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SHANTI SARAN (%)

Integral Representations of Laplace Type

for Certain Hypergeometric Functions of Three Variables.

1. — Hypergeometric functions of three wvariables have been recently
defined by me in one of my papers [53]. I have also obtained the eclementary
properties of these functions inecluding the integral representations of EULER’s
type, the systems of partial differential equation, the relations between the
functions and so on. In this paper I have obtained the single and double in-
tegrals of the LAPLACE type for these functions. It may be noted that single
integral representations help us in the investigation of the general solution
of the differential equations satisfied by them. These integrals also exhibit
very elegantly the symmetry of the parameters and the variables in the given
functions.

2. — Integral representations for Fp, Fg, Fy, Fy and Fy.
From the definition of I’z we have

a - . s e m o
Fplay, ayy, ay, by by by ¢qy €y G5 2, ¥, 2) =

i (ay, m ~+ n -+ p) by, m) (by, n + p)
- Myn, D= (1’ "”) (15 ')I,) (13 ’P) (Cl> 7”') (02’ “) (Cih ’I’)

e ;1/" 2P,
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(2]

Replacing (a,, m + n - p) by

1
- e~tgarmtntr-1 s and changing the order
I'(a,) ks
: .
of integration and summation, we obtain

(1) Frlay, ay @y by ey bys ¢, €y 55 2, 9, 2) =
» ! . — 1 fay~1 .
:P(al) ] ettt By s at) - Walby; 0o, 35 yt, o) dt,
0

Ri(z +y + 2+ 2fy2) <1, Rl(a)> 0.

Similarly we obtain the integral representations:

(2 . Folay, ayy ayy by, by bys ey, €y 005 @, 4, 2) =
1 —{ fay~1 . . = .
=F(ttl) emttt (By(bys ez wt) - Eulbe, by cy; wt, 2t) i,
0

Rl(z +y +2) <1, Rl(a)>0;

(3) Filay, oy oy byy by bis o€y €oy €53 @y Yy &) =

@

[0 Liremt  Fy(bay o yt) - Wilby, @y €1y €53 @, #t) di,

RI{(1—)(1 —») }>RIk), Rl(a)>0;

(4) Fafdas; @z oy by, by byjo0qy €y €3 @y 9, 2) =
! ¢ g0 | |
== Ty ettt G Fi(an; e @t) - Dylas, bs; ey 2ty ) di,
1), .
o

Rl(@ +2) <1, RI()>0;



[3]
and

(8)
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Fylty, @y gy byy bay bij €1y Gay G5 @y ¥, 23) =

1 -
= F(bl)fe—, tol (I (ags ey at) - Eyay, ag, by, o5y, 2t) df,
0

Rl ( +2) <1, Rl (b)>0,

wheve P, Fy, Fy and Fy are the undermentioned hypergeometric function of
three variables and @,, ¥,, ¥,, &, and 5, are the confluent hypergeometric
funetions of two variables defined by HuMsErT ([2], p. 325). We have:

m??l ;I/R zp,

wﬂl yﬂ z])’

(6) Folay, ary agy by, by by €1y €y G5 @, Y, 2) =
_ 5 mintply m) (b, 1) (by, P)
- wyn,p=0 (17 f'n’) (15 ﬂ') (1: 2)) (Cly 7"’) (C:ls n _:" P)
(7) F]((ah oy oy b17 b'l’ bl; €1y G2y G35 Oy Y, Z) -
N (@, M) {ay, n -+ pY{by, m + p) (by, 2) - .
== m fl n z)
o (L ) (L, 0) (1, p) @0 m) (e0r @) (e ) 0
(8) Fylay, @y @y, by bsy by 01y €y G5 @, Y,y 2) =
i {a,, m) (ay, n 4+ p) (by, m + p) (b, )
map=o (1, m) (1, n) (1, p) (e, m) (e, 1 4+ P)
and
(9) Fylty, @y agy byy bay bys €1y Gay G5 @y Yy 2) =

id (Aafl, m) (as, N) (dg, P) (by, m -+ p) (by, 1)
— z Lm yn P
mag=0 (L, m) (3, n) (L, P) (g, m} (e, n + P)

3. — Particular cases.

