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Some Inequalities Related to Proximate Order. (**)

1. - Introduction.

A real valued function p(r) satisfying the condifions

(i) Hmg(r)=¢
(1.1) >
(if) lm[r-o'(r)logr] =0

r—>

is called a proximate order ([1], p. 32). If for the entire function f(z)=

= > a,2" the quantity
[]

—— log M(’r)
(1.2) oy = lim —2o=,

r—>o

where M(r) = max |f(2)], is different from zero and infinity, then o(r) is called
|2]e=r

a proximate order of the given entire function f(z), and o, is called the type

of f(z) with respect to proximate order p(r). Now let @(r) be a real valued

positive funection, finite on every finite interval and increasing to infinity

monotonically. Let g(r) be a proximate order defined as above and

0 <lim g(r) = g << co.

7=
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Let
(1.3) p(r) = (o) + [ o)t @t (e+1>4=1, 1r,>0).
Let

l—ii‘I“l" 1/)(7.) 7-7.—1 . o

Panap lrQ(T) - ﬂ

— ) A1

o fim YO

(1.4) e e d

im #0  _ 7

e 1o s

In this paper we prove certain results involving the constant «,f; ¢, d
and », d togather with ¢ and A which generalize some known results ([1]
through [9)]. The remarks at the end of the proofs of the theorems illustrate
the generalizations.

2. - Theorems.
Theorem 1. Let v, d; ¢, d be defined as im (1.4). Then we have

d 1 v 1

(2.1) ;m<d<0<5mb 0< o<y <oo).

Proof. For the proximate order p(r), such that imp{r)=p (0< o< 00),

—>c0
the following properties ([1], pp. 33-34) are known:
1
(2.2a) f foh—% ¢ — Q_I_l_:__l yolr)+1-4 + O(,rg(r)«i-l—).) (o+1>2)
and
(2.2b) (1 — &) k2re < (hr)e®0 < (1 + &) K2y

for 7 — co and uniformly in % for 0 <<a<k<b< oco. By definition of » and o
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we have, for given ¢> 0,

()

(2.3) d—e <y <vte (r > 7o(e)
Now
(2.4) p(r) = p(ry) + f p)t*dt < O(1) + (v + &) f Ll 11 (r > 74(e)) -
Using (2.2a) we have
1 N
p) < 0(1) 4 (v + &) {m']ﬂ(r)%’l—ﬁ + 0(7‘9(1')-%—1——/".)} (r> 7o(e)) -
or
p(r) i1 v+ ool
o) <o(1l) + Py g (r> 75(e)) -
Therefore
— o) A1 e p0(®)
fim Pryr :0<__y.i.i__ imte——’
row @) e+ 1— 250 @)
or
v 1
(2.5) <3 TFri=a
Again, from (2.3) and (2.4),
) > 01) + (8—e) f tetr=2dt (r > 14(¢))
. ‘ ,
— RN I . pelni-? (414
0() + (8 s){gﬂ_loe #1-2 o o(pelries )},
or
lim w(r) pP-1 . S Hm pelr)
Se o) T e+ 1-ASwen)’

12
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or

59

1
(2.6) AR

Combining (2.5) and (2.6), we get (2.1).

Remark 1. Let f(2) = 3 a,2" be an entire function of order g, 0< o< co.
()]
Let M(r)=max |f(z)|, u(r) be the maximum term in TAYLOR expansion of
jz]er
f(z) and »(r) be the rank of maximum term u(»).
Putting @(r) =»(r), A=1 in (1.3), we get p(r)~Ilogu(r). Further taking
o(r) =g in (1.4), we get the inequalities ([7], p. 22)

8/(ov) <d<e</(00)
as a particular cagse of (2.1).

Theorem 2. For the constants o, f; v, 0 as defined in (1.4), we have

4 v

_ JA-i-oMe (A—Dio ___
(2.7) “<g+1—ak + o e —11,
9 B ——— fh-1=ole | 0 [f-1le 1]
(2.8) Se+i1-2 i1
and
9.9 oa> ____ﬁ_ L¢—1—eve L i [k*—nle —1]
(2.9) Z e+ 1-2 B(h—1) 4
2.10 B> — 0 wi-ione . [1—re —1]
(2.10) Z e+ 1-12 A—1) '
for A>1 and k>1. For A=1 we have
(2.7a) 6<9ﬁ<5(1+4%§)<v,

(2.7b) 8 < (v]e) exp(dfy) < pa < v.
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Further, for A>1 we have
(2.11) o +1—MN<B<a<rflo+1—2).

