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H D. Sixan (%

A Generalization of the Extension

of a Covariant Differentiation Process.

Considering tensors 7= whose components are functions of n variables .

given by « and their m derivatives o', 2", 2", ..., 2™, CRAIG [1] obtained the
covariant derivative

A
1) TG gmevy— m T i {y} (m> 2,
where
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(2) {')/} =& T;a +§ x5f76ﬂ f I

in which partial derivatives are indicated by subseripts and primes have been
employed to denote differentiation with respect to the parameter. The curves
involved in the discussions are supposed to be given in parametric form. Thro-
ughout, a repeated letter in one term denotes a sum of » terms.

The above process was extended by Marre M. JoHNSON [2] and H. D.
SineH [3] to derive another tensor of one higher covariant order. The results
of the above writers' were further extended by H. D. SiNcH [4] to obtain a si-
milar tensor. The purpose of the present. paper is to generalize the extensions
of the above process to derive another tensor form T3 whose covariant rank
is one larger. First of all, the general process will be illustrated clearly by
taking the tensor T35 (@, 'y a", &", 2%, ®) into consideration.

(*) Address: Department of Mathematics, Balwant Rajput College, Agra, India.
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The extended point transformation
wto=at (Y YR YR e Y,
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gives the following transformation in 77,

oy’ oxv
3 oy’

(3) T: s sy ¥, Y, y®) =TI (@, ', &, &”, 2, a9)

in which y indicates n variables y', ¥% 2% ..., y* and a similar notation is used
for the derivatives »', ¥/, ", y*¥ and y®.
Differentiating (3) with 1espect to y'", we get
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which by virtue of the following general formulas
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in which 8z'#/dy* are eliminated by [5, p. 255]
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To eliminate 0x"%/2y", we first write #"? in the form

duh . 28
(7) =y Ty = T e

with the help of (2), (6) and [5, p. 248] f,;., #'? = 0. Tt is necessary to have [6]

N 0% wf -, uf P ga®
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where

T __pr,<é {:} N{ )} i {r})’

and so, by means of formulas (6) and (8) and the tensor
(9) ‘ T (@', ") = a"f - T & 2,

the partial derivatives of (7) have the form

ox"# B
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in which we have the non—tensm form
(1) |ﬂ l e } Lo AR
v @ 2 1 Y XY

The derivatives ¢2"#/2y* are simplified by first writing
Y P g
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by differentiating (7) with respect to the parameter and using the tensor (9).
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By means of formulas (6), (8) and (10) and using the tensor

Qﬁ(m, ,Bl’ .’B”, ") e 4 e Jf} -+ beﬂ @’5 - T;Ig m,,(s’
y =

(13)

the partial derivatives of (12) have the form

MR AR-T0mE-
T - I

in which we have the non-tensor form

o [leeef-o

<

To eliminate 02#/dy*, we first have 2“# in the form

oxh
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by differentiating (12) and using the tensor (13).
By means of formulas (6), (8), (10) and (14) and the tensor

’
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the partial derivatives of (16) can be put in the form
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in which we have the non-tensor form
(18) §::Rﬂy——1x’,ﬁ,a{ '-’-Rﬁm = RET R AR
7 = Sy TE =y v
Substituting the values given by (6), (10), {(14) and (17) in (5) we have
I ., fﬁlaﬂé x| B on?
,’ijh ,_{T/TﬂaJ NT/lﬂlﬁj th BT)UC,; s _ég’_‘__
- I8 aw " ox®] oy dxv
___4T_,,m(4\,7 OT (5)3‘ ' BJ" pw- BJJ +

! —l— " J 870/’ ﬁ ai.
T2{h}[ e z+3T/”’(1z}aJ {a} ayl>+

el 2T TR
+ 10 T;x(s)ﬁ{ aJ + igzﬁ <' {—:—}_J{‘{;}; { { }{Z}Zfﬁ
— ﬁ B
(5

1 aJ 8T7
)r e EJ’

