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Kampa Drvi SINGH (%)

On Generalised Riemann Spaces. ("%

1. - A space with coordinates @* (i = 1, 2, ..., n) with which is associated a
non-symmetric tensor g;; has been termed by BEISENHART as a Generalised
Rimmany.Space....If.we .denote.the .symmetric and. skew-symmetric parts of

the fundamental unsm g DY g5 and 915 respectively, then

ot

. .
.(]13_1 = 5 (.(l’u“:" .q;fi)y g{/l = ;,; (Ju gzz) .

Using the notation

—

(11) Am‘j :i(Jan 4 gw)i,i"“.{lii,p)s

where comma followed by an index denotes partial derivative, the coefficients
.of the affine connection for the space are defined by the relation

) hp
A3 =g~ dois -

The components of the fundamental tensor ¢,; and ¢,,in the two coordinate
systems « and y° are related by the equation

) oy oyP
(1-2) 9ii = Jap 377 Z077

(*) Address: Mathematics Depax tment, Delhi Lnlveuxty, Delhi, India.
(**) Received July 10, 195:
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where in this and in what follows the quantities with Greek indices correspond
to the coordinate system y“
Differentiating equations (1-2) partially with respect to a* we have

. — ‘ S B a
(] 3) gii,/: T .(/uﬁ,;r y,‘i .l/f)i .1/./;, e -(lup’ -’/:ik .I/:J' (/ap . l' I/,Jl
Interchanging the covariant indices i k in equations (1- *3), we have
’ )

| { G == Gupy Vs Voo W5 s Wl Ve 4 G U .'/{’}..,-
(1-4) 3

—_— 27 8 g : 1] ﬂ i
( o = gup, 0% 0 s+ Do Yoi Vs =+ Gup V% ¥si -

saleulating one half of the sum of the equations (1-4) minus one half of
the equation (1-3), we get

(1-5) Aiis = Ao % Y0 W + gap U 0P,
Thus:

As in Riemanwian space the quantities A, ave not the components of a
tensor in Generalised Riemann space.

Equation (1-3) can be simplified as

Ay = goe Yoo (Wl + 0 A%, ¥8).

From (1-1) it follows that

(1-6) Ao 4 Ajae = guss
-and
(1:7) A Ajpee + Ay = Yisre -

Differentiating partially with respet to @* the identity
il 1
i 4= = 65 s
we get

(1-8)- Giin 0F + g g3 =0,
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whieh in consequence of (1-6) reduces to
9ij (I% - (/ (/Jnl/ 4 dia) -
Mﬁlbiplying this equation by gig, we get
5:, .(/,% == .(Ii“l {Ij_p‘(»dijk 4+ A,
or
(L-9) g =g A g A

Hence

JET] ;‘i . :L;_) g Lo
G = g g A g AL, =0,

where semi-colon followed by an index denotes covariant differentiation.
Substituting for g:;, from (1-7) in (1-8), we get

gis 95 =" (D + A,
gy 07 g =—g" g7 (dne -+ )
or
(1-10) e A Al
(..‘»01ﬁpa1‘ing (1-9) and (1-10), we get f]le identity

(1-11) g B+ Il Ay =0.

2. — Let v; be the covariant components of a vector. Its covariant derivative
is then given by

or,
A%

2-1) s
Vi = 5
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Subtracting the corresponding cquahon obtained by interchanging 7 and j
from this we have the relation

(2.9 Y, — D _%_.___iJ_OT 2
"’) ) FH A P omt 7 D i

where J’,’t denotes the skew-symmetric part of 4% in the covariant indices.
If ’(ho vector ¢ is a gradient then (2:2) reduces to

(2:3) Vpy = 5 = 2 v, A’,i;

Hence we get the result:

The curl of a gradient vawishes in « Riemannian space but it does not
generally vanish in Generalised Riemann Space. The condition that the curl
of grad ¢ may vanish is

.._aq) A%,
dar TV

This condition is identically satisfied for a space with constant fundamental
metric tensor. Hence:

The curl of a gradient vanishes identically for a Generalised Riem ann
Space with constant fundamental metric tensor.

