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An implementation of a finite algorithm

for finding polynomial minima. (**)

1. - Introduction.

In this paper the authors consider the problem of computing all minima

of a real polynomial P(¢) = ¥ a,#*. In order to solve this problem they
i=0

present a code in Fortran 4 of the Sutti’s algorithm [8],, with its programming

specification. .

The main purpose of implementing the method in [8], is its use in the opti-
mization theme. In fact this method is able to solve line-searches for global
minimization of nonconvex functions[2]. Indeed the best known algo-
rithms [7], [3] which were devised to this end yield some practical application
difficulties. For example, they assume that the Lipschitz constant L of the
objective function is known, whereas L is seldom available. However, even
when I can be deduced, as for a polynomial objective function in a fixed
interval, its rough estimation reduces the efficiency of the algorithms (see
section 4). Moreover all these methods need an assumption of the initial
step length and a choice of the stopping criterion. Further, the technique
[8], seems to overcome a major drawback connected with the use of defla-
tion; in fact the former technique is numerically stable, whereas in the latter
the large level of cumulative error very often conceals the true solution [107].

Then the subroutines provided make possible to implement some random
search algorithms for global optimization of n-dimensional polynomial fune-
tions. It had been theoretically proved, in fact, that an algorithm, which per-
forms exact global minimizations along random search vectors, converges in
probability: but it had been claimed that a such algorithm was generally not
implementable [5].

(*) Indirizzo degli Autori: Istituto di Matematica, Universitd, 43100 Parma, Italia.
(**) C. Sutti ha eseguito il lavoro nell’'ambito del G.N.I.M. (C.N.R.). — Ricevuto:
20-VI-1976.
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In section 2 we present the subroutines with the references to the algorithms
used and in section 3 we give their listings. In section 4 we give the results
of the numerical experiences which we have had on a C.D.C. 7600.

2. - Subroutines description.

The program consists of five subroutines: MINIMI (the main one), MONO1,
GOLMIN, DEV, CAL.

Subroutine MINIMI implements the global polynomial minimization tech-
nique which is described in[8],. This technique computes the derivatives
of P(z), P z), 2<i<(n—1), and, by the algorithm[9] for minimizing
bimodal functions, determines the unimodality ranges for Pe—9(z). In fact
Po=9(z) (or — P=9(z)) is bimodal with Po—2(z) (or — PU~9(z)) unimodal
on each interval. Then, by proceeding in the same way on the subintervals
obtained for P"-9(z), i > 6, all the unimodality ranges and all the minima
of P(z) are identified by a known number of iterations.

In the presented numerical implementation of technique [8],, some minor
variations are introduced in order to decrease the function calls. Namely,
in MINIMI, at the first iteration, the Cardano’s formula [1] is used to determine
the roots of the equation P»-3(z) = 0. Further, a cyclic test is introduced
in order to provide all and only the minima and the largest unimodality x Anges
of P(z). Subroutine MINIMI calls MONO1, DEV and CAL.

Subroutine DEV computes the coefficients of the successive dervivatives of
P(x): the formula used is the analytieal one.

i
Subroutine CAL computes the value @ = ¥ A4,a!, j<n. The iterative for-
=0
mula which we have applied is the following

Q= [((Aa‘xo + A)w A e+ AgJwe+ 4, .

Subroutine MONO1 implements the algorithm as in[9], after the suitable
adaptation which is deseribed in [8],. Subroutine MONOL1 calls the subroutines
GOLMIN and CAL.

The former minimizes one-dimensional unimodal functions. To this end
we have implemented the golden section method [8],. GOLMIN also calls CAL.

To call the subroutine MINIMI from some application program, only the
input parameters of MINIMI, as specified at the beginning of the subroutine,
need be defined.

In order to describe all these subroutines, suitable comments are mcluded
in their listings.



