a linearly independent overfilling sequence {&,} such
that, if {e.} ¢ R¥, I{u,} c[x,] and not overfilling, with |u,— @, <&, Yn.
Now, if {»,} is overfilling, it is obvious that

(1) {w.} is w¥-stable <> 3{e,} C R+ so that every {u,} of [x,], with
[, — @] < &, Vn, is overfilling.

Then, by th. II, {,} is not in general w*-stable, hence neither u-stable.
Next two theorems concern the structure of these sequences.

III. (a) {w.} is u-stable <= inf {dist (0 [a:,,k]) 3 T U {"”";.} linearly inde-
pendent subsequence of {%n}} is >0 Ym.
(b) Let {w,},51 be minimal, then {B,}.>, is u-stable < {2}, 18
mintmal, otherwise x, € span {@,},>,. '

IV. Let {w.} be a linearly independent w*-stable sequence of B, then:
(a) {&,} has a complete (in [x,]) minimal subsequence; otherwise
{w.} has a complete subsequence which, by removing a finite number of elements
ai the most, becomes overfilling.
(b) {w.} :{wnk} U {z,. } so that, ¥Ym, @, ¢ [@]izn, , moreover Ip,

e {n} for which x, e[@ ., o + [0 ], V@12, C{®a}isn, -

By means of th. IT we can see that {a) and (b) of th. IV are necessary,
but not sufficient, for the uw*-stable sequences.

Moreover, by (a) of th. ITI, every linearly independent u-stable sequence

Is minimal; that is, by th. II%,
(2) minimal = completely stable = u-stable + linearly independent.

By (2) {#.} has not, in general, an infinite u-stable subsequence; however
{w,} has always an w*-stable subsequence (indeed {z,}, if has no infinite
minimal subsequence, then has an overfilling subsequence (by th. IV of [7],)
it is now sufficient to use (1) and th. IV#).

Finally, by th. IV, {#,} has not, in general, a complete (in [2,]) w*-stable
subsequence: for example if {x,,} and {w,._,} are both overfilling, with [,,]
N [@en] = {0}

3 - Proofs and remarks

In what follows, if X c B, then X+ = {fe B', f(x) =0 Yz e X}. We recall
that :
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VI* ([6),, p. 99). In th. III*, if (@, f,) is o biorthogonal system, we can
set &, = 1/(2"|f,]) Vn.

Proof of th. I. (a) We set &= =, if @ ¢[#,]a, otherwise &= a; ;
so proceeding we find {n}={n,} U {#,}, with &, ¢[z]., and g €[z]. 7,
VE. Then we set {#,}= {n} U {n;}, so that ., ¢[,], and ., c[z,] ¥Ym.

Then we have that 3 a not decreasing sequence {s(k)} of natural
numbers so that {w.}={2,}i, U {&, }ia U {&, }ie, Where 0<p, r< o0, ¢
is 0 or - oo, so that:

wnm ¢ [{xnk Z(v‘ém)=1 v mn'k k:s(m)] fOI‘ 1 \/\\m<p y

(3)
o, E[r,] and  [@,]=[{#, 0 Y {#, }hon] for I<m<gq.

Suppose in (3) p < 4 oo, then [z, ooy N[2, lissm= {0}; hence, if we call
{w, }o, again the sequence {z, }iv.m, We can say that

(4) in (8), if p<+ oo, {z,} is non-contractive.

(b) If in (3) ¢ = 0 the thesis follows by th. III¥, hence we can suppose
that ¢ = -} co and we have to consider two cases for p.

Let p be finite.
Then by (3) and (4) 3{h}io, U {g:} c B’ so that

(5) (®nys h)2— is biorthogonal system with {h}%_,C [z, 1%
moreover gn(@, )=1 Ym and {g}c[z,]"

By (4) and by th. VIII of [7], 3{e;} c R* so that

(6) V{u,}cB with Ju, —a,|<e Vk it follows that {#,} C () [tayliom -

m=1

Now, if {n}, {n,} and {n}} are the sequences of (3), let us set

1 1
:- &y, = = for 1<k< 'n’:mln ,4 Vl.
(7) 2T gER | P, Eny {22”ng ? 81»} vy

enp=1 for 1<k<r.
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By (7) {e.} c B*; let now {u,} c B so that
(8) {u.} c[@,] with Ju, —z,] <e, Vn.

