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I. AGRAWAL aa R. K. SAXENA (%)

An Infinite Integral

Involving Meijer’s G-Function. (*¥)

1. - The object of the present paper is to evaluate an integral involving
MEIJER'S G-funetion with the help of a property of the LarPrace transform
established in § 2.

Throughout this note the conventional notation

p(p) = 1)

will be used to denote the LAPLACE’s integral

&) #r) =p | exp—pytat,

provided that Rep > 0 and the integral is convergent.
In what follows » is a positive integer and the symbol A(n; &) will represent
the sequence of parameters ofn, (o -+ 1)/n, (&4 2)/n, ..., (@ + »—1)/n.

2. « Theorem.

If
@(p) = f(8)

(*) Indirizzo degli Autori: Department of Mathematics, University of Jodhpur,
Jodhpur, India.
(**) Ricevuto: 5-I11-1968.
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and

w(p, vy o0, B) == K (o) I(B0) f(2)
then

(o2 + B2 + 20Bt) % -
) @lp + (e + B2 4 2eft) 2] ds

@) P(p, 9,04 )= S plof)* |
A

CIp A+ (o 4 B2+ 20Bt) AT Py

provided the integrals are absolutely convergent, Reo >0, Re # >0, Rep > 0
and f(t) is independent of o« and p.

Proof. From (1) it follows that

{(ot + B2 + 2epu}"2 Py_yy (1 + )

Pt e frrzapy & PP B 2afup]du =

0

Py (L) {(ct-B)-+ 20fu}=% | exp(—po—a {(o+B)+2ufu}) - () du=

I

- f o exp(— px)ﬂw)f Poyy(L 4 u) {(a + Bo)? + 2ufua?}%-

- exp [— {(e# + Bx)? + 2apux}¥] du da.

On evaluating the u-integral by means of the formula ([4] p. 323)

[ {(e + B + 208~ exp [— {(c + B -+ 20Bt}4] Py_ (1 + 1) s =
= 475_1(“13)—1/2 K, («) IL'(.B) »

3)

where Rea > 0, Ref > 0 and making the substitution 1 4 w4 =t we arrive
at the result.

The change of the order of integration in the above process is justified by
virtue of a well-known theorem concerning the inversion of a repeated infin-
ite integral ([1], p. 504).

On taking » == { and using the identity

K,y (x) = (w/2m)" 6

the theorem yields the following corollary.
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Corollary. If

P(p) = 1@),
and
P(p, @ f) = 3, (@f)~% exp(— (& + A A1),
then
p 1% 2 2 —% .
0 W ) = 2 o) [ @+ e+ 2080)

1

“Ip (0 4 B2 4 20B0)2 T @lp + (o + B2 + 20fr)%] A2,
provided the integrals are absolutely convergent, Reax >0, Reff >0, Rep >0
and f(1) is independent of o and f.

A result of a similar nature was obtained by SAXENA ([6], p. 155).
3. - Example.
Starting from SAXENA’s formula ([5], p. 402, eq. 11) we have

an®

pﬂ

Qyyones Ay
by, b,

fo) = @ (at"

A, 2), Gy eees as:l
b}

= Pt iG5|
byy s b,

where Re(nb,— 1) >—1 for h=1,2,...,1; 204+k)>r+s 0<k<s,
0<li<r, larga|<(E+1—%r—F%s)m, Rep > 0.
We also have

5 (@B)% 1 exp(— (e + B)1) f(2) =

A
by, ey by

wi

(@B %177 exp(— (x + f)1) Gs; (at“

(@)~ %p(p + a + ) % (2m) k%" -

Lot g

. Gl [ an®
(

Am; A+ 1), ag, ..., a,s:l
&tn, v P+ 0“‘;‘/3)" ’

by, eers by

where Re(nb,— 1) >0 for h=1,2,...,1, Re(p+a+p)>0 0<k<s,
0<igy, Jarga| < (b +T1—3r—38)m k1> 1r+4+ Ls.
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Applying (4) and making suitable changes in the parameters, it if found that

=3

[ (@ + B2+ 2B 5 [y + (a2 + B2 + 20B1) 47

1
5 | N e e K

Ay oney @y 1 — ﬂ/fn]
b

= (nef) Mo + f + ) @1 o [(a FE Y b b,

valid by analytic continuation for Re[l + n(a;— 1)]< 0 for j=1,2,...,1,
24+ >r+s O0<l<r, 0<k<s, Rea>0, Reff >0, Rey > 0.