[3]

3. - Subroutins listings.
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SUBROUTINE MINIMI (HeAyCOPOLsP1+P2sMINIPHIN INDVAL s XMINSMINAXSL+COy
#C019COA9CNALYCOEF)

TO MINIMIZE POLYNOMIAL ONEDTMENSIONAL FURCTIONS BY SUTTI'*S ALGORITHM

INPUT AND QUTPUT PARAMETERS

N= DEGREE OF THE POLYNOMIAL

A= VECTOR OF THE EXTREMES OF THE UNIMODALITY RANGES. IN INPUT FIRST
THO COMPONENTS CONTAIN THE EXTREMES OF THE INITIAL INTERVAL.
OTHER COMPOMENTS ARE UNDEFINED. IN OUTPUT (L+1) COMPONENTS ARE
DEFINED

COPOL= VECTOR OF THE Nel COEFFICIENTS OF THE POLYNOMIAL (DECREASIN-

GLY ORDERED)
Pl= PRECISIOM IN MINIMI AMD MONOI
p2= PRECISION IN GOLMIN

OUTPUT PARAMETERS

MIN=z VECTOR OF THFE MINTMA'S ARSCISSAS

PMIN= VECTOR OF THE MINIMA'S VALUES

INDVAL= NUMBER OF FUNCTION EVALUATIONS

XMIN= ARSCISSA OF THE ABSOLUTE MINIMUM

MINAX= VALUE OF THE ABQOLUTE MINIMUM

L= NUMBER OF UMIMODALITY RANGES

COEF= VECTOR OF THE COFFFICIENTS OF THE POLYNOMIAL AND ITS FIRST
(N~2) DERIVATIVES

CONSTRAINTS
A3

DIMENSION OF AUXILIARY VECTORS: CO,COL19»COA+COLA =N+l TO BE ASSIGNED
IN THE CALLING PROGRAM

DIMENSION OF THE VECTOPS MIN, PMIN MUST BE ASSIGNED =N IN THE CALLING
PROGRAM

DIMENSIONM OF THE VECTOR CGEF MUST BE ASSIGNED =(N+4)#N/2 IN THE
CALLING PROGRAM

INTERNAL VARIABLES
MI= Ny FOR N EVEN
MI= ((N+1)/2)%2, FOR N ODD
= ITERATION INDEX
M= INTERVAL INDEX
a= 0y FOR N EVEN
0=1, FOR N 00D )
K=0 IF THE POLYNOMIAL IS NOT INCREASING IN THE FIRST EXTREMAL OF
THE INITIAL INTERVAL
K=1s» IF THE POLYMOMIAL IS INCREASING IN THE FIRST EXTREMAL OF THE
INITIAL INTERVAL

DIMENSTON COPOL (1) sMIN{I) $AC1) +CO(1)9COL(L) +COACL) +COALIL) sPHINTT)
+4yCOEF (1)

INTEGER G9R1SsT+519523T19T2sWellyPI1PI2

REAL MINyMINI +MINZ2¢MINAX

IOD(NsID)=(N+1)#1D=((ID-1)%1D)/2+1

INDVAL=0

MI=(N+1)/2%22

CALL DEV(NsCOPOLsCOEF)}

I=1
M
NI=N+1

14 et

(=3

Q
K
COMPUTATION OF THE REAL ROOTS 8Y CARDANQ'S FORMULA FOR THIRT DEGREE
EQUATIONS

IA=IDD (NsN=3)
AI=COEF(IA)
BI=COEF (IA+1)
CI=COEF (IA+2) ~
DI=COEF (IA+3)

DO 398 J=1,3
TJ=IDD(NsN=2) +J=-1

398 COA(J)Y=COEF (1)

ONE ROOT

PI=CI/A1-BI*52/(3,%A1%42)
Q1=DI/AI=-BI#CI/ (3. #AT##2)+2.#BI##3/ (27, 54103}
DELTA=4 . RPIN#3427,#QL %42

IF (DELTALLE.0)GO TO 400

ROOT=SORT(DELTA/108,)