Taking covariant derivative of (2:1) with respect to o*, we have

’ @
i = Vi Via AJ’I;

3.
a1 p a ' b N a b
J— 'l/a,j A?k —— L’a,k A‘le— ’Ua m AU' -t 'Ua Ag’ Ai.k ‘%‘ ,l/a Aib Ajk .
Subtracting the equation obtained by interchanging j and & from this, we
get

+ AZ; ‘AI:‘I:_ Agk AZ;;] =

5k

(2 -4) Coe— Viyny == ‘)7«’1',:; Al?-;‘ ‘)A‘:b ALJ Vg [Azk i Vil

= 2'vz‘;a Altfa Va F,J, ’

where |
DI ald a@ 13 a b a
(")"D) ] 27 Au, A[)\,J + "/']ii Al)kw Aik Abi M

Hence I, is a mixed tensor of fourth order skew-symmetric in j and k.
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Taking a tensor of any order Py ' say, we have by a similar process
2 Sy

AT nfa\ s )
'P...:l = -—z BN z (i’r) “P An; - tgl ( )P Astl’

9 rel

e s a’
where P~ denotes the tensor Pir?, and (I) T denotes the result of
: .\
with similar meanings of the other brackets. Hence:

replacing 4, by a in 1

a b4 q 8, ‘ n
SP A LR A G E R A

o) -
[ walm T aJ"” =
P:.‘;mbl).‘:.':ml =
| 2,08 fa\[b - i L . )
Sy TR g z() ) PA At %S )( )P A 44
v r=1n=1 \'s/ \la =1 d=1 I

+ az i(l) )(w) P AT i i i (.5*1) (&1) []" g "
y = S\ ) \b .

'P...;lm - P...:Im =

2 (' 7 (s
b a D ! all i t T
2 A I...:n T 2 l alm T 2 ¥ 1 sgm 1*
v el i =1\ t

Ricei’s formulae for the Generalised

2 and (2-6) are

Formulae (2-4)
Riemann Space.

9. — Rivista di Matemalica.
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.From (2-3) it follows that

S W Fald Al ‘ h
(2-7) Pl -+ L + Ly =
YL oo o h 1 p + F
= 2 [y Ay + A Ay Ay — My A Ay ]
Let
9.Q b o L h 1
d b) I i = L i g Jki Iwhu :

Tt is deduced from the definition of P}, that

. 13 — e
(2’ 9) uL "'Pﬂ.z -"“Plu'

the three covariant indices, i.e. it is a non-zero tensor only when %, j, &k ave

distinet and unequal.
Trom the tensor P}, we get on contraction -

h ) B he al T o ]
‘Puh ’P:Jh P}h: Phu = -Z i [ii = Zn\; .
But since (Bispxmart [2] (%))
}
Fii-':' tfi[m . Fii:—]{u“ﬁ m /’;'lg
v v : - v 1%

where solidus (|) followed by an index denotes covariant differentiation with
respect to the CHRISTOFFEL symbols and R, is the RIccr tensor corresponding:
to the fundamental tensor g:;. Ience

(2'10) —Z)ii == 2 ’{,7'{)1
and
1
Fij:_‘épij - —r’Jm N

(1) Numbers in bracket refer to « References » at the end of the paper.

From~(2+7)-it-is-easily seen that P%,.ave-completely skew-symmetric.in.all .
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Multiplying (2:10) by ¢ we have

1')5]' gl_z === C .
Hence
Fz‘i‘qﬂ:”""R"%’ K F_a"(

gii
L 14,
v /

where R is the curvature sealar for the Riemannian space.

3. - Using the notation

(3-1) Tyii = gup Il

we have

i
Ly = .’llf_l"[Ail:',I:””Al !

T .,
il T Az‘j Atk" Aik Az:‘] -

E h 1 11
= Az)ij,l:—' A;;: Ah_l’.k_' Anik,i 'L‘ Aik .(/{1_1’-1' "‘i" Az‘j Aaallc _ Ai;,- Aylj -

But since

Gigre == Ao + Ay

therefore

o A nogq
(3.2) Fm‘jk —_ APU‘,L‘_ Aan‘l:,:i —%_ A:]_ Ah)}j - A:] Ahnk .

. Further simplifying it we have the alternative formula

1 o
! . h i 3
an'jk. - ; (gni, ik T gij,pl: - gmh,ii e gil:,m‘) + A:L Ahm - Aij Ahpk

From this formula we deduce that

-
Fm'ik = —1 ipik and I’pm = — L pij-

Thus :

The tensor Iy is skeiv-symmetric in the first two as well as in the last two
indices . : ' T ) o
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From (3-2) we have

2
Do + iy =

a_(jlp L a{/lp P
== [gﬂli»“ Gidor = Yoris + Yir. p:] L]u -(8.7'7 v 21]5") - A'{'f ( Tl 2y | =

. o | . \ o ogw .
= 20, AP (a = 2Ali1>> e Ai) ( =— 24y, !
N kil W 3 \

where R, are the RIBMANN symbols of first kind.
Also

Fm’;il; — Ly = Ypsite — Gijpr — Yoris - Giep +
v A4 vV A\

e ' I R
2 [A i AII:PJ - AE} A},p_z‘_ A;Il Ah]\q[[‘» — A{!J A},,\,{\] .