If we consider {00,,1'; + [, ]2}, by (8) I} c[@a] so that {w,}2, U {F:} 1is
minimal and complete in [#,]; hence by (4) and by th. IIT* 3{y,} c B so that

(9 {wq,]};{.:l U {y;} is minimal and complete in [z,], with {y,} block sequence

of {z,}.

By (8), (7), (8) and (9), moreover by th. III*, we have that
{1tn, 221 U {9:} is minimal and complete in [«,]; on the other hand, by (6),
(7), (8) and (9), {g/k}c[un;c],gm VYm; hence [{un}ﬁ:lu{u,,}; p=m] = [,] Ym.
Finally, by (5), (V) and (8), .. &[u, Jt=1 Y.

Suppose now that p = -} oco.
By (3) 3{h} c B' so that

(10) hm(wn ) == 1 a’nd h’m € [{wnk}k#m () {xn;c}]:ls(m)]_l_ V/’n .

m

Let us fix m>1.

By (3) [{z. k} U {m,,}'y_ ¥=m] = [@,]; moreover, by lemma 1 of [7]s, F{Fu}
with 4, € span {wn;}i>,,, o Yk and with {w%} U {#.} complete in [,], and
3{7&,,,k} C [Fmr ]ty With (aynk, h..:) biorthogonal system; therefore, if we consider
the sequence {§,.. -+ [#,,]}, by th. V* we have that 3{g.i}rsm C B and {Yur}izmn
so that

(11) (Tnys Tonr) gy Y Yty Gonk) is biorthogonal system,

Emk

moreover [{w,,k},‘f: LY Yt ] = [#,] and Yo, = >, Ornres Ty Vi>m.
14 .

m.

On the other hand by (3) 3g, U {h,.}>, c B’ so that

(12) (@ s Gm) U (@, h;k),‘»_’;1 is biorthogonal systen.

Therefore by (10), (11) and (12) we can set

(13) B, =h, for L<i<k and B, =nh, Vk so that s(k)<m.

bl
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Then, if {n.}, {n,} and {n;} are the sequences of (3), let us set

(14), Enp = = Vi so that s(k) >1

()
1

([ - S ([ + [

1
| Vi so that s(k)=1,

1 - N
(14)3 8112; = V/\7 5

2Hﬂww+§u§mMmmw%m>

(14), ez=1 Vk.
By (14) {e.} = {87,k U e, t Y {en,} C BF.
Let now {u,} c B so that

(15) {u,} @]  with Jju, — @) <e, Vn.

Eng

[6]

Let us fix again m>1. If we sef, Vizm, v, = Dy twa Ualy DY (11), (14)

and (15) we have that !

bmi tmy
NOmi — Yl < Zk [Gmie] [ ng,— | << zk |ctrmix] €ay,
i i

1 - 1
i Jotmiel [ Gms] 259 [ gns]]

tms
< Zk [GCmi] gy,

Therefore, by (11), (14), (15) and by th. III* and VI¥ {u, k} U {v,,} is minimal,
and complete in [#,]; hence [{u,,k} U {un;}k%n] = [2,]. Finally, by (12), (13),
(14) and (13), %, U {tn,}re, is minimal Ym, which completes the proof of th. I.

Remarks on th. I. In th. I we considered only near sequences {u,}
with the condition that {u,} c [#,]; indeed, if [#,] is an infinite codimensional
subspace of B, we recall (th. IV of [7],) that, V{e,} ¢ R*, 3 a minimal sequence

{u.} of B with |u, — @] <e, Vn.

Moreover the property @, ¢ [{#,}2eemer Y {@atfasom] Ym of (3) is not
considered in th. I, because it does not keep for sufficiently near sequences,

precisely:
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(¢) Suppose in (3) s(k) =1 Vk (it is possible), then: = V{e,} cR* 3 a
non-contractive sequence {u,} complete in [@,], with |u, — .| <e, Vn.