AA=-Q1/2,+R0O0OT

BA=-GI/2,~ROOT )
Y1=SIGN (ABS (AAY#5 (1./34) +AA) +STGN (ABS(BA)®#(14/3,)3BA)~B1/(34#A1)
G0 TO 405

THREE RGOTS

400 PHISASIN((SRART(27.)#0L)/(2.#PI#SART(~PI1)) /34

UI=SQRT(~PI/3.1%2.
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VI==BI/(3.%Al)
S1=SIN(PHI)
CS=COS(PHI) “SQRT{3.)/2.
Y1=UI®{CS+0.52S1)+V]
Y2=-UI#SI+VI
Y3=-UI#(CS=0.5%SI}+VI
IF (ABS({Y1-Y2) ,LF.P1)60O TO 410
IF(ABS(Y}=Y3),LE,P1}GO TO 415
IF(ABS(Y2-Y3).6T.P11G0 TO 450
405 IF(AIM)JLT.YlaAMDYI . LTA{M+1)IGO TO 430
GO TO 435
410 Y1=Y3
GO TU 405
415 v1=Y2
GO TO 405

ONE ROOT IN THE IMITIAL INTERVAL

OO0

430 CALL CAL(COA«2,Y12INDVALIPCAL)
IF(PCALLGT.0)GO TO 432
AtM+2)=A(M+1)
A(M+1)=Y]
MINIMYI=A (M)
MIMN(HMe1)=A(M+2)
L=L+1
6o TU 237

432 MIN(M)=Y]
GO TO 237

C NO ROOT I8 THE IMITIAL INTERVAL

435 DO 437 J=145
TJ=IDD (FHabi=6) +J=1

437 COa1(J)=CORF (1J)
CALL CAL(COAY 644 (M) INDVAL,RCAL)
PM=PCAL
CALL CAL(COAYlsbsA(M+1) 9 INDVAL SPCAL)
PM1=PCAL
IF(PM.LT.PM1)GO TO 440
MINIM) =A (Ms])
G0 TO 227

440 MIN(M)y=A (M)
60- T07 237

o ORDERING OF .THREE REAL ROOTS

450 IF(Yl.LT.Y2)GO TO 451
C=vl
Yi=Y2
y2=C
451 IF(Y1.LT.Y3)GO TO 452
C=v1
Yi=Y3
Y3=C
452 IF(Y2.LT.Y3)60 TO 453
C=yve
Y2=Y3
Y3=C
453 TF(A(M) o LT4Y14ANDLY1 LT2A(M+1))GO TO 470
IF(A(M) JLTAYI AND.Y3.LT.A(M+1))6GO TO 460
IF(A(M) L TaY2,AND Y2, LT2a(M+1))GN TO 465
G0 10 435
460 IF(A(M)WLT Y2 AND.Y2, LT A(M+1))IGN TO 463
Yi=Y3
GO TO 439
463 Rl=YZ
R2=Y3
GO TO 500
46% Yi=Y2
GO0 TO 430
470 IF(AIM) LTaY3.AND.Y3.LT.A(M+1)1G0 TO 480
IF(AIM) oLToY2.ANDCY2,LT«AIM+1)IGO TO 475
G0 TO 430
47% Ri=Yl
R2=Y2
GO TO 500

C
c THREE ROOTS IM THE INITIAL INTERVAL

480 CALL CAL(COA»2,Y25INDVALPCAL)
IF({PCAL.GT.0)GO TO 485
MIN{M)=Y]

MIN(M+1)=Y3
A(M+2)=A(M+])

AtMel)=YP
L=l+l
G0 TO 237

485 MIN{M)=A (M)
MIN{(M+1)=Y2
MIN(Me2)=A(M+])
AMe3)=A(M+1)
Agn+l)=y]
AlM+2)=Y3



GO0

o000

L=L+2
Go TO 237

TWO ROOTS IN THE INITIAL INTERVAL

500

505

15
17

20

25

CALL CAL{COA#24R1+INDVALSPCAL)
IF (PCAL.GT401GO TO 305
MIN{MY=A (M)