From-(3-2y-we-have
B Ial Al ¢ &l
(5'3) 1 nijk + I}u’l;i"}' ! plii =
: § n ¢ I; )
= (.(/{,imlx -+ Yipms T .(/I{‘,’J.pi) +2 {/A Appy + 2 Ag"’i Aypi 42 ;, Appi -

(2-9) and (3-3) are the forms of first Bianchi identities for thc Gener-
alised Riemann Space.

By simple calculation we get

(3 ._1_) F?L 1 1114

EP1534 t7l 37 ERL R

— c) []W'h ,:L 4+ Iwh u 1”‘

dat i Aig + Lo A7) -
_This equation when multiplied by gm gives

(3’5) Fbiil:;l -+ Fbikl;j -+ Fbili;k =2 [rbial JL -+ I biai ¢ l;{[z -+ -r’biak A({,)] .
Thus:

(3-4) and (3-5) are the second Bianchi identities in the Generalised
Riemann Space.

4.~ As in the Riemannian space, we define parallelism of vectors with
respect to a gives curve O in Generalised RIEMANN Space and say that a vector
« of constant magnitude is parallel with respect to V, along the curve C, if
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its derived vector in the divection of the eurve is zero at all points of ¢. Since
the coordinates of any point on the curve may be expressed as functions of the
are lenght s, the condition for vector « to be parallel along C is that

da®
.y, P
i.e.
du? B dak
(4-1) ' — A, u—— = 0.

ds
The condition corresponding to (4-1) for Riemannian space is

dau? ; dink

i . u‘l =0.

s s

Hence:

The condition that a vector w undergoes parallel displacement along a cuwrve
C in Riemannian space may also wndergo parallel displacement along that curve
in Generalised Riemann Space is that

. du®
kR l, 2wt =
(4-2) A,& uh —= =0

“Condition (4-2) is satisfied when w is a vector tangential to the curve, and
then (4-1) represents the equation-of a Geodesic for the Generalised RIEMANN
space. Hence: ’

Geodesic in a Generalised Riemann Space are indentical with those in
Riemannian space.

It is easy to prove that .

If two wectors of constant magnitudes undergo parallel displacement along
a given curve in Generalised Riemann Space, they are inclined at « constant
angle.

The divergence of a vector 17 in Generalised RIEMANN Space is-defined by -

an
i T QR = L2 AT
div i = 2, = o aa



134 K. DEVI SINGIH
But since (EISENHART [2])

v
‘We have
oit

div A* = P

- £ {
‘:‘ /.l Azi = i -

Hence:

Divergence of « vector in Generalised Riemann Space has the same value
as in Riemannian space.

Let ey, (h =1, 2,...,n) be the unit tangents to the congruences of an
orthogonal ennuple in Lhe (Jrcner alised RIpMANN Space. Then we have the
identities ' s R

— i ol g T ey
Z G Cnyy = (57: 2 oy Coy = G 2 Coni Cups = gis
A

I

The invaal‘ia.ntv deﬁned by
(4-3) Y= Coiyizi €
are the RIccr’s coefficients of rotation for the generalised space:

— ; 0e,y; . .
el o0 | Dl o ) »
Yt == Cqy Cay [ PV Car Az‘:’ = Gy €y [e(l)ilj_ Cay A{/ﬁ] .

If y are the RIicct’s coefficients of rotation for the Riemannian space, then
7(4'4) | 7—’”:1»' = Y + e(ih) e{k)"e(m» A‘Z’/
Interchanging h and % and changing the dummy indices we get
(4-5) ;zkh = Yun + 3fh> 0{70 Cun Ag’;‘ :
Adding and subtracting the: equa,t-—ions (4 +4) :md‘ (4-5) we get the results
(4-6) i = Vi

and

W17 - — - p
4-7) ; Yk ==Yy = € Can Carm
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From (4-+7) it is evident that ;hl 1= Y - Hence:

If the curves of the congruence, whose unit tangent is e,,, be geodesics in
Riemannian space, they will also be geodesics in Generalised R iem ann Space.
Taking covariant derivative of the identity
(Sh

O(h)z (I) -

with respect to @/ we have

i ¢ i
Canizs Gyt Coni Cyy == U -

Multiplying by e}, and suming with respect to j we obtain

i i
Canizs Clny oy Caars Cane €y == O

wich is ‘equivalent td
e \) Vare ?m’: 0.
But we have (WEATHERBURX [4], p. 99)
4-9) Yo+ Y = 0.
Substituting for ;_/,,l,: and ;_/,,,,,. from (4-5) and using (4-9), we get

=0.

7 » i i,
Cy Au (€gn Carw T ity Canp)

3. — We consider an infinitesimal point transformation
{5-1) = + e ei(n).