Indeed by hypothesis and by lemma 3 of [7]; we have that {#,} C() [@nlasm,
hence by th. VIII of [7], 3{n,} c R* so that m=1

(16) V{u.,} c B Wli;h % — @] < 9 Y, {wn} C ﬂ [ -

m=1

Then, if {v,} is a non-contractive sequence complete in [2,], let us set

, . . : , A Ve
7 Unp== Ty 5 Wy, = Ly, o Wy, = By, + min {8117: ’ 77“7:} F)'H,UL_” Vi
< || Vg

By (17) ||un —@,] < &, Vn; on the other hand, Vm>1, by (16) {@.} C [%y]usm,
hence by (17) p, € {n} With {0:}isp C[%nlnm, that is [@.] = [wa]uom-
(d) Supposc in (8) {w,} non-contractive, then: = V{e;j CR* 3 a non-

contractive sequence {w,} complete in [x,], with |lu, —a, || < &, VE.
Indeed, always by th. VIII of [7]);, 3{e} c B+ so that

V{u} ¢ B, with [u,— @, [< e Yk, {&u} () [%ediom -

me=]

Then, if {»,} is the sequence of (¢), it is sufficient to set

Wy, == Ty, + Min {e;,, &1} 57— "ll'v } Vi .
13

Finally we mention particular cases of the sequence {e,}: for example, if B
is separable and if {v,} is dense in B, we have that every {u,} of B, with
lim ||, — @,]| = 0, is complete in B.

n—> o

Let us now recall a result of Klee.

VII* ([2], pp. 193-194) Let {w,} be a minimal sequence complete in B,
with |a,|=1 Yn, then: = every infinite subset of {z, a5 1/6 <t<1/3} is com-
plete in B.

Proof of th. II. Let {z,} be a minimal sequence of B, with |a,|=1
Yn, moreover let us set @, = p(t,) Yn, where g(t) Z, sy, while {t,} is the

sequence of the rational numbers of J = 1/6 +11/3. Then, by th. VII¥, we
have that {w,} is overfilling.
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Let now {e,} be a fixed sequence of R*; we can choose a sequence {J,} of
subintervals of J and a subsequence {t,} of {t,} so that
(18) tn,€Jr and |p(t) — @, | < e, Vted, moreover
Sy CJy with 1, (==length of J, ) < ,/2 Vk.

Indeed we can start with an arbitrary natural number #;; then suppose
to have found {J;}_ , we can choose t, . €J;, now J,, follows by continuity

of ().
By (18) lim ¢, =i, hence teJ, Vk; therefore, if {n;} is the subsequence

Tt

L0 -
of {n} complementary to {n.}, let us set w,, = =, and w, = @(t) Vk; by (18)
[#n —®a] < &u Vn, on the other hand [u, ]2, = span {p(i)}, that is {u,} is
not overfilling, which completes the proof of th. IT.

Remarks on th. IT. Let us consider the regularity properties of a
sequence {a,}.

If {2,} is minimal, or more than minimal (for example uniformly minimal,
M-basie, basic with brackets, basie), it is known that {x,} keeps its property
for sufficiently near sequences ([3] and [4], see also [6], p. 98, and [6], p. 171,
sce moreover [7],, corollary II). While the properties less than minimal, for
example the w-linear independence, do not keep for sufficiently near sequences:
indeed, if {z,} is not minimal, it is immediate to sec that, V{e,} ¢ R+, 3 a not
linearly independent sequence {u,} of [w,] with |u, — &, <e, Vn.

Let us now consider another category of properties, in the opposite direction:
the non-contractive and the overfilling sequences.

Both the non-contractive and the minimal Y-overfilling sequences {m,}
(that is with B Y, V{z, }2, C {z.}) keep their properties for suf-

m=]

ficiently near sequences (th. VIII of [7], and th. IIT of [7],); while, by th. II,
this is not true for the general overfilling sequence, but it is true for parti-
cular subsequences (see th. IV*).

Proof of th. III. (a) Let us prove =-.
Suppose that the thesis is not true, then 3% e {n} so that
(19) Vee R+ 3 a lincarly independent subsequence {@,} of {#.; so that
0 < dist (z, [#,,]) < e.
Let us fix {g,} c R*, by (19) H{fv,,k b © {} and {o}2—, C €, with p < 4 oo,
so that

»
@ U {m,,k}’,f.z1 is linearly independent and Hwﬁ + > oc,cw,,k“ < e
1
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4
Then, setting u. = > @y, and @, = @, for n % @, we have 2, — 2| < €
1
Vu, but [u. U {u, 0] = [@n,Ji # [25 U {2, }2], hence {w,} would not be
u-stable.
Let us prove <=

By hypothesis every linearly independent subsequence of {@,} is minimal,
then let us set

1 . . ]
(20) & = 5o int {aist (2, [20,])5 20 U {2}

minimal subsequence of {&,}} Vm.