MIN{M+1)=R2

A(M*2) =AM+ 1)

A(M*+1)=R1

L=p+l

G0 TO 237

MIN (M) 2R]

MIN(Me1)=A{Me])

A(M+2)=A(M+1)

A(M+1)=R2

L=L+1

GO TO 237

K1=N-2#1+Q

K2=N=K1+2

DO 5 J=1lsK2
1J=IDP(NyKI=1) 4= *
CO(J)=COEF (IJ)

EPS=22P2

CALL CAL(CO#2¢1+1-0,A{M)+EPS,INDVALSPCAL}
IF(PCAL.LT.0)G60 T0O 15

G0 TO 25

IF(GeE0.0)G0 TO 85
PI1=N=2#141+Q

PI2=N-P11+2

DO 20 J=1+PI2
I1J=ICDINsPI1-1)+J=1
COA(J)=-1%COEF (1J)

CALL GOLMIN(COA2#I~0sA (M) sA{M+1) s INDVALSPGOLP2)

PMAX=PGOL
GO T0 40
K=]

CHANGE OF THE SIGN OF THE COEFFICIENTS

30

35

37
40
45
50

55

INDIK=1

DO 35 s$=1,3

WSN-2#]~5+2+0

U=N=W+2

B0 35 J=1+U

TU=IDD(NeW=-1) +J~1

COEF (1J)==1%COEF (1J)
IF(INDIK.EQ.2)G0O TO 200
IF(Q.EQ.0)GO0 TO 37

GO0 TO 17

PMAX=MIM (M)

IF (ABS(PMAX=~A(M)) LE.PLIGO TO 45
IF (ABS (PMAX=~A(M+1)),LE.P1)GO TO 50
G0 TO S5

MIN{MY=A (Me1)

GO TO 85

MIN{M)=A (M)

G0 TO 85

IL=1

REORDERING OF MINMIMA AND EXTREMALS

56

60

65
70

75

85

95

200

L=+l

S={ =M

DO 60 R=1,5
Sl=L+2-R
Sg=L+1-R
A(S1)=A(S2)

T=l-M-1
IF(T«EQ.0}GO TO 70
DO 65 R=1,T
Ti=L+1-P

T2=L=R
MIN(TY)=MIN(T2)
A(M+1)=PMAX
IFIILEQ.2)GO TO 210
MIN(M)=A (M)
IF(KeEQe1IGO TO 75
MIN(M+1)SA(M+2)

6o TO 85
MIB(Me])=A(M+]1)
D2MIN=MIN{M)

CALL MONQI(A(M) A (Ms]) 1D?I4IN'PMA)('IQHINI?HIN?’N;COEFQINDVALvﬂOPI’P
#24C09C01+C0AsCOALY

IF(K.EQ.11G0 TO 95

66 TO 200

MINZ=PHAX

PHAX=MIM]

MINI=A (M)

K=0

INDIK=2

G0 TO 30

IF (ABS(PMAX=A(M+]1)) . LELP1)IGO TO 220

123
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IL=2
G0 TO 56
210 MIN{M)=MIN]
MIN(Mel)=MIN2
M=Mel
G0 TO 225
220 MIN{M)=MIN]
225 IF(M.LT.L)GO TO 230
G0 TO 235 .
230 M=M+l
G0 TO 3
237 IF(I.LT.MI/2-21G0 TO 240
IF(I.LTMI/2-1160 TO 245
GO TO 250
240 1=1+1
M=)
G0 TC 3