4. - Particular cases.

(1) when y = 0 (5) reduces to

«©

f (2 + 2 + 2aft) ¥ GE: 5[ (o2 + f* + 2af)®
(6) !

) ...,a,] Qi —

a4
by, ey by

Qyy ey Oy, 1—~l/n]
?

= ey o P L [+ |

where Re (A 4+ n a;) <n—1 for j =1,2,...,], Rex >0, Ref > 0.
On taking o= f =1, and n =2 in (6) it gives a particular case of the
formula ([3], p. 338).

(ii) setting k=8s=2, l=9=0, b,=v/2 and b,= —»/2 in () and ap-
plying ([2], p. 216, eq. 4) we find that

r ©

[ B2+ 20Bt) "R [y -+ (o + B2 + 2aft) AP -

1

@ C K [2{y + (o + f° + 2uBt) A} dt =

(et B+ 1—a/n
- 2nof —Afn, v/2, —v/2]’

@ﬂw+ﬁ+wn

where Reoa >0, Ref >0 and Rey > 0.
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If we put 2 = (1l —»/2) the above equation then reduces to

.

[ (@ B2+ 200) % [y + (a2 + 7 + 2y ]roio -
1

(8) I, [2{y + (0 B2+ 20pt) )] At =

_ (e B+ )
- naf

K,y [2(c + B+ p)],

where Reo >0, Reff > 0 and Rek > 0.

(iii) Putting k=1, l=9r=0, s =2, b, =7/2 and b,= —»/2 in (8) and
applying ([2], p. 216, eq. 3) we see that

f (02 4+ B2 -+ 20ty % [y + (e + B* -+ 2By ] -

(9) ST [2{y + (0f F B2 4 2aft) ] At =

_(“‘f‘ﬂ‘f")’)l 2,0 n
= nozﬁ_ Gz (e + B + )
where o, f >0 and Rey > 0.

If we set 1 = n(l —»/2) in (9) it yields

1—2i/n
—An, ]2, —vj2]’

\

[+ o+ 202 [y + (8 + B° + 2aft)e]ra—rio2 .
1

10) 1 ST, [2y + (2 + B+ 20p 4] At =
. (o - B ,},)(7;/2)(1—-;»)

nof

Jo—1 [2(a + B + p)*],

where o, f > 0 and Rey > 0.

(iv) Putting k=5=2,1=0, r=1, a,=1—%k, by=%-+m, by=%—m
in (5) and applying ([2], p. 216, eq. 6) it is seen that

r

f (02 + 2 + 20Bt)= % [y 4 (o + B2 + 2eft) %P1 -
(11) { " exP(— iy + (@ + B 4 200)%] Wim [{y + (a2 + B2+ 2080) A} A2 =

1—%, 1—4/n
— A, kA m, —m]’

et B
B nef

Gy [(06 + B+

.

where Reo > 0, Reff > 0 and Rey > 0.
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When k = —m 4+ § (11) reduces to

r

(o2 + B2 + 2aBt) ™% [y + (o + B* + 20p) %] -

HL...,B

(12) - exp [—{y + (o2 + 2 + 2eft) %} ] dt =

A
=TI [E,(“+IB+7)"],

where Reo >0, Reff >0, Rey>0 and I'(4, ») denotes an incomplete gamma
function.
On the other hand, if we take A/n = }—m (11) reduces to

©

[ (o 4 8%+ 20B) T [y + (@2 + 2 + 20tk ]t -
13) | *exXP [ Hy + @+ + 20041 Wem [{1 + (02 + B2 + 20B2)%}"] dt=
_ @Bty

nef

(‘)XP(—— % (OC + /3 —I— )/)") T'Vlzt—l/_g, m-—Yo [(OC + /9 + '}’)"] )

where Rec >0, Reff > 0 and Rey > 0.
(v) Finally take k=1, l=r =25 =2, oy=1—a, ay=1—5, b,=0,
b,=1—c¢ in (5) and apply ([2], p. 218, eq. 34) we then obtain
[ o + B2+ 20pt) %[y + (@ + B2 4 2051)%] -
1
(14) “oFife, b5 05— {y + (0 + 7 + 2eft)}r] dt =

_ Le)a B+ p)
T nafI(a) I'(D)

G§:§ [(OC—F/S —l—)/)"} l—a, 10, 1——1/7?,],

—ifn, 0, 1—¢

where Rex >0, Reff >0, Rey > 0, Re(1—mna) <1 and Re(i—nb) < 1.
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