The above five integrals give some very interesting special cases by reducing
either of the two or both functions occuring in the integrand on the right.
By taking special values for the parameters the ,F,’s can be reduced by Wrrr-
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TAXER’s function 3 ,(v), generalised LAGUERRE polynomials L (),
WEBER’S parabolic-cylinder function D,(z), HERMITE polynomials H,(x)
and BrsseL function I,(»). Also in some cases the second funetion, involved
in the integrands, which is a confluent hypergeometric function of two variables
can be reduced to a WHITTAKER function in two variables 1, , (2, y), a
product of two HERMITE polynomials, a BrssEL function ete., "by taking
special values of the variables and parameters.

In case we take special values for the variables we can obtain a pumber
of known results for functions of two variables.

Consider the general integral given Dby

1
(1) ha, b; z) = i) f ettt Fi(as b; at) D di,
Q

where @.is-any one of the confluent hypergeometric functions ¥y Zy; Wy @
and % is one of the functions Fy, Fg, Fy, F; and Fy respectively.
We get on reducing the ., function the following special cases:

c amm— g o '
(2)  WA)2)—m—k, 2m +1; 2)) = @ j et ORT peom—cain AL, (0t) - D dlt,
) J .
n!- (1 - k) ’ .
(3) M ks @) = / ettt Ti(at) - B &,
0
2—71‘52 J—
{4) — nj2, — 1/2; ) = T f et yem Dn(l”?mt)-@ di,
0
I'l+k, ) '
(5) Bk -+ (1/2), 2k +1; 20) = —(P(T)i) (w/2)* / e~ ekt Tt - it
0
Since
(6) ; H,(x) = 202 ¢ D,(a)2)

the integral 3(4) can also be put in terms of H,.(z).

fod
1y bt
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Again reducing both the F, and the confluent hypergeometric functions
of two variables, we get on using the relation

(1) Mo, y) =@+l yral =il Plg 4 b — % +1, 2a+1, 20 +1; a, y)

in 2(1):

(8) FE('(l“ Ayy Ay, (1/2) TI' m—k,

pqg—s+1,p+qg—s +1; 2m -1, 2p 4+ 1, 2¢g +1; 2, y, 2) =

w
gm—(1/2) ,,/—17-(1;".’.) Par s N , ,
L ] 6._1.[1—(r/Z)—(Z/;Q)“(L‘/Z)] frea—m—p—q—(5/2)
I'(a,)

0

V-“M,,, (7t) "ﬂ[;" nalyly, ) dt.
Also, using the following known relations (4),
(9) ila, ¢, ¢'; @, &) == Fofa, (¢ - ¢ —1)/2, [(¢c + ¢)/2], ¢,
oy ¢ 4 ¢ —1, i)
and
(10) "a +a, —r, 1 4+a, 1 +a; x, —y) =

r! ) ,
= (e e B ),

where 7 is a positive integer in 2(1) and 2(3), we obtain

(11) Frlay, ayy ayy by by boj 01y €y 55 @y Yy @) =

1

= et it (F(by; ¢y xt)-
F((ll)f 1 1( 13 1 )
1]

'3F3(b27 (€2 + 3 —1)/2, (s -} 5)[2y €2y €55 € + C3— 15 4.7/1’) dt
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and

(12) Frl=r @y @y 1+ d, byy 1+ d; (1 +d), ¢a (1 4+ dy; @y y, —2) =

fes]

e (L—x) ! [ .
= m j et el 1,Fl(b2§ Cas ?/t) L‘,”(z:zt/(r-—l)) dt,
. ]

where the notation (1 + d) on the right in the definition of ¥, denotes the
presence of terms (1 +d, m) (1 + d, p) and not (1 4 d, m -+ p) according
to our convention given in (5).

The 3(11) and 3(12) incidentally give us cases of reducibility of the
function Fj and Fy, namely

(13) Fylay, ay ayy by, by Dy; 0y Ca; Wy Y, @) =
— o [% by, dy €5 (ey + 03—‘1)/) (ex + 03)/ @y 4y
e ey dy e ey Fep—1, Cyy €

in the notation give by BURCHNALL and CHAuUxDY ([2], p. 270) and

(14) Frl—r, asy ay, 1 +d, byy 1 +d; (1 + d), ¢y (L 4+ d);5 @, y, —2) =

= (L—a)" Fy(as, by, —7; ¢y 1+ d; y, wz/(e—1)).