FINAL COMPARISON, FOR M ODD

245 IF(N.EQ.MIIGO TO 240
Q=1
GC TU 240

CHOICE CF THE TRUF MINTMA

235 IF(L.EQ.1)G0 TO 237
J=1
265 M=g+l
270 IF(ABS(MIN(SI=A(M)) LELPLIGO TO 295
IF(J.E£0.11G0 TO 275
60 TO 280
275 J=J+l
IF(JLT.LIGD TO 265
60 TO 335
280 IF(ABS(MIM{J)=A(J)).LE.PL1)GO TO 285
6C TO 275
285 L=L=-1
DO 290 R=JsL
CMIN(R) =MIN(R+1)
290 A(R)=A(R«1)
AtL+1)=A(L+2)
IF (J.LT.LIGD TO 270
G0 TO 335
295 TF (ABS(MIN(M)=A(M)),LE.P1)GO TO 305
L=t~1
DO 300 IM=JeL
MINCIMY=MINCIN])
300 ACIN*#1)=A{IN+2)
IF{JeLT.L)IGO TO 270
G0 TO 335
305 L=t-1
MIN{JY =ALM)
IF{MeGT.L)GO TO 320
D0 310 INsMsL
310 MINCIN)=MINCIN+])
LusL+}
DO 315 R=MsLU
315 A(RI=A(R+1)
G0 TO 275
320 A(L+1)=A(L+2)
GO0 TO 275
335 IF(ABS(MIM(J)=A{J)).GT.P1}GO TO 237
L=L-1
GO TO 237

COMPUTATION OF PMIN

250 DO 260- M=l+L
CALL CAL(COPOLsN¢MIN(M) s INDVALPCAL)
260 PMIN(M)=PCAL

CHOICE OF MINAX

HINAX=PMIN(1)

XMIN=MIN(1)

IF(L+EQ.11G0 TO 346

DO 345 Jg=2,L

IF (MINAX.GTPMIN(J))GO TO 340
GO TO 345 -

©340 MINAX=zPMINI(J)

XMIN=MIN(J)
345 CONTINUE
346 RETURN
END
SURROUTINE MONOI(AeR,D2MINePMAXyT+MINIsMIN2sNsCOEF s INDVAL3CeP¢P2sC
“01+CO1A,CO2C02A)
TO MINIMIZE BIMODAL FUMCTIONS BY SOUTTI?S-TRABATTONI'S- BRUGHIERA'S
METHOD

INPUT AND QUTPUT PARAMFTERS
A= FIRST EXTREMAL OF THE INTESVAL
B= SECOND EXTREMAL OF THE INTERVAL

16]
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[sEsEsXesNsNeRe Nel

D2MIN= AGSCISSA CF THE MIMIMUM OF THE SECOND DERIVATIVE
p=Ply, PRECISION FOR THE COMPARISONS

OUTPUT PARAMETERS

MINl= THE FIRST MINIMUM OM (A(M)sA(Me1))

MIN2= THE SECOND MIMNIMUM GN (A(M)oATM+1))