== (G {5+ {7}
T Xy aﬂ X abﬂ
+3!h}[T ﬂa +4T7$(4)ﬂ<{7;}5‘17’—~{
af T [BY ¥ o[ [t ouh\| By* dwr
W—z{l}ld}av’+2{if{l}63/") o
T e (B 8] By’ 87
+4“7L\HT’”@)ﬁ6yl+oT ”ﬂ({l} 16]81/)‘5 Er

1 ,A oxf Jy* dx¥
5
||| 7o o2 5

99
oyt -

1]
l

+ 10 T2 (—-‘§|




280 H. D. SINGIL ( [6]

where the terms have been grouped to facilitate the next reduction. Therefore,
we have

- o ﬁlﬂlﬂ_ w oma WS 9yt oav 0uf
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Hence the new tensor of one higher covariant rank is
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Bl
Considering the m times extended point transformation, we extend the
process to tensor whose components contain derivatives of any order. We can
easily verify by virtue of the general relations in (4) that the covariant rank
of the tensor

are definied by (2), (11), (15), (18).

where { :;} s

‘ , 5
(21) T;"'x(m—4)ﬁ——~(m-— 3) Tf:,"'x(m——m(s {( 1_
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2 7o X /g
(m — 1) (m — 2} (m — 3) 15l
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om (m ) ( . 2) (m s m A (m > 5)

is one greater than that of the original tensor T whose components are func-
tions of (z, &', &", ..., &™),
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Some of the obvious properties of the above process are:

(a) If the components of the tensor T (z, &', ", @", ¥, &) do not
contain the derivatives #®, then (20) reduces to the result obtained by H. D.
Sixem [4].

(b) If the components of the tensor do not contain #* and the tensor equa-
tions for T} (y, ', ¥", y™, y®) ave differentiated with respect to y’*, then (20)
reduces to the result given by H. D. SixeH [3] by putting m == 6.

(¢) If the components of the tensor do not contain 2 and #, then (20)
gives the result obtained by MARrIE M. JouNsox [2].

(d) If there ave no 2", 2% and «*= derivatives, then the result is CrAIG’s
covariant derivative (1).

(e) If there are no ", ", ¥ and @, then the result in partial differentia-
tion with_ respect to @', .

(f) The usugal rules for the derivatives of a sum of tensors of the same rank
and kind and for the product of any tensors are conserved.

(g) If m =4, a scalar T(z, «', #", 2", W) will give a covariant tensor
which is similar to that in (20), when the tensor equations for T(y, ¥’, ¥", y", y**)
ave differentiated with respect to y* instead of y». The tensor so obtained is

r) J 7 ” 0 ; ,7 I (5
T é { ﬂ} f 115 - fmmo ” ﬂl (1)6 1 /3 “1 .
(h) If m = 4, a tensor I™(z, &', &', 2", a¥) will give
X TN (S x ’5 mx
T‘,/ - :5 {ﬂ} 115 ’”‘ »xll’,j ‘lﬁu* (;)5 ﬁ /1013 s

when the tensor equations for Ty, v, y", ¥”, y*) are differentiated with
respect to y*.
i) However, if m = 4, and a tensor T7(x, z’, 2", x™, #'¥) is used under

the proeess (h), the new tensor of one higher covariant rank is
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and so, a tensor T, (z, ', ", 2", #) will give the new tensor
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Casting our glance on the results obtained by Crare [1], MARIE M. JoHNSON
(2], H. D. SincH [8, 4] and in virtue of the equation (21), we can generalise the
extensions of the process to tensors whose components involve derivatives of
any order. Thus if the components T3 of a given tensor are functions of x,
#'y %", ..., '™, then the quantities

, - S
T3 pmening — (M —n + 2) 5 m—ntos { !

Bl
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n!

(m > mn -+ 1) are the components of the tensor. ;
The number of bars in the general term, i.e. (n + 1), being n-—1 and the
value of the term associated with bars is obtained by virtue of the relations
‘given by (11), (15) and (18).
Obviously, this process yields the properties similar to those stated above. -

In the end I record my respectful thanks to Prof. R. S. Misara, M. Sc.,
Ph. D., D. Sc., University of Delhi for his kind interest and valuable suggestions
in the preparation of this paper. I am also grateful to Dr. R. K. Si~vem, Prinei-
pal B. R. College, Agra, who encouraged me for advanced studies.
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