Proof. TFirst we take 2>1. Let k>1 be any constant. Consider

Cller 7 kll 7
212) o) = pir) + | pE At = 0() + [ ai + | gl .

s 0

Since ¢(f) is increasing, from (2.3) and (2.12) we have
L rlie,
p(tler) < O(1) + (v + &) [ 1w9=2dt + p(kter) [t-4ds.

Using (2.2a) and (2.2b),

w(lHe p)(letie )1 v+ ¢ EA—Die (ke 1
YU TRETET) @

o) +

(Fetle p)etker) e+1—4Q=nk  gueppwieni—1

[T-1e —1]

for all large r. Hence

a<__l..__k(?-—1—g)/g+ v
e+ 1—12 A—1

[k—vle —17,

E-i-ele L [k#—nle — 17,

p

< —
o+1—4 A—-1

and we get (2.7) and (2.8). Again from (2.3) and (2.12), we have

T kllQT
p(kMer) > O(1) + (6 —¢) f =2 q¢ 4 o(r) f -2 dt .
Using (2.2a) and (2.2b), we get

(ke /,~)(],;lle 7)1

(Ve 1yecetCr)

6—s8  k¥#Dle 1 o)
o+ 1—20+nk " A—1(01+ g kre®

> 0(1) + [k#—le 1]  for all large 7.
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Therefore
s — 2 po-1-on + o [k-vie 1]
T e+ 1—-1 (A—1k
and
B> ___ma kt-1-ale [k*—vle—17,
T o+ 1—12 (A—1k

Thus we get (2.9) and (2.10).
For the case A==1 we have, from (2.3) and (2.12),

r e,
pkile ry < O(1) + (v + a)f eO=1dt -+ pkter) f -1t (r> 75(£)) .
Using (2.2a) and (2.2b) ,we get

p(kler)

(kre pyeustie )

v+ e yotr) p(Mery  logk
< 0(1) + 0 (1 — n)krem (ke ,).)g(kl/g n o for all large r.
Therefore
v vlogk v dlogk
< — < .
(2.13) “<iet o Piet

Since k was arbitrary, taking k=1 in first and k=7v/0 in the second of
above inequalities, we get

(2.14) a<vfo  and  B<(8[o)(1+ log (#/5)) .

Again, we have

rlie,.

p(kMer) > O(1) + (6 —e) f w1 At + @) [ tat .

r

So
(it r)

(letie pyewtie r)

d—¢ e o(r) log &
>o(1) + + e At mrem T TE ko g for all large 7.
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Therefore

é v logh

(2.15) L A g

5 logh
kO

\\/

)
S+

Again taking logk= (v— d)/v in first and k=1 in second of the above ine-
qualities, we obtain

i

(2.16) x> ;; exp(dfy) , B>

Since ex<e* for £>0; we have

ev[d < exp (v/0) or 1 -+ log (»/d) < »/6
and

68y < exp (6/y) or 0 < (v/e) exp(dfy) .

Combining (2.14) and (2.16), we get (2.7a) and (2.7b). For A>1, putting k=1
in (2.7) and (2.10), we have

8lo+1—A<f<a<v/lo+1—12).
For 1=1 we get, from (2.72) and (2.7b), d<pf<pa<y and (2.11) follows.

Remarks. Leb n(r) denote the number of zeros inside the cirlce |2]|=17r
of the entire function f(z)= Y a, 2" of order 0 (0<p<<oo), M(r), u(r) and
1}
v(r) being the same as under Remark 1.

(i) Taking @()=9(r) and A=1 in (1.3), yp(r)~logu(r); putting o(r)=
in (1.4) the results of S. M. SHAH ( [5], pp. 220-223) follow from (2.7a) and (2.7b)
as particular cases.