PMAX= SEPARATING POINT THE TWO UMIMODALITY RANGES

DIMENSION CO1(1)+CO1A(119C0O2(1),C02A(1)+COEF{]
REAL MINIsMINZ
INTEGER Q
IOD(NyID) =(N+1)2ID=((ID=1)%]D)/2+1
Mz=N=2#1=14+G
K=N=M+2
KI=K=1
DO 1 J=slsX
MI=IDD({NeM=1}+J~1
€01 {J})=COEF {MI)
1 COLA(J)==12COL ()
DO 2 J=1sKI
MI=IDD(NsM) +J=1
€0z (J)=COEF (K1)
2 CoRA(U)==12C02(N)
KK=2%1+2+-Q
KKK=2e]+1=Q
CALL GOLMIN(COl4KKsp B9 INDVALIPGOLP2)
AM1=PGOL )
IF (ABS (AM1~B) .GT.P)GO TO 6
IF (ABS(D2MIN=A) ,LE.PIGO TO 9
CALL GOLMIN(COZAyKKKIAsD2MINY INDVALIPGOLP2Z)
DPMAX=PGOL
IF (ABS(DPMAX=A) ,LE.PIGO TO 9
CALL GOLMIN(CO1sKKsAyDPMAXy INDVALSPGOLsP2)
AM3=PGOL
IF (ABS (AM3-DPMAX) +LE.P)GO TO 9
CALL GOLMIN(COLAsKK,AM39AM] s INDVALIPGOLP2)
AM4=PGOL
60 70 15
6 ‘CALL GOLMIN(COLAsKK,AvAM] s INDVALSPGOL$P2)
AM2=PGOL
IF (ABS (AM2~A) ,LE.P)GO TO 7
CALL GOLMIN(COlyKKsAyAM2y INDVAL#PGOLYP2)
AM3=PGOL
PMAX=AMZ
G0 T0 16
7 CALL GOLMIN(COlAsKKysAM1389+ INDVALPGOLSP2)
AMG=PGOL
IF (ABS (AM4~B) ,GT.P)GO TO 8 .
IF (ABS(D2MIN=A) ,LE.P,ORABS (D2HIN=B} +LEP,ORABS(D2MIN-AML) LLE.PIG
10 TO 9
IF(D2MINLLT«AM1)GO TO 12
CALL GOLMIN(COlsKKsD2MINGByINDVALPGOL P2}
AM3=PGOL .
IF (ABS (AM3-D2MIN) 5T.PIGO TO 10
CALL GOLMIN(CO2sKKKyD2MINSB, INDVAL»PGOLIP2)
DPMIN=PGOL
IF (ABS({DPMIN=B) .LE.P)GO TO 9’ }
CALL GOLMINI(CO1+KKyDPMINsBsINDVALIPGOLSP2)
AM3=PGOL
IF (ABS (AM3-DPMIN) .LE,.P)GO TO 9
MIN1=AM]
MIN2=AM3
CALL GOLMIN(COLA+KKyAMLsAM3, INDVAL 2 PGOLsP2)
AMG=PGOL
PMAX=AM4
G0 TO 20
8 CALL GOLMIN(COLsKKyAM4sBy INDVAL,PGOLSP2)
AM3=PGOL
11 PMAX=AM&
MIN2=AM3
MINI=AM]
GO TO 20
9 PMAX=B
HIN1=AM]
MIN2=AM]
Go T0 20
10 CALL GOLMIN(COIA«KKsAML9AH3y INDVALIPGOL4P2)
AM4=PGOL
G0 TO 11
12 CALL GOLMINI{COlsKKsADZMINs INDVALSPOOLIP2)
AM3=PGOL
IF (ABS (AM3~D2MIN) 4GT.P)GO TO 14
CALL GOLMIN(CO2AsKKKyAsAM3 v INDYALIPGOL,P2)
DPMAX=PGOL
IF (ABS{DPMAX=A) ,LE.PIGO TO §
CALL GOLMIN(CO) +KKyA,DPMAXs INDVAL vPGOLP2)
AM3=PGOL
IF (ABS (AM3=DPMAX) JLE.F)GO TO 9
MIN1=AM3
MIN2=AM]
GO TO 17
14 CALL GOLMIN(COLA+KK.AM39AMLy INDVALYPGOLsP2)
AMG=PGOL
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C
c
c
C
C
C
C
C
[od

(2 NsEeNeNeNel

15 PMaX=aMa
16 MIN1=AM3
MINZ=AM]
17 CalL GOLMIN(COlA+KKysAM3yAM] 4 INDVALSPGOLsP2)
PHAX=PGOL
20 RETURN
END
SUBRGUTINE CAL (AsN¢X»INDVAL,PCAL)
TO COMPUTE THE VALUE OF THE POLYNOMIAL IN A POINT

INPUT AND OUTPUT PARAMETERS
A= VECTOR OF THE ORDERED COEFFICIENTS OF THE POLYNOMIAL
Y= POINT IM WHICH THE POLYMOMIAL'S VALUE MUST BE COMPUTED

OUTPUT PARAMETERS
PCAL= VALUE OF THE POLYNOMIAL

DIMENSION A (1)

PCAL=AL(])

