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PREM CHANDRA (%)

Absolute summability by (7, 9 means (**)

1. - Definitions and notations.

Let > a, (1) be a given infinite series. Then the series > a, is said to be
absolutely summable (E, ¢) (¢>0) or symbolically we write > a, €|B, ¢| (¢>0),
if
1) 349 |< oo,

where (see Hardy [2], p. 178 and theorem 185)

(1.2) ASL(I) == (q + 1)——71 i (::b) qn—mam .

m==0

Let f be 2n-periodic and € L(— =, &), and let its Fourier series and conjugate

@
series, at a point {=w®, be respectively: ia,- > (a, cosnw - b, sinnz) =

© n=1
= > A,(®) and > (b, cosnz — a, sinnz) = > B,(w), assuming B,(z) = 0.
n=1 .

We use the following notations:

(13) o) =@+ 1)+ flz—1), (14) () =3 (f@+1) —fz—1),
(1.5) ¢y (t) = t} Oj’tcp(u)du, (1.6) w,(8) = ;—L ft wlu)du ,
(L7) R@E) = () — p:(2) , (1.8) 8() = p(t) — (1) -

(*) Indirizzo: School of Studies in Mathematics, Vikram University, TUjjain,
456010 India.

(**) Ricevuto: 16-V-1978.

(') Summations are over 0,1, 2, ..., co, when there is no indication to the

contrary.
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Let g(k/t) stand for any one of the following functions:

AL I L1t
(10g;) ) 10g;v (log2 t—) s eeey

k k L\ 1te
logg—... logy ;(logbz) ,

where ¢ > 0 and % is some positive constant chosen for the convenience in the
analysis and not necessarily the same at each occurrence.
2. = Introduction.

Concerning the absolute (Z, ¢) summability of Fourier series, at a point
t = @, the following theorems are known.

Theorem A. Let 0 < p< 1. Then ¢(¢)log 1/t € BV (0, p) implies
2 A e|B, gl  (0<g<])
(Mohanty and Mohapatra [3]).

Theorem B. Let 0 < p< 1 and ¢(t) € BV(0, p). Then, for

1p(t) = [ wdp(u), B(t)g(k/t) e BV(0, p)
implies Y A.(x)€|E, ¢| (0<¢<1) (Chandra [1])-

Tor the conjugate series of the Fourier series at ¢ = @, the following theorems
are known.

b4
Theorem C. Let 0< p<1 and p(-4 0)= 0. Then [log(1/t)|dy(?)|< oo
L]
implies > B.(#) €|B, ¢| (0 < g¢<1) (Mohanty and Mohapatra [3)).

Theorem D. Let 0 < p< 1. Then () g(kft) e BV (0, p) implies

> B.(z)€|E, q| (< g< 1)

(Chandra [1],).
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The object of this paper is to prove the following
Theorem 1. Let 0 <p<e? and (R()[t) logl/t € L(0, p). Then
E(t) logl/t e BV (0, p)
implies Y A, (@)e|B, q] (0< g<1).

Theorem 2. Let 0 <p<e® and (R(1)/t)logl/te L(0, p). Then
{ log (1/1) |aR() |< oo
1]
implies > A.(x)e|B, g (0<g<1).

Theorem 3. Let 0<p<e? and S(4 0) = 0. Then

S(t)

~Plog(1/t) €L(0,p)  and { log (11) 1dS(t) |< oo

implies > B,(@)e|E, q] (0 < g<1).

3. — We shall use the following lemmas in the proof of the theorems.

Lemma 1. If 3 a,€|C, 0|, then Y a,€|B,q| (g> 0).

The proof of the lemma, being simple, has been omitted.

Lemma 2. Let 0<p<e? and F(t)e L(0, p). Then ¥ Q,€|B, q] (0< g<1),
where

Q.= [ P(t) exp (int) at .

P

Proof. >@.€lB, q| (0<g<1),if, by (1.1) and (1.2),

n

W=3a+1| E (1) o 0| <oo.
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Now

We [ PO S (@4 1)

i " g exp (imt)
m )l L

m=0

fll’(t DD (1+ q)" ’éo (:;) (exlzl(@'t))m

o s () [ (=55 |

< §170)] S @+1a+ qé + 2q cos By |exp (iny)|) d¢
[y = tan~* (sint/(q + cos))]
T - 4q - nj2
< firoi(3(s— o))

pd . 244 . .
< !, [F(#)] (3 (1 — sin® § s)"/?) dt (1 _i\qu sinlt = sin %—s)

<

8 t—y

|F@)|(1—cos 1s)dt = O { [ |P()[¢2ds} = 0(1).

This completes the proof of the lemma.

Lemmsa 3. Let 0<g<<1., Then

& {n —m exp (#mt)
3 (n) st | = o (1oe}).

wniformly in 0<t<p<e=

2 g+ 1)

The proof of the lemma runs parallel to the proof of lemma 3 of Chandra [1:.
4. = Proof of the theorems.
4.1. — Proof of Theorem 1. We have

{ o(t) cosntdi=

0

A, (z) =

g1
QA1

( f—%— f) ~<p(t) cos ntdt=

l:iIL\'.w

P+ Q) say .
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The series > (2/7)Q.€|B, ¢| (0 < ¢<1) by Lemma 2. Therefore, for the
proof of the theorem, we only require to prove > P, e|B, ¢| (0 < ¢<1). Now