4. - Double integral representations for Fr, Fp, Ip.

Using similar methods as used in § 2, we can show that the integrals for
the above functions are of the type:

(1) Fylay, ayy ayy byy bey by ¢y, 00y 055 x, Y, &) =

ar-le—1/2 . ]"(cl) / / I
— e~ P+ fay—(oy/—(1/2) )bl—(q/") —(1/2) J / ot} -
A ? 1(2Vapt)

*Dy(bsy a3 yi, 2pt) dp di,

Rl(y +2) <1, Rl(a)>0, RI1()>0;
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(2) Fplay, ay, ayy by by, bys €, €y G — 2y 4y 2) =

w  ®
g-le=1/2. I{e) ’ ) L —
22 e—+ 0 fap—len/ 2=/ piy—teg/n~1j J 12V pyt)-
T T : o (2 2pt)

4

Doy, by, a3 yp, 2t) dp d,

RI (y) <1, R1(2z) <1, Rl (a,) >0, R1(by) > 0;
and

(3) Fplay, @z, ayy byy by by 01y €y 65 2, 9, 2) =

a VR Iey) [ —(04 0 gu—Cey/2-1 phi=Cef=QD L ] _1( l"l)ﬂ
F(a,) I 1) B

C Bty bay 3y, 2pt) dp di,

RI (=) <1, Rl (a,) >0, R1(b) >0,
where Fp, Fp and Fjp are defined as:

(4) Filay, @y, ayy byy bey byy €1y Gy G0 @, Y,y 2) =

(ay, m -+ n 4+ p) by, m 4+ p)(by, n)
—_— lr/‘ljﬂn y'll zl?’
My, pe=0 (l: 7”’) <17 'n’) (1r 2)) (013 7”) (02, n + T’)

(5) Fplay, aoy @y, byy byy baj €1y €y o5 @, ¥,y 2) =

© a., m n) (as, n) (by, m -+~ n) (by, P
_ Z ( 1 ]) ( 2 ) ( 1 ) ( = 2) fric :I/" z)),
mn, p=0 (1: 7") ’ Il,) (1.* P) (cl’ ) (02, n -+ 2))

and

(6) Fplay, ayy agy by by by; €1y €y G0 @, Y, 2) =

B i (a'“ m 4+ p) (a,, n) (b, m + p) (by, n)

- - pLomoyn 2P,
o (L ) (L 0) (L, p) (e m) (o m 4 p)
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5. — Integral representations for Fg and Fyp.
From the definition of the funections Fg and I, defined by

1) Fglay, asy ay, by, by, by e, ¢y, 5 @, ¥, 2) =

(ap, m){ay, n -+ p)(by, m) (by, n) (by, P)
o amoyn v
myn,p=0 (15 "“') (1~ '”) (]~ [)) (Clr m -~ n -+ ])) vy

(2) Fplay, asy gy by, by by ¢ ¢, ¢ w, Yy 2) =

o Aay, m)(ay, m p) (b, mo p) (by, N)
T ig=o (Lom) (L, ) (1, p) (ey, m - 0+ p)

a}"l ?/ n 211’

we can deduce that

(3) Fglay, oy ayy byy byy by €y €1y 015 @, 4y, 2) =
= ' o etk gt pea=1 Dby, by by oeqs 2ty yp, zp) dp dt
P(ai)'F(ag) . 3 1 21 3 Vi Yy U H

0 0
Rl(x) < 1, Rl(y +2) <1, Rl(e)>0, TRI(a)>0,
and

(4) Fplay, ay ay, by by by ey 0, G 2y Yy 2) =
= _ ,.e““’“’ trzt pit  Day, byy ¢ @p, Yt zpt) dp &
T(ay)-T'(by) ‘ & 3 1y Y23 Gy sy Yh ’

0o 0

RI{ (1 —a) (1—y) } = Rl (), R1(h,) > 0,
where
3Dlay, a, Q35 ¢15 &, Y, B) =

% (ay, m)(ay,, n){az, p)
myn, p=0 (1, m) (1, n) (1, P) e, m 4+ n + P)

am :I/” Z”,
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and ;@' is a confluent form of ;@ defined by

i y@(ay, @y, €5 3 @, Y, 2fe) =
E—r @
® (ay, m) {as, n)
—_ mm .?j n 31?_

,..,g,,:u (1, m) (1, ») (L, p) (e, m + n + p)

