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A. M. CEAX (%)

An Extension of a Class of Polynomials (I). (*%)

(Dedicated to Prof. L. CARLITZ on his 60 birthday.)

1. - Introduction.

More than two centuries have passed since EULER gave the identity
@+ 9@+ qv) - @+ ¢7y) = T [n,7] g 2 g7,
r=0
where:

[n]!

[, 7] = [} [n— 7]t ’

[n]= (¢" —1)/(g — 1), q is a fixed complex number, |g]|+1,

]! = [0][n—17...[1], [1]'=[0}!=1.

Basing his study essentially on this famous identity, F. H. JACKSON in a series
of papers written in the first-half of the present century developed the ¢-dif-
ference caleulus. In 1936 MorRGAN WARD [9] wrote a remarkable paper gen-
eralizing a large portion of algebraic analysis and the calculus of finite dif-
ferences including a great variety of formulas involving the exponential func-
tion and the BERNOULLI numbers and polynomials. He starts with a given
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sequence (#) of complex numbers subject to the very few and simple res-
trictions:
U= 0, =1, Uy 70 for n>1;

and develops a caleulus of sequences. He, however, does not go deep enough
to bring out the rather obvious fact that one would get as a particular case
the g-difference calculus of JACKSON, i.e., for which Uy={g" —1)[(¢ — 1), if and
only if the law of exponents w”u™= w*» holds true, where w" = 4,4, — u,.
A host mathematicians during the present century have contributed to the
study of this rather restricted part of the caleulus of sequences and numer-
ous papers are still being written on it.

2. - Object of present study.
A system of polynomials {P.(»)} satisfying the property
@ DPa) = Poy(@) (n=10,1,2,..)

is called an APPELL set and has received considerable attention since its introd-

uction in 1880 by P. ArpeLL [2]: here D is the ordinary differential oper-

ator, ie., Df(x) = Lt {fw-+h) —f(@)}/h. Tt was in 1954 that SHARMA and
h—0

CHAK [8] studied a class of polynomials {H,(»)} such that
(2) D H,(z)=H, () (n=0,1,2,..),
where D, is the g-difference operator of JAoxsoN and is given by

D.f@) = {{q@) — f(@)} [{(g—1) 2} .

Very recently Ar-Saram [1] has discussed in detail the algebraic structure
and some other properties of the class of polynomials satisfying (2); he calls
these the « ¢-APPELL polynomials ».

In this paper we take up the general caleulus of finite differences in which
the law of exponents for u* = u,;, —u, does not necessarily hold and study
the polynomial systems {H,(#)} in , such that

3) D.H,#) = H,a(@) (n=0,1,2,..).

Here D, is a very general linear distributive operator (see WARD [9]) which
is such that it converts a polynomial of degree n in x into one of degree
n —1; more specifically,

D, 2" = u, a1,
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where {u,; is the given sequence of complex numbers used by WARD [9] to
develop his unrestricted calculus.

In the next paper we will examine some subsets of this class of polynomials
satisfying (3) wich have properties analogous to the regular and cyclic sets
of NIELSEN [5] and WARD [8] and study the algebraic structure of this set
on the lines of Ar-Sarawm [1] analogous to those of the « ¢-APPELL sets »; we
will also give a short history and reference to recent work on the subject.

3. = Preliminaries.
In the terminology of WARD [9] let

(u): =0, Uy=1, Uy, oy Up,

be a fixed sequence of real or complex numbers subject to the single restriction
%, =0 for n=2, 3,4, ... We will sometimes use [n] for u,, defining

In]!=[n]ln—1]...[11] if >0, nll=1if n=0,

in—1]..[n—r 4+ 1] . [n]!
[r]! TR =t

[n,7] =

where n and 7 are positive integers and n>>r; thus
[7,1]=[n], [»0]=1, [n,n—r]l=][n,1],

also [n,7]=0 if n <7 or r< 0. We shall call [n,r] a binomial coefficient to
the base (u).
We next define an operator D, which transforms the formal power series

F(w) = 3 ¢, & into F,:(w) =D, F(z) = % nle,zn2.

n=0 n=0

In particular D, 2" = u, 2"t If we define
Frtt(g) =D, F (@), where F?(x)=D.F(z) and F(z)= F(z),

we have F@)[r]l = 3 [n,rle,av.