Lig derivative L2 of a given field £ of a geometric object with respect to
¢ is defined by the equation

(3-2) DQ = (L) = Qz)— Qw),

where Q('r) denotes the components of this object in the coordinate svstenl (% '),
regarding (5-1) as a coordlnate transformation from ¢ to @*. :
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Let . be the components of a tensor, then

dré dnm Qe
dwt i ok

and

i 7] d
T,,(.E) = M(‘l‘) - 57; [1)7, eer

Hence we get
mi i I 12 i ! i ot u
LI, =T, —T% e, - T, & + T, &,.

say, we have by a similar

Now, taking a tensor of any order, P:i;
2 81505y
~Process

q

Lt fipp gty 81" o z
B s F -

=1

(5+3) L Pii-in = Phisin
"

81Sa.. 518a..0

From (5-3) we get

Ly = g & — g% e, — g &, = (— " A — gP A)er — g el — gt €l =

g it g P il .
= — g el — g7 el 2eb (g7 Ay - g A

Using (1-11) this reduces to

LigY) = — & — &,
where -
gl == q~ & -
Also
(5-4) L(gss) = Yusn 6" = Gus €5+ Y &, =

. .
= (A + Aus)e* + fos € ,i + Gia Ei,' = Yus é'l;,i T Yia 3(;; == 855 - &y -
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It can be easily seen that

The L1k derivative of the sum (difference) of two tensors is nothing but the
sum (difference) of the Lie derivatives of the two tensors.

Since

- . ] .

and

— dnt Qwm Qan Ot
I . Lofon i
Flw) = L) dwl dxi oxF | uo gwidrt’

‘we have .

e ; L i Ya i Y e i
(-5) Tk = o+ Dhoet— Thelyd Theelt Thel
Also, I'; being components of a tensor
v
L J'lh = )'gt’l gl — ;lL 8:,1 + Elll. 8?; + ]wflll Sf‘k .
v v 3y v oo
Hence
A 02t . . ;
M | ) 1. Ju i § o8 i RN
LT, = Figmr T A ir 2 ];'1: Ea T r, L 'Zja E

From (5-4) and (5-5) we get

Any infinitesimal point bransformation which is « motion (infinitesimal
affine collineation) in Riemannian space is also a motion (infinitesimal affine
collineation) in Generalised Riemann Space.

I take this opportunity to thank Dr. R. S. Mispra for his kind guidance
and help in the preparation of this paper.
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VLADETA VUCKOVIC (%)

Ein Satz iiber reelle Folgen. ()

In seiner Note |1} unternahm Herr I. Tanzr CATTABIANCHI eine Unter-
suchung iiber den Satz von MERCER und verwandte Sitze auf eine elementare

“und methodisch interessante Weise, insbeSondere‘in'Bezug anf nichtmonotone

Folgen. Ich mochte hier auf einen Satz Acht legen, der sich aus den Darle-
gungen des Herrn Taxzi CATTABIANCHI herleiten lisst, und der, ohne Acht
der MErcERschen Sitze, fiir sich selbst ziemlich Interesse haben soll. Das
ist der

Satz 1. Seien { a, } und { by } zwei reelle Folgen und die Folge { @, } nicht
monoton. Wenn fir jedes n fiir welche a, S a,-, auch b, % a, st (wobei in jeder
Inklusion dey gleiche Zeichen zu nehmen ist), so gilt '

im b, <lim a, <lim b, .

Den Beweis dieses Satzes kann man den Paragraphen 7, 8 und 10 der
genannten Note des Herrn Taxzi CarrtaBraxcmr fast wértlich entnehmen.
Dabei soll man von den dort betrachteten Folgen { a, 3 {9 } und {X,,} die
Folge { », } ausser Acht lassen, die Folge {y,} als die Folge {b.} und die
Folge {X,, als die Folge { a‘,,} deuten, und die Erklirungen des § 7, die mit
der Folge { @, } angefiihrt sind, sinngemiss mit der Folge { b, } ersetzen. Alles
andere bleibt wortlich den Ausfiihrungen des Herrn Taxzi CATTABIANCHI
trew, 5o dass es mir nicht notwendig erscheint sie hier wiederzugeben. \

(*) Adresse: Pidagogische Hochschule, Zrenjanin, Jugoslavija.
(**) Ligegangen am 17-1-1956.
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Teh moehte noch eine leichte Verallgemeinerung des obigen Satzes ange-
ben. Das ist der

Satz 2. Seien { a, } und { by } zwei veelle Folgen, und die Folge { a, } wicht
monoton. Wenn es eine positive Nullfolge { &y } gibt, so dass:

fiir jedes n fir welche a,> a,_, auch b,> a,— Eny
» »o» » » W= by » U K by <y -+ &,y

» » » » » C Ay < ey » b,<< a,—+ &,
ist, so gilt
lim b, <lim a, <Hm b, .

Einige Anwendungen des Satzes 1 gebe ich in einer Note die in « Publ.

Inst. Math. Beograd » erscheinen wird (V. VUckovic [2]).
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