MU=N+1

D0 80 I=2.MU
80 PCAL=PCAL®X+*A(I}

INDVAL=INDVAL+1

RETURN

END

SUBROUTINE DEV(M»COPOLCOEF)
TO COMPUTE THE SUCCESSIVE COEFFICIENTS OF THE 1~STy 2-NDsses (N=23-TH
DERIVATIVES OF THE POLYMOMIAL

INPUT AND QUTPUT PARAMETERS
COEF= VECTOR OF THE COEFFICIENTS COMPUTED

DIMENSTON COPOL (1) 9COEF (1)
IDDU(NGID)I=(N+1)®ID=((ID=1)71ID)/2+1
L=n+l
DO 1 J=lsbL
1 COEF(Uy=CoPOL(Y)
Ku=i+1
M=N~-2
DO 2 ID=1M
K=hN=~ID+]
KI=IDD(Ny1D-1)
DO 2 J=1,K
Ki=KI=1+g
COEF (KUY = (N=J=1D+2} #COEF (KL)
2 Ku=KU+}
RETURN
END
SUBROUTINE GOLMINI{COsNyAlsBl,INDVALIPGOL P}
TO COMPUTE THE MINIMUM OF UNIMODAL FUNCTIONS 8Y GOLDEN SECTION METHOD

INPUT AND OUTPUT PARAMETERS
P=p2

INPUT PARAMETERS

CO= COPOL

QUTPUT PARAMETERS

PGOL= ABSCISSA OF THE MINIMUM

DIMENSION CO({1}
REAL K1lsK2
A=Al
8=81
IN=N+]1
T=1.61803
1=2
1 H=(B-a)/T
GO TO(10,11+12)1
10 K2=K1
GO T0 15
11 K2=A+H
15 K1=B-H
GO0 TO 17
12 K1=K2
K2=A+H X .
17 CALL CAL(COsNyK1yINDVALPCAL)
Fl=PCaL
CALL CAL(COsNsK2+INDVALIPCAL)
F2=PCAL
IF (ABS(K2=K1) LE.PIGO TO 5
IF(F1~F2.,LE«0)GO TO 2
A=Kl
I=3
G0 TO 1
2 B=K2
I=1
50 T0 1
5 IF(F2,LT.F1IGO TO &
PGOL=K]
6¢ TO 15
& PGOL=K?
16 CONTINUE
RETUKN
END

[8]
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4. - Computational results.

We ran the above program in single precision on a C.D.C. 7600 computer.
At first we tested the following polynomials

Po— 1225 — 452% — 202 -+ 9022,  PS= x¢ — 152t -+ 27a% 4 250 .

Successively we considered some functions of several variables concerning
the global minimization [2]. For these we have executed the line-searches
starting from given initial points along the negative normalized gradients.

These functions [4] are

Vo

Fl=100(2? — 2,)2 -+ (&, — 1)2,  F2=1/4 3 [(x, — 1)*— 83w, — k)* 4 2k%@:]

I3

il
-

= 1/325 — 218 + 4] + @2, + 4wy — 4a] .
The initial points are respectively
= (—1.2,1), a*=(1,1,1,1,1), a*= (2,1.5).

The one-dimensional polynomial functions to be minimized are then
PIF= (73.478)a* — (445.73) 0 4 (752.25)a® — (232.87)a + (24.2),
PI2 = (0.16084)* 4 (3.0074)e® — (24.12T)o® — (451.64)o + (967),
P = (0.270 24)a® — (3.2429)0® -+ (15.16)at — (32.76)cc® - (35.192)

— (26.197)a -+ (1.7983) .
In table 4.1 we summarise some our test results.

TasrLe 4.1

FUNCTION ;| INTERV P1 P2 MIN INDVAL | ITER | TIME
ps -~ 10,10 0.5-1071| 10-% | —10.0000* 403 2 14 M.S.
ps —10,10 0.5-1071| 10-% | — 3.0030% 305 2 15 M.S.
PI1 0,1 0.5-10-1| 102 0.18350 2 1 10 M.S.
P 0,1 0.5-10-1| 102 1.0000 3 1 9 M.S.
PI? 0,1 0.5-10-1| 103 0.99881 79 2 11 M.S.
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FUNCTION is the name of the objective functions as above.