By hypothesis {¢,} ¢ B*; moreover, if {(L‘,zk} is a minimal subsequence of {z,},
by (20) 3{f;} c B’ (see[6], cor. 2.1, p. 255) so that

1 .
(21) (@, fx) 18 & biorthogonal system, with [f.] < T Vi .

Onpt1
ngp E

Let now {z,} C {w,} and fun} €[] With [u,’ —a @y || < &n, Vk; then if {%‘,zk}
is a linearly independent subsequence of {wn;:} with span {z, } = span {z,}
by hypothesis it follows that {fcnk} is minimal; therefore, by (21),

“u"/;_ :1},,’:” < E"L 1/ ‘)M“va ” < OHI'U “ Vk;

that is, by th. IIT* and VI¥ [u,] <[z, ] = [2,,] = [¥.] C[%.].

(b) = follows by (a), hence let us prove <.

If {#,},>, is minimal the thesis follo“s by th. IIT*, hence suppose
@, € SPAn {&,} sy -
Therefore, by hypothesis, 3{f,}.1 C B and {o,}r. C % so that

kJ

(22) (@0, f2)ns -is biorthogonal system, a;, = > o, &,, p < -+ 0.
2

By (22), ¥m e {n} ., with e, %0, we have that

fm o . "
(23) (#y, =) U (@, fo— &ﬁfm),’,’(.,ém):g U (% fa)u>p 18 biorthogonal system.

-m m
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It is now sufficient to set

1 1
& = ’ e,.*—-*émm for n>1p,
22 (Ifull/lotm | 0 that o, 5 0))
(24)
&n 1 for 2<n<p.

2"+1(|Ifn”+§m( [fa—(ctnfotm) fu], m==n and such that o,5£0))
2
Now, if {wnk} ¢ {w,} and if {un} C [#,,] with ““"k —_ cvnk” < &n, Yk, by th. I1I*

and VI* and by (22), (23) and (24) it is easy to check that [%n,]= [2,,]. This
completes the proof of th. III.

Proof of th. IV. (b) Let us sef
(25) {w,} = {m,,J U {w,}, with @, €[ ]ie,, and Bl € [0 ]k, Yom.

Let us fix m.
Suppose that the thesis is not true, hence

(26) Vie {n} I{wun, i, C {@i}ise 80 that B E (B n y=1 T+ [P, Ty -
By hypqthesis {z,} is linearly independent, hence by (25) we have that
(27) Vp e {n} Ir(p) e {n} so that 0 < dist (2., [@] %, ) <1/p.

Let us fix {¢,} c R*, by (27) Ip’€ {n} so that

(28) e[ r) ,  with ' —a, | <e .

Now let us set

¥ =1r(p’) and ny, = n(r'), Vk;
(29)
u, = @, for 1<<k(z2 n,'n) <7, Uy = U, Uyt = Ty? VL.

By (26), (28) and (29) it is easy to check that
[u";n Y {th};;;;’:"'m)=1 Y {u”;}l:il] = [xlc]£;¢n'm)=1 + [w";:]:;l

# (@, U {mk};r:l(m'm)m] + 2l

that is {#,} would not be w*-stable.
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(a) Suppose that {,} has no complete minimal subsequence, then
we shall prove that

(30) {w.} has not two infinite subsequences {x.,} and {z,}

w Yo

with {z, - (@012}, linearly independent.
In fact suppose that (30) is not true, hence
(31) H{m,,k} U {x,,;} c {&,} with {=, o[22 )2, linearly independent.