) P » i f
Po= | pt)cosntdt = | g(t) (eosn—ﬂt) ai+ | o) S i

) 0 nt nt
? sin nt 4 7 9 (sinnu

= — — 1
g o(t) (cos nt — )dt af { au( P )cu

smnp sin nt ? 2 9 (sinnu

= — — = d

P1(P) (eos Wt ) di Oj o(t) dt tf =\ —om %

_ sin np d (sinnt
= (P n I iR Bt( nt ) d
(by changing the order of integration and using (1.5) and (1.7 ),

sin np JZ’ sin nt
n o nt

@11)  Po=mup) Rt)dt 4 | R(t) cosntas

? COS nu

sin » ? sin nt ‘
r R &+ Rp) log [ o

f

n o nt

1
= (Pl(p) P

» 1 tCOS nu
—_ { d(R(t) log ;) oj Tog1ju du

Now, for 0<t<p, we have

£ cos nu sin i 1
f log1]u du = nlog1[t +0 {(%-{— 1) (log (n + 2))2} ’
therefore
sin np 2 sinnt | E(p) [log (1/p)
P, = R(t)d 0
v == W+ {(n+1)(1og(n+2))2}

o)}

2 sin nt 1
- d( ) log )nlowl/t+0{(n+1)(log(n+2))2 J
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The series > P,e|H, ¢| (0< ¢< 1), if, by (1.1) and (1.2)

Z=73(q+1)"

3 n n
2 (m)q Pm‘<oo-

m=0

Now, by writing b,,= 1/((m + 1) (log(m + 2))2), we have

& (7Y, Sinmp
mzo (m) 1 m + 1 ]
i ny . sin mt
meo \ M g m-+1
n _,, Sinmt
P (m) 1 m+1|
2 n
z (m) qn-—mbm }
m=Q
3 n
5 ()]

Z <lpp)| 2 (g+ 1)

+ PO gy (g 1)

[

+f

0

a0 g1 [CHPAE=

+0 {IR(p) llog% >(g+1)

ol fla(mo e })| s+ 2

<+ Zy+ 2,4+ 2Zy+ Zy, say.

Now, for some fixed p in 0 <p< 1, @(p)logl/p is a finite and by the
hypotheses

p)og3, Y

1 2 1
log 7 dt  and | ]d(R(t) log t_)l
[}

are finite, therefore the boundedness of Z, (¢ = 1, 2, 3) follow from Lemma 3.
And the boundedness of Z; (i = 4, 5) follow from Lemma 1 since 3 b, &|C,0]
implies > bn€|B, ¢| (0< ¢< 1) which further implies

g+ 1)

< 721 —-—m
5 (2)omnf<o

m=0

This completes the proof of Theorem 1.

4.2. — Proof of Theorem 2. Proceeding as in Theorem 1, we only require
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to prove Y P.€|B, q| (0<¢<1), where, by (4.1.1),

. o
smnp S payds + [ R(1) cosntdt
n o nit 0

—Pn = (p](p)

— o) sir;np_ Of” (dR(t) +@dt)8if;m,

integration by parts and using (1.7).

The series > P,€|H, q] (0<¢<1), if, by (1.1) and (1.2),

Z=72g+1)™ go(:;) Q" Py | <00
Now,
Z<lp(p)| 2 (¢+ 1) mé (:;) Q"'"‘%\
» (|R(2)| . 2 (n n_msinmt
+of(—~t—dt+!dR(t)1)Z(q+1> mgo(m)a m+1‘=

=7+ Z,, 8ay.

Since, by Lemma 3

L n—mM —_— } e
3 (1) e 22— o{10g ) = 00,

m=0

Sg+1)

and |p(p)| is finite, therefore the boundedness of Z, follows. Again, by using
Lemma 3, the boundedness of Z, follows since by the hypotheses

| B()|
¢

log%dt<oo R jp log% |dR(t) | < oo
0

Og___’s

This completes the proof of the theorem.
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4.3. — Proof of Theorem 3. We have

2Buo) = [ pysinntdt =( § + [)p)sinntdt =P+ Q..
0 »

0

The series » @.€|®, ¢| (0< ¢< 1), by Lemma 2. Therefore, for the proof
of the theorem, we only require to prove Y P,e|F, q| (0< ¢<1). Now

di

P,= [ p(@t)sinntdt = f)qp(t) (%mot—}—

0

cos nt r CcoS nt
dt — t
) [yt —

P stfonta p]
_ J_p tolt) a% (cos nt) a+ [ pyar 72 (cos nu) du
0 .

° ne ; ou\ nu

? o {cos nt cos np ? 9 (cosnu
—_———— — t-—— —

,,I bw(t) Bt( nt ) b =ys(p) T j a if au( na )du

. p 0 (cos nt) cosnp 9 (cosnt )
=—] tw(t)—( p }dt*wl(p) + ftwl( a_( po )dt,

changing the order of integration and using (1.6) and (1.8),

»

cos ni COS 1
P, = [ 8¢) (smm‘—]— ) dt — p(p) " 4
o
D
- j? S gyt —pu(p) S 4 [ S(2) sinmra
0 n 0
P ¢OoS8 nt COS 1 P cos nt
= = t)dt w(p) p + f as(2)
(1} [}

_ f (S(t) Q. 15(75)) cosLnt »(p) cosnp

0

The series > P,e|H, q| (0<¢< 1), if, by (1.1) and (1.2),

X=3 @+ 3 (f;) q"~m.P,,x.l<oo
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Now

X<lp)| 2 g +1) +

to(n ey COS D
2 (m) Tl
L7 cos mi
mgo (m) q m + 1

|8()]

<0 {lw(p)llog]—l,} +0 { { — 1og;l dt}—!— 0 { Oflog} IdS(t)l}= 0(1)

0

+ f (BE2artjasw)) s+

0

by the hypotheses and due to the fact that for some fixed p in 0 < p < 1,
w(p)logl/p is finite.
This completes the proof of Theorem 3.
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Summary

The author has investigated some new criteria for absolute |E,q| Swmmability of
the Fourier series and its conjugate series at a poind.
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