6. — We now give some interesting double integral representations for Fp
and Fy whose single integral representations have already been given in § 2.
We have from the definition of these functions

(1) Fplay, ay ayy by by by ey, Gy G5 @ — U, —) =
_ 1 e~ par=liea=t J(by ¢y ap)-
INay)- T'(hy) | o mre e

oy (a3 — ypt) o Fuley; —2pt) dp At
and

(2) Frlay, sy oy by, by, bis €1y €y €33 @, Y, —2) =

e —(p+ 1) pmb1—1 Jaz—1 .
F(ao) (b, ff b phiTi JFalag; e ap):

IFI(I),, Co; Yt) o Fy(Cy; — 2pt) dp di,
Rl (z) <1, Rl(y) <1, R1 (b)) >0, Rl (ay) > 0.

Special Cases.

By giving special values to the parameters we obtain a number of inte-
grals involving the product of BrssEr functions and a WHITTAKER function,
the product of WEBER’s parabolic cylinder functions and a BesseL funetion
and so on. Some of the interesting integrals are the following:

1) FE(“n gy tyy (1/2) +m—Fk, byy bo; 2m 4-1,1 9, 1/”{” q; ®, —Y, "“z) =

i m—m-—(llz) y-})z-—l] F(l + p I 1 + q ‘s t{1—(r/2)] 8!)2—(1) 2y-(gf2)—1.,
. I(a,)- I'(b,)

S (nf2)—(a/2) — m - (3/2) ﬂ[L ,,,(mt) J( ]yst) J( ]/zst) ds dt
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(2) Frl—m, ay, @y, by, —n, 031+, 1 +p, 1 4 q; ®, Y, —z) =

©

<
_ ntm! (1 + p)-I'(1 + q)- F(l + k) i emlsh ) ghy—(a[D~1 fag—te/D~1,
I(as)- I'(by)- I"’(l + k4 m) Il + p--n)

0o 0
IO ) LP(yt)- T (21 zpt) dp dt,
where m and n are positive integers.
7. — The above integrals can easily give the LApL: ACE transforms of all the

hypergeometric functions. S
Following the. usnal notations 1f

ool

pp) =p [ e f(s) ds
0
we will write
@(p) = f(s),
and if

¢p, @) =pg [ [er=itfs, 1) ds dt
0 0 .

we will write

oo, @) 2=1(s, 1)

Using the above symbolism we obtain from 2(3) for instance.

1) T(as) p*=2 Fr(ay, @y @, by, by, bis €1y €5y €5 @, y/p, 2p) =

== 8% Fy(by; 65 sy)-Wilby, @y C1y Ca; @, 38).
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Fron 4(2) we obtain
(2) I(ay) - D(by) - we= vl pr-ha g1 Fp(— 2/ (pq), ylp, y/ps #/0) ==

.o

22 (e,) - str-ter/ -0 t"r‘w’z’—“’ﬂ’~Jcl_1(2|f’m*'§)-Eg(ag, by; €y; ys, ).

8. — It may be mentioned that the conditions of convergence of the in-
tegrals given in §§ 2, 4 and 6 have been obtained from the following estimates
of the functions for large values of the variables:

1) Wb oy 65y, 2) ~ C ettt oy, Lyl 2] = oo
(2)  Euby, by 05 9, 2) ~ O evs, [yl [2] = oo,
(3) Vilbyy ayy €1y €33 @, 2)  ~ C 0= | 2] = oo,
(4) 97)1(“2‘, bg,, 53 U; ﬁ) . NC (,y,, e RN i i ’J[ 300y
(5) Eyasy az, by €3y, ) ~Cey |2] = oo,
(6)  Dylbsy 005y, 2) ~ O ev+el, Lyl | 2] = oo
(1) Dulas, bo; e ¥, 2) ~ 0 e, |2 | = oo,
(8) Dby, by by; ey @, ¥, 2) ~ C exivis Lzl |yl 2] = oo

(9 D'y, by €5 @, Y, 2) ~ GCIHHV;) ] & !’ l Y la ‘ zi — 0.

I am grateful to Dr. R. P. AcArwaAL for his kind guidance in the prepa-
ration of this paper and to the Government of India for a research grant.
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