INTERV is the spanned interval. For the function PF: PF: PF*
we present the results concerning the interval [0, 1], because this is useful for
sake of comparison with different line-searches.

P1 is the precision by which the points are considered distinet or not in
MINIMI and MONOI1.

P2 is the precision in GOLMIN (P1 must be greater than P2). After several
checks using different P1 and P2, it came out that the solution error only de-
pends on P2 as in the usunal line-searches [8],. This agrees with the algorithm
feature [8],, which prevents a cumulative error, since different subintervals
are spanned with different functions, in the successive iterations.

Also the rounding errors on the values assumed by the successive objective
functions in the given points have been estimated. In fact, if the error ¢ on
G = P g,), 2<i<n, were increasing with (n-— ) = j, the applieation of
of algorithm [8], to polynomials of high degree would be unsuitable. But,
it has been verified that the relative errors are of the same order by using the
following formula [6]

le] = 27001 4 2797,

where ¢ is the number of digits of the computer used ( = 15 on a C.1D.C 7600)
and g¢,,, is computed by the iterative formula

.(/1:0: = %H.(]z—l"%* }Gi«li}“;“ Ciis Z:?‘:’(J”*‘l)a
with
o= A;, ¢=c_1®+ A;_i., t=2,...,0—1).

MIN is the global minimum. When the objective function presents more
minima, the absolute one is indexed by a star. If the objective function pre-
sents more global minima, these ones can be individuated by comparing the
values which the function assumes in the found minima. In faet, because the
computational errors, the program individuates always one global minimum.

INDVAL is the number of evaluations of the polynomial and of its deri-
vatives which have been required in the execution, in fact this is the usual
criterion of efficiency in mathematical programming.

ITER is the number of the interactions done; this is what needed to verify
the theory about the algorithm [8],.

TIME is the execution time on a C.D.C 7600.

As for memory requirements, we mention that the five subroutines employ
about 1.5K words. We note that the memory requirement is reduced if
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GOLMIN, DEV and CAL are substituted by some other available routines.
In fact these are often provided by the computer library.

In any case the memory which is required from the program subroutines
must be increased by the dimensions of the parameters, as specified on the
heading « constraints » in the listing. Thus the memory requirement is slightly
more than n?/2 words.

For comparison, we minimized the previous functions by the Shubert’s
method [7]. Note that, for a polynomial P on the interval [0,1], we can as-

sume as Lipschitz constant I = 3 |a,i|l""1. So, for any function test, this
i=1 )

value has been a priori computed, then it has been assigned among the input

data of the program.

In table 4.2 we present the numerical results.

TABLE 4.2

FUNCTION | INTERV | PF PX MIN INDVAL | TIME
Po —10,10 102 10-2 | —10.0000 1401 6375 M.S.
ps —10,10 10-2 10-2 2.9956 1028 2203 M.S.
PE 0,1 10-3 10-3 0.18409 215 121 M.8.
PF? 0,1 100 10-8 0.99973 6 8 M.S.
PF? 0,1 100 10-3 0.99991 93 26 M.S.

PF and PX are the precisions which have been used in the stopping criteria.

From the tables 4.1 and 4.2, we can conclude that the implemented algo-
rithm is in general more efficient than the Shubert’s method.

Finally, about the use of MINIMI for globally random minimizing
n-dimensional functions, they seem to us very promising our first numerical
results. We mention that, for the Rosenbrock’s function, we reached the mi-
nimum point, from the starting point (50, 50), after 544 function evaluations
(257 line-searches). The computed minimum value of the function was 0(10712).
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Abstract.

This paper provides subroutines for the global minimization of polynomials. To find
the minima, the Sutli’s algorithm [8], is used. Some numerical results are presented.
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