Then {2.; + [#,,]2 }5, is minimal, because, if Im e {n} with «,’ € RESA S

T

Uz, 2., by (b) dstm)e {n} so that @, € [} U (@, 32 ], impos-
sible by (31). On the other hand, if we consider {@n,+ [®412,}2,, We have that
(@t [%0)2,]2, has infinite dimension, because {#.} has no complete
minimal subsequence; hence 3 an infinite subsequence {a.;} of {#,}, so that
{on, + [2,:02.}2, is linearly independent and complete in [@, + [@.]2, ]2 ;
moreover, by preceding arguments, {m,,; + [@;]2 )2, is minimal; consequently
{Zs} U {&.7} would be minimal and complete in [#.], which is not possible;
that is (31) is not possible and (30) is proved.

Now we affirm that
(32) {#,} has no infinite minimal subsequence.

Indeed, if 3 a minimal subsequence &}, of {o,} and if {n;} is the sub-
sequence of {n} complementary to {n}, by (30) {&n, + [#.,]2,} cannot have
an infinite lineaily independent subsequence, hence it would follow that {z.}
has a complete minimal subsequence, contrary to hypothesis; therefore (32)
is proved.

Then, by (32) and by th. IX of [7],, 3 an overfilling subsequence {®a}
of {#,}. On the other hand, by (30), if {n} is the subsequence of {n} com-
plementary to {n.}, 3{z.;}%., C {#,;}, with p < + oo, so that {r + (20,12 0
is ecomplete in [@,! 4 [@, ]2 ]; that is {®}2=1 U {@,} is complete in [z,], which
completes the proof of th. IV.

Bibliography

1 V. I. Gurarir and M. A, MELETIDI, Stability of completeness of sequences in
Banach spaces, Bull. Acad. Polon. Seci. Sér Sei. Math. Astronom. Phys.
18 (1970), 533-536.



134 . TERENZI [12]

,...,
no
[t
i

7. L. KLEE, On the Borelian and projective types of linear subspaces, Math.
Seand. 6 (1958), 189-199.

[3] M. 8. Kreix, D. P. Mizaax and M. A. RurMAN, On a property of the basis in
Banach space, Zap. Mat. T-va Har'kov 16 (1940), 106-108.

[4] A. MARKUSHEVICH, Sur les bases (aw sens large) dans les espaces linéuires, Dokl
Akad. Nauk SSSR 41 (1943), 227-229.

[5] V. D. MiLyan, Geometric theory of Banach spaces (part I), Russian Math.
Surveys 25 (1970), 111-170.

[6] I. SiNGER: [+], Baze in spatii Banach (1I), Stud. Cere. Mat. 15 (1964), 157-208;
[¢], Bases in Banach spaces {I), Springer 1970.

[71 P. TereNzi: [o], Properties of structure and completeness, in ¢ Banach space,
of the sequences withouwt an infinite minimal subsequence, Ist. Lombardo
Accad. Sci. Rend. A 111 (1977), 42-66; [e], Biorthogonal systems in Banach
spaces, Riv. Mat. Univ. Parma (4) 4 (1978), 165-204; [e], Some completeness
 properties of general sequences in a Banach space, Boll. Un. Mat. Ital.
(5) 15-B (1978), 743-753; [o], On the structure of the overfilling sequences

of a Banach space, Riv. Mat. Univ. Parma (4) 6 (1980), 425-441,

Riassunto

Un teorema di Gurarit afferma che, se {z,} é una successione di uno spacio di Banach B,
esiste una {&,} di numeri positivi tale che ogni {u,}C [x,], con Jlu,— | <e, ¥n, sia
completa in [wx,].

BMediante una teenica diversa ripresentiamo questo teorema, in una forma in cwi viene
considerata anche la strutture della {=,}.

Definiamo poi le {x,} « u-stabili » e « u*-stabili »: per le prime esiste una {s,} tale che,
V{@nit C {20} € V{tny)} C [@n,] con [ty — x| < &y VE, sia [w,,]=[2,,]; le seconde hanno
la stessa proprieta, con la condizione che ogni {x,,} sia infinila.

Lsaminando la strufture di tali successioni facciamo vedere che le w-stabili sono un’e-
stensione delle successioni minimali; menire le w*-stabili (ma non wu-stabili) sono collegate
alle successioni « overfilling ». Dimostriamo inoltre che la proprieta di essere overfilling
non st mantiene per successiont abbastanza vicine; ne seque che una successione non & in
generale w*-stabile, pero ha sempre una sottosuccessione infinita w*-stabile.

* ok ok