== g

It H,(z) = > a,, %, then we define

i=0

Hylaw+ b= 3 ay ;[0 + s »

i=0
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where

[az 4 b, = (aw + b)(az -+ bul)(az -+ bu?) ... (ex + bur1) = En:"S,(u) (@)= br

r=0

here *8,(%) means the sum of all the combinations of the products of # num-
bers u°, ul, u?, ..., w»* taken » at a time and w* = w,+;—u,. It is interes-
ting to note that

S r(u) 7 "8 (u)

though the number of terms is the same in both viz. al/{r! (n —»)!}. We
also notice that

1 if n=0
(1) "8, (u) =

Ve

0 if n>1.

In passing we give a short proof of the important fact that if u* = w,+, — u,
and the law of exponents holds, i.e. if

WP YR = ymin (m,n=0,1,2,..),

then the sequence (#) is actually given by u,=—= {(ul)"—l} [(u* —1) and this
corresponds exactly to the case of JACKSON’s g-numbers; as g — 1 the latter
sequence gives the set of non-negative integers. TFor proof of this it is suf-
ficient if we just concentrate our attention on the following identity:

U == 4"+ ul 4 w4 ...} w1,

Finally we note that H,[b- #] is not the same as H,[z-+ b] and that

i1 n

H,[#l=Ya, (]l w)e— = 2 T8 ()t
i=0 i=0

r=0

- Appell polynomial sets (or harmonic sequences) to the base (u).

In analogy with NIELSEN [5] we shall call the polynomial sets {H,(z)} =
= {H,(», w)} which satisty the functional relation (3) of § 2 to be « harmonic
sequences to the base (u)» (see also [4], [8]); following WARD [9] and AL-
SAvawm [1] we may call them « APPELL polynomial sets to the base (%) »; they
can also be called « generalized BRENKE polynomials » (see [3], pp. 44-45).

A simple example of such a set is {H,(z)}, where H (z zw’c/{uﬂ YRS

k=0
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We first give three characterizations of our polynomial sets in the form
of theorems.

Theorem I. If {Hn(m)} is a harmonic sequence to the base (u), then there
exists « sequence of constants {ha} such that

1—1

4 By, H.(0) = .

mn 03’
H,(x) = h"u—n! + I P
We will sometimes indicate the two by [H,.(x), k]
For the proof we observe that a,; %n—; == n— - Sufficiency of the cond-
ition is obvious.

Theorem II. If [H,(®), k) s a harmonic sequence to the base (u), then

S H (o) = ow 1) 1(1),

n=0

where

(@) = > o[, and W(t) = 2 hat*.
n=0

n=0

We say h(t) is the determining function of the polynomial set H,(®).
Tor the proof it is easy to see that

© o n n—1 @ pro@
z Hn(x) 7 = z i 2 hr E_._' — z (o )’ Z h'n in
n=0 im0 =0 Wp—r: n=0 Wn: n=0

Sufficiency of the condition is also easy to prove.

Tt is assumed here that the sequence (u) is so chosen that the « general
exponential series e,(x)» is convergent in the neighborhood of # = 0. It is
accordingly an element of an analytic function of # and may be called the
« (w)-basic exponential ». There exists then a positive number o such that this
series converges absolutely within the circle |z|=¢ (see [9] and also [31).

Theorem ITII. The necessary and sufficient condition that {H. (@)} bea

harmonic sequence to the base (u) is that there exists a fumction of bounded
variation p(@) = plz,u) on (0, cc) so that, for n=10,1, 2y ey

@) b,,_—:fa;ndﬁ(m) exist by %0 ;
0

() o) = (L)) [To+0dg), whoro ot =3 [n, Ko
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Following SHEFFER [7] we observe that if (i) holds, then H,(z) as given
by (ii) exists for each n, and is the polynomial of degree exactly n. Moreover,
since it is pemmsmble to interchange the order of integration and differencing
D.H,(z) = H,_,(»); that is, {H,(x)} is a harmonic sequence to the base ().

Now suppose {H ()} is a harmonic sequence to the base (%), then following
the lines of SHEFFER [7] it is easy to show that its determining function A()
is given by

40 = [ eu@t) 4Blo)= 3 Gufu)1

We now give some other properties of our polynomial sets.