(ii) Let G(r) denote the geometric mean of f(z) for |z|=r, that is

an

GQ(r) = exp {51:; f log |f(r exp(i6) )]d@}

0
By JENSEN’s theorem

log G(r) f @)/) &t — log|f(0)] .
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Taking f(0) =0, @@r)=n(r) and A=1 in (1.3), p(r)~logG(r). Further tak-
ing p(r)==0 in (1.4); theorem 2 ([8], pp. 87-98) follows at once from (2.11)
as a particular case.
(iii) Let A(r) = max Ref(2). Then, for large », log.4(r)~log M (r). Taking
|#]=r
() =(r), A=1 and o(r)=p, in (1.3) and (1.4) theorem 6 ([3], Pp. 203-224)
follows from (2.11), (2.15), (2.7a) and (2.7b). ;

(iv) Let ()= n(r), A=1 in (1.3). Then

p(r) = N(r) = [ (n(t)ft) at .

o

From (2.7b) we get vexp(d/r)<egwo. Since N(r)<log M(r), a< o, we have
vexp(dfy)<epo, which is a refinement of the result of LmviN ([1], p. 44).
Also d<pa<poy.

(v) Taking po(r) = ¢ in (iv), from (2.7a) and (2.7b) we get as particular
cases the results ([4], p. 16) ;

d<oa<ol, vexp(dfy)<epa<eoT,
where
Tim log M (r) _ T'

> 00 72 4

(vi) Keeping ¢(r), 4 and o(r) as in (v), we get, from (2.7b), d<gf <ot
which is a refinement of the result d<ot? ([9], pp. 51-55).

3. — In this section we investigate the asymptotic behaviour of y(r) and
@(r) and their mutual dependence.

Theorem 3. The constants o, B; v, 0 having the same meaning as in (1.4),
we have

(3.1) 0<f<a<< oo imply 0<d<y<< oo

and conversely.
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Further

(3.2) p(r) " e ar®® - imply pr)~o(p+ 1 — )" (r— oco)

and conversely for 0 << ua << oo.

Proof. When 6> 0 and v < oo, by (2.11) we have o« << co and > 0.
Conversely, let f> 0 and « < co. When - A>1 then, from (2.9) and (2.15)
respectively, it follows that » < oco.

Also >0 implies §>0. Since, for =0 we have from (2.8)

Keti=hleg < yl(o 4+ 1 — ) for A>1

and from (2.18) we have kf<v/p for A=1, which is a contradiction since %
is arbitrary and v << co. Thus (3.1) follows.
To prove (3.2), first leb

pr) ~o(o 4+ 1 — A)re? or y=0=oa(p4+1—21).
From (2.11) we have

e+ 1—A<f<a<yflo+1—42)

and so wa=pf  ie. @)t~ ard®,

Conversely, suppose

T~ o,

()’
Then we have

p) = 0(1) + [y t-as.

Let 0<<y<<1l. Since ¢(r) is increasing, for r>r, we get

r4nr

< f @)t dt = p(r + nr) —p@) .

r

p(r)n7r
(r + nr)?

So asymptotically

L < o - et — o 4 gfpe )
r nr
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Using (2.2b), we get

;(_?1) (1 : YR a{(1 + pletr-typenii-d g1t g (po(1-)}
or
e )
or

y < n {4 gt — (@ 4 )%

Since % is arbitrary, (14 %)™ ~1+ (94 1)n ete. and we get

r<af{o+1—2).

Again,

?)m <P(t)
r—r

~ {¢-e(r>+1—7. —(r—n 9~)a(r—nr)+1—z + 0(7@(r)+1——7-)} .

Using (2.2b), again, be have

elrynr > {f,~a(r)+1—/"~ — (1L — n)e+1—/1 pel+1-2 | 0(7~g(r)+1—1)}

r—qn)?
or
q,)g,)) ot 2 {1— (@ —n)er* + o(1) for larger r,
or

8> %‘{(1—17)*_(1—77)@“} =alp+1—2),
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or
clp+1—A<d<r<alo+1—4A4),
or
d=v=ualp+1—2)

which imply ¢()~ax(o+ 1— 2)r*"” and (3.2) follows.

Remarks. (i) Putting ¢@)=»(), A==1, we have yp(r)~logu(r). Further
let o(r)=p in (1.4), then the results of S. M. SHAH ([6], pp. 254-257) follow

&

as particular cases of (3.1) and (3.2).

(ii) Taking ¢@(r)=n(), A=1 in (1.3) and g(r)=o in (1.4), we get
theorem 4 ([8], pp. 87-98) as a special case of (3.2).
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