Theorem IV. If [H,(®),h,] is a harmonic sequence to the base (u), then
we have:

(a) I)ulzn[aq - lzn—l[u'w]f
(b) H,[z+b0]= 3 (@u!)H,,[b],
i=0
(e) H,[b+ 2]l= Y «'H,,;®);
i=0
here
n—1 n—i
Hn,i [#] = z Cyr Uy} AP L Hn,i(w) = z Cpy,r Oy ; BV
Te=( r=0

"8, () = (0 ey ) 0t
and o, , satisfies the recurrence relations:
g =1 (n=0,1,2 ., O == w0 UL .. w1y, ! (n=1,2,..)
U Gl r == Uy Oy p = UL 0y g (m=1,2,..; r=20,1,2,..,n).

‘We notice that H,,[#]=H,[»] and H, o(2) = H,(x).

Theorem V. If [H,(x),h,] and [K, (@), k,] are two harmonic sequences 1o
the base (u), then the ewpression

A ($ = jé n—sC”)likﬁW}

8=0
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48 a constant, where

mn

Koy =3 diloprty, 3 (—=1)d=0, do=1.
s=0

=g

It is easy to see that A,(®)= > h._,k,.

§==0

Theorem VI. If [Hu(®),h,] and [K,(®), k,] are two harmonic sequences
to the base (u), then

(a) there exists o unique sequence {ot.} such that, for all n,
K, (@) = oo Ha(@) + oy Hoa () + oo + on Hol2) 5

(b) if only one of the two harmonic sequences is given, the second is com-
pletely determined provided that either of the two following functional relationship
holds:

@) H,[2] — Hu.[— 1+ 2] = K, (@),
For the proof of (a) we notice that oy, oy, ..., o, can be uniquely deter-
mined from n - 1 equations got by equating like powers of # in

Ik

h; ozl .
N N R A SO S T

Uy ;! 150 Upi—1 !

n
=3,
t=0

i=0 un—i'
We leave the proof of (b) to the reader.

5. =

Various interesting examples can be found of general sequences (u) for
wich the law of exponents umw"== wm+* does not hold for u" = U+ —Us and
of the corresponding linear distributive operator D, which transforms 2
polynomial of degree n in # into one of degree »—1 but the most interes-
ting seems to be the following simple conerete example given by WarDp [9].
Assuming that a sequence (u) is a lnear recuwrring series of order %k whose as-
sociated polynomial a* — a2t —...—a; has k distinet roots o, ..ey o,
then u, is given by

Uy = /310"11"}‘ ‘820‘2‘}‘ v ,anxz ’
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where o’ s and f’s arve constants subject to the conditions
ﬁl+ﬁ2+--o+ﬁk=0’ “1!31+0‘2/?)e+---+0‘k/3k=1a

and %, 50 for n >1. Now D,F(») is given by

C B () + B Fapw) + ...+ By F(oy, )
D, F(z) = X
(@) (erfy + wfly + oo + o i) m

This operator can therefore be applied to any function of regular at @ =0
and transforms it into another function regular at z = 0.
In particular if

k=2, % =q, o=1, fr=1/(g—1) = —p,,

where ¢ is not a root of unity, then
D, F(e) = {F(qw) — F(=)}/{(q—1) 2} ,

ie. D, =D, the operation of ¢-differencing. We observe in passing, that as
q-+1, D,—~ D= d/dw, the ordinary derivative. In case some of the roots «
of the polynomial associated with the recurrence relation are repeated, a sim-
ilar but more complicated formulae for D, F(z) may be given which involve
both F(z) and its ordinary derivatives. For example, if k= 2, oy = «, 5 0, then

1
Uy == N o™t and D, Pz) = ol Foy m).

For the sake of illustration of what these theorems say let us just pick up
Theorem IV (a). In the light of the above example it reads as follows:

If H,(»)= Y a,,s* ¢ is a harmonic sequence to the base (%), then
i=0

n—3%

D, Z @ "8 (u) i = E ;" () (um) i1,

i=0 Te=p

where

D,Fla) — - ﬁ B Flayw) and  w=T3 B, (ot —al).

T 1 a1

It k=2, =1, oty=g¢, then u,= (¢" —1)/(¢g—1), w'=¢" and we can use
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the law of exponents to get

n n—1
Dq z a; q(n—-i)(n—-i»-l)['.’. gt = z @, q(n——i—l)(n—-i-—Z)Iz (qw)n——i—l
i=0 i=0

which incidently is property (i) of SHARMA and Cuax [6]; if further g1
it gives us the simple APPELL property, i.e. the polynomial set satisfies the
functional relationship (1) of § 2 of the present paper.
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